r 


JlO 

00 


CL. 

o 

C3 


Research  and  Development  Technical  Report 

EC0M-75-1344-F 


COMPUTER  AIDED  ENGINEERING 
OF  SEMICONDUCTOR 
INTEGRATED 
CIRCUITS 


prepared  by 

David  P.  Kennedy 
Principal  Investigator 
University  of  Florida 
Electron  Device  Research  Center 
College  of  Engineering 
Gainesville,  Florida  32611 


August  31, 1977 

Final  Report  for  Period  1 January  1976  - 31  August  1977 


Distribution  Statement 
Approved  for  Public  Release,  Distribution  Unlimited 


OCT  4 

'a 


19TT 


I 


Prepared  for 

Advanced  Research  Projects  Agency 
1400  Wilson  Boulevard 
Arlington,  Va.  22209 


ECOM 


US  ARMY  ELECTRONICS  COMMAND  FORT  MONMOUTH,  NEW  JERSEY  07  703 


L 


The  findings  in  this  report  are  not 
to  be  construed  as  an  official  Department 
of  the  Army  position  unless  so  designated 
by  other  authorized  documents. 


Citation  of  manufacturers'  or  trade  names 
does  not  constitute  an  official  endorsement 
or  approval  of  the  use  thereof. 


Destroy  this  report  when  it  is  no  longer 
needed.  Do  not  return  it  to  the  originator. 


UNCLASSIFIED 

SECURITY  CLASSIFICATION  OF  THIS  PACE  fUTiFn  Dmim  Entmrmd) 


REPORT  DOCUMENTATION  PAGE 

READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 

NWM««a 2.  GOVT  ACCESSION  NO. 

ECOmJ475-1344-F 

3.  RCCIPICNT'S  catalog  NUM8EP 

4.  title  r^d'ScBillla)  ^ 

Computer  Aided  Engineering  of  Semi-  , 
conductor  Integrated  ri  mini  -in  Circuits, 

^ JYP*^  -7*  ninonTi^pcnioo,C9.yg«EP 
^Final  Repgprt^ 

,1  Jan.  76  — 31  Aua..  77  . 

6.  PERFWMIND'DRV.  RCPO/ST  n^BER 

DaVid'V^^ennedy 
Principal  Investigator 

8.  contract  on  GRANT  NUMSem 

f'  DAAB07-75-C-13^r 

"-•  --2 

s.  performing  organization  name  ano  address 

. Electron  Device  Research  Center 
Univ.  of  Fla.,  Dept,  of  Elec.  Engrg. 
Gainesville,  FL  32611 

10.  program  I— t tsK 

-AREA  4 work  unit  NUMBERS  _ 

iCo'  — 11 

-ITl  61101  A OOA  0q_ 

1 1.  controlling  office  name  ano  accress 

Advanced  Research  Projects  Agency  (ARPA) 
1400  Wilson  Blvd. 

Arlington,  VA  22209 

12.  report  OATS 

Aug.  1977 

13.  number  OF  PAOeS 

373 

14  monitoring  agency  name  4 ADD R ESSO/ F/«4'4ni  tram  Contrallint  OlUca) 

u.S.  Army  Electronics  Command 

ATTN:  DRSEL-TL-IG 

Ft.  Monmouuh,  NJ  07703 

IS.  security  class,  (at  UUa  rapart) 

UNCLASSIFIED 

1S«.  OECLASSi^lCATION/  OOWNGRAOInG 
SCHEDULE 

1 16.  DiSTRiauriON  STATSMCNT  ro/ | 

Approved  for  public  release;  dis-cribution  . .nited. 


17.  Distribution  statement  (at  l.l*  aomirmet  aniarad  In  Block  30,  It  diflarani  tram  Baparr) 


1J_ 


1*.  SUPPLEMENTARY  NOTES 

This  research  was  sponsored  by  the  Defense  Advanced  Research 
Projects  Agency  (DARPA)  pursuant  to  ARPA  Order  No.  2985  dated 
13  February  1975,  Program  Code  W15P8W. 


19.  KCY  WOWOS  fConeInu#  on  rovoroo  i/ nocooooff  ond  Identity  by  btoek  ntatbmr) 


MODELING,  Semiconductor  and  Devices 

SEMICONDUCTOR  Processing 

PROCESS  Modeling  of  Semiconductors 


2^  A8STff  ACy  Vconllnuo  on  rovorao  •id*  li  nocoooorr  and  Idmntity  by  btoek  nwidorj 

The  objectives  of  this  program  are  to  remove  the  empiricism 
associated  with  the  design  and  manufacturing  of  custom  integrated! 
circuits  for  military  applications  and  to  reduce  the  cost  of 
these  circuits  by  devising  improved  computer-aided  engineering 
techniques.  Efforts  of  research  covered  by  this  report  are 
Part  I,  Semiconductor  Device  Modeling  conducted  by  the  Universityj 
of  Florida  and.  Part  II,  Integrated  Circuit  Process  Modeling 


DO 


rCAM 
AN  71 


1473 


EDITION  OF  I NOV  «S  IS  OBSOLETE 
S/N  0l0}'0l4-«60l 


UNCLASSIFIED 


security  classification  of  This  page  r»»iFn  Ofif  Ei^m; 

■ ^ ' / 


■ lCURITY  classification  of  THtS  PAGer»T>«n  D«(«  £n(«r«4) 


with: (a)  A One-Dimensional  Mathematical  Model  of  MOSFET  Operation; 
(b)  Tha  Inversion  Layer  Carrier  Mobility  in  an  MOSFET;  (c)  An 
Integral  Equation-Relaxation  Procedure  for  the  Determination  of 
Equilibri\an  Potentials  in  Semiconductor  Devices;  (d)  A Test 
Pattern  Model  using  Monte  Carlo  Methods  of  Analysis;  (e)  Equivale 
Circuit  Studies;  and  (f)  A Two-Dimensional  Model  for  MOSFET 
Operation.  Part  II  deals  with  (a)  Effects  of  Implantation  Damage 
on  Impurity  Profiles  in  Annealed  Si  and  Calculation  of  Range 
Profiles  and  Recoil  Implantation  in  Multi-Layered  Media;  (b) 
Thermal  Oxidation  (a  joint  effort  by  Stanford  University  Inte- 
grated Circuits  Laboratory,  and  Fairchild  Camera  and  Instrument 
Corp.  Research  and  Development  Laboratory);  (c) Silicon  Epitaxy; 
and  (d)  A Mathematical  Model  of  Impurity  Diffusion  (conducted  | 
by  Louisiana  State  University) . 


UNCLASSIFin) 


Stcunirv  CUAUIFICATION  of  this  FAaBrVhwi  0mm  enlmrmrn) 


SUMMARY 


Final  Report  on  Computer  Engineering  of 
Integrated  Semiconductor  Circuits 

Custom  integrated  semiconductor  circuits  are  often  needed 
in  the  electronics  industry.  This  need  is  particularly  important 
for  military  applications.  Military  requirements  involve  a vast 
number  of  different,  highly  specialized,  electronic  systems, 
although  seldom  are  these  systems  called  for  in  large  quantity. 

This  combination  produces  an  economically  prohibitive  situation. 

The  large  initial  cost  for  designing  integrated  circuits,  in 
conjunction  with  a small  production  requirement,  creates  an 
unreasonably  large  cost  per  IC  chip.  The  source  of  this  diffi- 
culty lies  in  empirical,  and  costly,  engineering  techniques  used 
during  both  IC  design,  and  production  start-up.  Empirical  tech- 
niques are  used  during  IC  design  to  solve  problems  for  which  there 
is  inadequate  basic  understanding.  Similar  empirical  techniques 
are  also  used  during  production  start-up  to  overcome  problems  that 
presently  cannot  be  solved  by  design  engineers. 

An  important  source  of  this  problem  lies  in  the  lack  of 
adequate  models  for  design  and  development  of  IC  structures.  These 
models  are  needed  in  three  different  areas:  (1)  for  accurately 

predicting  the  physical  characteristics  of  an  integrated  structure 
arising  from  numerous  different  fabrication  processes;  (2)  for 
accurately  predicting  the  electrical  characteristics  of  semicon- 
ductor devices  from  their  physical  and  geometrical  properties;  and 
(3)  for  accurately  predicting  the  consequence  of  inadvertent  fabri- 
cation process  variables  upon  the  ultimate  electrical  character- 
istics of  a monolithic  structure.  An  important  goal  for  this  pro- 
gram is  to  develop  new  models  in  these  three  areas;  models  thac  can 
be  used  in  conjunction  with  existing  computer  methods  for  inte- 
grated circuit  design  and  development. 

Programs  for  model  development  have  been  initiated  in  two  of 
the  three  above  n_med  areas.  The  University  of  Florida,  Gainesville, 
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Florida,  has  undertaken  development  of  semiconductor  device  models 
for  ic  design.  Part  I of  this  report  outlines  technical  progress 
in  this  area  during  the  total  months  of  the  program.  Similarly, 
Stanford  University,  Stanford,  California,  has  undertaken  a program 
of  process  model  development.  Part  II  of  this  report  outlines 
technical  progress  in  this  area  during  the  total  months  of  the 
program. 
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Introduction  - Part  I 


Semiconductor  Device  Modeling 

At  the  University  of  Florida,  efforts  have  been  directed 
toward  the  development  of  mathematical  models  that  accurately 
predict  the  electrical  characteristics  of  semiconductor  devices. 
This  effort  has  been  directed  toward  three  different  aspects  of  the 
modeling  problem;  (1)  rigorous  two-dimensional  models  that  are 
based  upon  an  accurate  description  of  the  underlying  physical 
mechanisms;  (2)  one-dimensional  models  that  offer  the  accuracy 
needed  for  engineering  purposes,  yet  require  little  computer  time; 
and,  (3)  equivalent  circuit  representations  of  device  operation 
that  are  applicable  for  circuit  analysis  purposes.  In  addition, 
development  has  also  been  initiated  on  mathematical  models  for  test 
patter.ns  to  be  used  during  IC  fabrication  process  evaluation. 

Included  in  this  program  is  some  research  needed  to  further 
enhance  our  modeli.ng  capabilities.  For  example,  research  has  been 
undertaken  on  topics  relating  to  physical  mechanisms  of  bipolar 
and  MOS  transistor  operation  that  are  known  to  be  inadequately, 
or  inaccurately,  described  by  available  modeling  tec.hniques.  In 
addition,  a research  effort  has  been  directed  toward  studies  of 
integral  met.hods  of  analysis,  as  a potentially  better  approach  to 
the  solution  of  two-dimensional  boundary-value  problems  encountered 
in  semiconductor  device  modeling. 

For  these  two-dimensional  models,  initial  work  has  beer, 
directed  toward  the  .MOSFET.  Resulting  from  this  effort  is  a two- 
dimensional  model  for  this  semiconductor  device  that  can  be  used 
on  an  IBM  370  computer.  Some  details  of  this  compucar  program 
are  described  in  this  report.  2'Icre  complete  details  are  contained 
in  a supplementary  report  v/hich  has  been  devised  to  serve  as  a 
Users  Manual. 

A one-dimensional  model  for  .MOSFET  operation  has  been  brought 
to  completion  during  this  contract  period.  This  model  has  been 
tested  e.xtensively  against  a two-dimensional  model,  and  the  results 
are  satisfactory.  Complete  details  concerning  this  model  are 
included  in  this  report. 
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In  MOSFET  operation,  the  mobility  of  inversion  layer  carriers 
undergo  important  changes,  with  a change  of  applied  gate  voltage. 
This  difficulty  results  from  scattering  at  the  oxide-semiconductor 
interface,  which  represents  one  side  of  the  potential  well  in  which 
the  inversion  layer  resides.  Resulting  from  our  studies  is  a 
mathematical  analysis  of  this  physical  situation,  which  is  in  ade- 
quate agreement  with  experiment  for  engineering  purposes. 

A statistical  model  has  been  developed  for  the  sheet  resis- 
tance measurements  associated  with  a two-step  boron  diffusion 
process  into  silicon.  This  model  utilizes  Monte  Carlo  methods  to 
approximate  the  process  variations  encountered  during  semiconductor 
device  fabrication.  From  direct  comparisons  between  experiment  and 
theory,  it  is  shown  that  this  mathematical  model  can  yield  important 
information  concerning  inadvertent  process  variabilities  associated 
vith  IC  manufacturing. 

Initial  studies  were  undertaken  on  mathematical  methods  that 
ire  suitable  for  the  two-dimensional  transient  analysis  of  semi- 
-onductor  devices.  Effort  has  been  directed  toward  converting 
^oisson's  equation  to  a Fredholm  integral  equation  and,  thereafter, 
solving  this  integral  by  iterative  means,  using  the  Picard  tech- 
nique. The  purpose  of  this  effort  is  to  find  a method  whereby 
transient  studies  could  be  undertaken  on  semiconductor  device 
operation,  without  requiring  an  unreasonable  amount  of  computer 
time . 

A new  equivalent-circuit  model  has  been  developed  for  t.he 
large-signal,  transient  response  of  the  MOSFET.  The  model  repre- 
sents the  MOSFET  operating  as  a four- terminal  device  and  provides 
a more  complete  description  of  the  currents  flowing  at  each  of  the 
four  terminals  than  was  available  previously.  This  description 
incorporates  two  physical  mechanisms  not  accounted  for  in  past  work: 
(1)  the  .non-reciprocity  of  the  displacement  currents  occurring  in 
the  four- terminal  device;  and  (2)  t.he  apportionment  between  source 
and  drain  of  t.he  currents  flowing  to  change  t.he  inversion  charge 
in  the  channel.  In  t.he  derivation  of  the  new  model,  an  approach 
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is  used  that  applies  not  only  to  the  MOSFET  but  to  all  electronic 
devices  described  by  charge  control.  The  relation  of  this  approach 
to  the  indefinite  admittance  matrix  of  circuit  theory  offers  advant- 
ages in  the  modeling  of  devices  having  more  than  three  terminals. 

University  of  Florida 
D . P . Kennedy 
U.  K.  Kurzweg 
F.  A.  Lindholm 
A.  D.  Sutherland 
-M.  Zahn 
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Chapter  I 

One-Dimensional  Mathematical  Model  of 
MOSFET  Operation 
R.  F.  Motta  and  D.  P.  Kennedy 

1 . 0 Introduction 

Early  theories  of  MOSFET  operation  [1-4]  contain  simplifica- 
tions and  approximations  similar  to  those  found  in  Shockley's 
theory  of  the  unipolar  transistor  [5].  The  purpose  of  these 
sim^plif ications  was  to  achieve  mathematical  tractability  in  analy- 
zing this  semiconductor  structure  and,  for  the  device  fabrication 
technology  at  that  time,  these  theories  produced  calculated  results 
in  satisfactory  agreement  with  experiment. 

Following  this  early  work,  other  researchers  furt.her  developed 
and  refi.ned  the  theory  of  MOSFET  operation.  The  physical  mechanisms 
associated  with  this  device  were  studied  in  detail,  each  investi- 
gation yielding  an  improved  agree.ment  between  theory  and  experiment. 
At  the  present  time  numerous  textbooks  [6-15]  offer  discussions 
on  this  topic.  In  addition,  the  technical  literature  contains  a 
multitude  of  papers  covering  a wide  range  of  specialized  studies 
of  the  physical  and  electrical  properties  of  a MOSFET  [16,17]. 

[1]  H.K.J.  Ihantola,  Stanford  Slsctronics  Laboratory , Tschnical 

Report  .Vo.  1661-1  (1961). 

[2]  S.  R.  Hofstein  and  F.  P.  Heiman,  ?roo.  ZEES,  1190  (1963). 

[3]  C.  T.  Sah,  IEEE  Transactions  on  Electron  Devices , ED-11,  324 
(1964)  . 

[4]  H.K.J.  Ihantola  and  J.  L.  Moll,  Solid-State  Electronics , 1_, 

423  (1964). 

[5]  W.  Shoc.kley,  Proceedings  of  the  IP.E,  4_0_,  1365  (1952)  . 

[6]  T,  J.  Wall.T.ark  and  H.  J.  Johnson,  Field  Effect  Transistors , 
Physics,  Technology  and  Applications,  Prentice-Hall,  NJ  (1966). 

[7]  R.  H.  Crawford,  mosfet  in  Circuit  Design,  .McGraw-Hill  Com.pany, 
NY  (1967). 

[8]  k.  S.  Grove,  ,=  .^usics  and  Technology  of  Semiconductor  Devices , 
John  Wiley  and  Sons,  Inc.,  MY  (1967). 
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Concurrent  with  improvements  in  MOSFET  theory,  rapid  changes 
took  place  in  fabrication  techniques  for  this  semiconductor  device. 
For  example,  integrated-circuit  technologies  were  developed  whereby 
high  packing-density  logic  structures  (e.g.,  CMOS)  were  used  exten- 
sively in  the  design  of  complex  electronic  systems.  These  tech- 
nologies utilized  new  and  refined  photolithographic  methods  to 
fabricate  very  short-channel  MOSFET  structures.  In  addition,  TTL 
compatibility  was  achieved  with  the  development  of  low  voltage 
MOSFET  devices.  With  these  technological  advances  came  an  impor- 
tant recognition;  these  early  theories  of  MOSFET  operation  some- 
times yield  results  that  are  in  poor  agreement  with  experiment. 

This  situation  initiated  new  studies  into  the  physical  mecha- 
nisms of  MOSFET  operation  [18-59] . These  studies  clearly  show 
that  the  simplifying  assumptions  and  approximations  of  early  MOSFET 
theory  are  not  always  applicable  to  the  analysis  of  modern  MOSFET 
devices.  This  inapplicability  becomes  particularly  evident  when 
dealing  with  the  weak  inversion  mode  of  MOSFET  operation  and/or 
very  short-channel  structures. 

[9]  S.  M.  Sze,  Physics  of  Semiconductor  Devices,  Wiley-Interscience , 
NY  (1969) . 

[10]  R.S.C.  Cobbold,  Theory  and  Applications  of  Field-Effect 
Transistors,  Wiley-Interscience , NY  (1970). 

[11]  D.  J.  Hamilton,  F.  A.  Lindholm,  and  A.  H.  Marshak,  Principles 
and  Applications  of  Semiconductor  Device  Modeling , Holt, 

Rinehart  and  Winston,  Inc.,  NY  (1971). 

[12]  A.  Many,  Y.  Goldstein,  and  N.  B.  Grover,  semiconductor  Surfaces , 
American  Elsevier  Publishing  Company,  NY  (1971). 

[13]  W.  N.  Carr  and  J.  P.  Mize,  MOS/LSI  Design  and  Application , 
McGraw-Hill  Book  Company,  NY  (1972) . 

[14]  W.  M.  Penney  (ed.),  MOS  Integrated  Circuits,  Van  Nostrand 
Re inhold  Company,  NY  (1972)  . 

[15]  P.  Richman,  MOS  Field-Effect  Transistors  and  Integrated 
Circuits,  Wiley-Interscience , NY  (1973). 

[16]  H.  F.  Storm,  IEEE  Transactions  on  Electron  Devices , ED-14 , 

710  (1967);  also  ED-16,  957  (1969). 
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[17]  E.  S.  Schlegel,  IEEE  Transactions  on  Electron  Devices , ED-14, 

728  (1967);  also  ED-15,  951  (1968). 

[18]  S.  R.  Hofstein  and  G.  Warfield,  ieee  Transactions  on  Electron 
Devices,  ED- 12 , 129  (1965), 

[19]  V.G.K.  Reddi  and  C.  T.  Sah,  ieee  Transact  ions  on  Electron 
Devices,  ED-12 , 139  (1965). 

[20]  C.  T.  Sah  and  H.  C.  Pao,  ieee  Transactions  on  Electron  Devices , 
ED-13,  393  (1966) . 

[21]  H,  C.  Pao  and  C.  T.  Sah,  Solid-State  Electronics,  9_,  927  (1966). 

[22]  T,  L.  Chiu  and  C,  T.  Sah,  Solid-State  Electronics , 11,  1149 
(1968). 

[23]  H,  W.  Loeb,  R.  Andrew,  and  W.  Love,  Electronics  Letters , 4, 

352  (1968). 

[24]  D.  Frohman-Bentchlcowslcy , Proc.  ieee,  217  (1968)  . 

[25]  D.  Frohman-Bentchkowsky  and  A.  S.  Grove,  ieee  Transactions  on 
Electron  Devices,  ED-16 , 108  (1969). 

[26]  G.  A.  Armstrong  and  J.  A.  Magowan,  Electronics  Letters,  6, 

313  (1970) , 

[27]  G.  Baum  and  H.  Beneking,  ieee  Transactions  on  Electron  Devices, 
ED-17,  481  (1970) . 

[28]  D.  P.  Smith,  Stanford  Electronics  Laboratory , Technical  Report 
.Vo.  4825-4  (1971)  . 

[29]  D.  P.  Smith  and  J.  G.  Linvill,  ieee  international  Solid-State 
Circuits  Conference,  Philadelphia,  PA,  40  (1971). 

[30]  R.  M.  Swanson  and  J.  D.  Meindl,  ieee  Journal  of  Solid-State 
Circuits,  SC-7,  146  (1972). 

[31]  M.  B.  Barron,  Solid-State  Electronics,  ]^,  293  (1972). 

[32]  B.  Hoeneisen  and  C.  A.  Mead,  ieee  Transactions  on  Electron 
Devices , ED-19,  382  (1972) . 

[33]  J.  Laur  and  T.  S.  Jayadevaiah,  Electronics  Letters,  8,  482 
(1972). 

[34]  G.  Merckel,  J,  Borel,  and  N.  Z.  Cupcea,  ieee  Transactions  on 
Electron  Devices,  ED-19 , 681  (1972). 

[35]  A,  Popa,  IEEE  Transactions  on  Electron  Devices , ED-19,  774 
(1972). 

[36]  D.  P,  Kennedy  and  P,  C.  Murley,  IBM  Journal  of  Research  and 
Development,  J_7,  2 (1973). 

[37]  R.  R.  Troutman  and  S.  N.  Chakravarti,  ieee  Transactions  on 
Circuit  Theory,  CT-20,  659  (1973), 
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[38]  R.  R.  Troutman,  IEEE  Journal  of  Solid-State  Circuits , SC-9, 

55  (1974). 

[39]  R,  R.  Troutman,  IEEE  Transactions  on  Electron  Devices , 

ED-22,  1049  (1975), 

[40]  H.  C.  Poon,  L.  D.  Yau,  R.  L.  Johnston  and  D.  Beecham,  inter- 
national Electron  Devices  Meeting,  Washington,  DC,  156  (1973). 

[41]  H.  S.  Lee,  Solid-State  Electronics,  1_6,  1407  (1973). 

[42]  R.  C.  Varshney,  Electronics  Letters,  9^,  602  (1973). 

[43]  L.  D.  Yau,  Solid-State  Electronics,  1J_,  1059  (1974). 

[44]  Y.  A.  El-Mansy,  Modeling  of  I nsu lated-Gate  Field-Effect 
Transistors,  Ph.D.  Dissertation,  Carleton  University  (1974). 

[45]  Y.  A.  El-Mansy  and  A.  R.  Boothroyd,  IEEE  International 

Electron  Devices  Meeting,  Washington,  DC,  35,  (1974). 

[46]  H.  Katto  and  Y.  Itoh,  solid-state  Electronics,  17 , 1283  (1974). 

[47]  T.  Masuhara,  J.  Etoh,  and  M.  Nagata,  IEEE  Transactions  on 
Electron  Devices,  ED-21,  363  (1974). 

[48]  R.  M.  Sv;anson,  Complementary  MOS  Transistors  in  Micropower 
Circuits,  Ph.D.  Dissertation,  Stanford  University  (1975). 

[49]  R.  F.  Motta  and  D.  P.  Kennedy,  Government  Microcircuit 
Applications  Conference  (GOMAC),  Lake  Buena  Vista,  FL  (1976  — 
in  preparation) . 

[50]  J.  E.  Schroeder  and  R.  S.  Muller,  IEEE  Transactions  on 
Electron  Devices,  ED-15 , 954  (1968). 

[51]  M.  B.  Barron,  Stanford  Electronics  Laboratories , Technical 

Report  Mo.  5501-1  (1969). 

[52]  G.  A.  Armstrong,  J.  A.  Magowan,  and  M.  D.  Ryan,  Electronics 
Letters,  406  (1969). 

[53]  D.  Vandorpe  and  N.  H.  Xuong,  Electronics  Letters,  1_,  47  (1971). 

[54]  D.  Vandorpe,  J.  Borel,  G.  Merckel,  and  P.  Saintot,  solid-state 

Electronics,  547  (1972). 

[55]  D.  P.  Kennedy,  Mathematical  Simulation  of  the  Effects  of 
lonizina  Radiation  on  Semiconductors , Final  Report  AFCRL-72-0257 
(1972)  . 

[56]  M.  S.  Mock,  Solid-State  Electronics,  ]^,  601  (1973). 

[57]  F.  H.  De  La  Moneda,  IEEE  Transactions  on  Circuit  Theory, 

CT-20,  666  (1973). 

[58]  G.  D.  Hachtel  and  M.  H.  Mack,  IEEE  international  Solid-State 
Circuits  Conference,  Philadelphia,  PA,  110  (1973). 

[59]  P.  E.  Cottrell  and  E.  M.  Buturla,  IEEE  international  Electron 
Devices  Meeting,  Washington,  DC,  51  (1975). 
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Some  of  these  new  studies  developed  and  utilized  two-dimen- 
sional computer  solutions  to  obtain  insight  into  MOSFET  opera- 
tion [50-59] . These  studies  have  aided  in  understanding  limita- 
tions of  early  MOSFET  theory.  Furthermore,  in  many  cases  such 
studies  have  also  provided  a basis  for  the  development  of  new  and 
improved  MOSFET  models  [26,28,31,36,37,49]. 

Recent  studies  have  shown  that  source-drain  electric  current 
continuity  is  not  realized  in  early  theories  of  MOSFET  operation 
[36,60].  Specifically,  there  is  no  mechanism  (either  implied  or 
stated)  whereby  electric  current  continuity  can  be  attained. 

These  theoretical  treatments  (and  extensions  of  these  treatments) 
have  insufficient  degrees  of  freedom  whereby  the  requirement  of 
electric  current  continuity  could  be  imposed  upon  the  approximating 
mathematical  equations.  In  short,  most  available  mathematical 
treatments  of  MOSFET  operation  assume  that  electric  current  conti- 
nuity is  realized,  without  imposing  this  characteristic  as  a 
requirement. 

From  a study  of  rigorous  two-dimensional  computer  calculations, 
electric  current  continuity  is,  indeed,  realized  in  the  source- 
drain  channel  of  a MOSFET,  although  this  necessary  situation  is 
attained  through  mechanisms  not  previously  discussed  in  the  tech- 
nical literature  [55] . Namely,  the  total  source-drain  electric 
current  (Ij^)  could  be  described  as  a sum  of  a drift  component 
(I^^^j^)  and  a diffusion  component  / 


^drift  ^diff 


(1.1) 


where  the  ratio  of  these  current  components  changes  continuously 
between  the  source  and  the  drain.  Briefly,  near  the  drain  junction 
arises  primarily  from  drift,  and  the  diffusion  component  is 
negligible.  In  regions  near  the  drain  junction  (removed  from  the 
drain  space-charge  layer)  this  drain  current  arises  primarily  from 
diffusion,  with  a substantial  reduction  of  drift  mechanisms. 
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[60]  D.  P.  Kennedy  and  F.  A.  Lindholm,  Electron  Device  Research 
Center,  Final  Report  No.  HDL-CR-7 5-193-1 , (1975). 
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From  this  computer  solution  it  became  obvious  that  diffusion 
is  an  important  mechanism  associated  with  charge  transport  in  the 
inversion  layer  of  a MOSFET.  It  was  also  obvious  that  electric 
current  continuity  is  not  accurately  described  in  any  theory  of 
MOSFET  operation  without  explicitly  including  in  this  theory  a 
source-drain  electric  current  arising  from  both  drift  and  diffusion. 

In  a previous  study  this  aspect  of  MOSFET  theory  was  addressed 
[36] , and  a modified  theory  was  proposed  that  assures  source-drain 
electric  current  continuity  in  this  semiconductor  device.  It  was 
shown  that  electric  current  continuity  arises  through  two-dimen- 
sional mechanisms  that  are  fundamental  to  MOSFET  operation. 

Through  these  two-dimensional  mechanisms  an  additional  degree  of 
freedom  is  realized  in  the  operation  of  this  semiconductor  device 
and,  thereby,  electric  current  continuity  is  attained. 

Furthermore,  this  new  theory  of  MOSFET  operation  was  reduced 
to  a simplified  one-dimensional  system  of  equations  that  are  suit- 
able for  engineering  purposes.  It  was  shown  that  this  simplified 
theory  is  adequate  for  engineering  purposes  when  applied  to  long- 
channel  MOSFET  structures  (channel  length  >10um) , but  that  this 
theory  fails  for  other  important  situations.  Namely,  this  theory 
fails  to  adequately  describe  the  volt-ampere  characteristics  of 
short-channel  MOSFET  structures  (channel  length  <«7ym).  Further, 
this  theory  fails  to  adequately  describe  the  volt-ampere  character- 
istics of  a MOSFET  structure  in  its  weak  inversion  mode  of  opera- 
tion, regardless  of  channel  length. 

Thus,  we  have  the  main  purpose  and  direction  of  the  present 
research  effort;  to  identify  and  eliminate  inadequacies  associated 
with  this  previous  theory  of  MOSFET  operation  that  render  it 
inapplicable  to  these  aforementioned  situations. 

As  an  aid  in  this  task  of  model  development,  a computer 
program  was  available  for  the  two-dimensional  analysis  of  MOSFET 
operation.  The  mathematical  equations  solved  by  this  computer 
program  represent  general  mechanisms  associated  with  hole-electron 
transport  in  semiconductor  material;  these  equations  are  derived 
from  solid-state  physics,  and  they  are  not  unique  to  the  device 
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under  consideration.  Furt.ter,  the  electrical  properties  predicted 
by  this  computer  program  agree  with  experiment,  particularly  in 
areas  where  traditional  t.heory  fails;  short-channel  structures 
and  weak  inversion  operation.  Thus,  in  the  present  study  we 
used  this  computer  program  to  study  physical  mechanisms  of  MOSFET 
operation  that  could  nor  be  determined  through  laboratory  experi- 
ment. In  a computational  sense,  we  could  "see"  inside  the  tran- 
sistor and  accurately  evaluate  the  dominant  mechanisms  influencing 
its  electrical  characteristics. 

Using  results  of  t.hese  computer  calculations,  in  section  2 
we  discuss  important  two-dimensional  mechanisms  of  MOSFET  operation 
that  are  relevant  to  the  present  study.  Section  3 of  this  chapter 
gives  an  overview  of  an  earlier  theory  of  MOS  transistor  operation 
that  satisfies  the  requirement  for  electric  current  continuity  in 
this  semiconductor  device.  With  an  aim  of  extending  the  appli- 
cability of  this  earlier  theory,  we  introduce  our  refinements  and 
revisions  in  section  4.  Through  comparisons  with  our  two-dimen- 
sional computer  calculations  and  with  two  other  widely  used  MOS 
transistor  models,  in  section  5 we  make  an  extensive  evaluation 
of  this  revised  theory.  Finally,  in  section  6 , we  summarize 
conclusions  drawn  from  the  present  research  and  offer  recommenda- 
tions fcr  further  research  in  this  area. 

2 . 0 Two-Dimensional  Mechanisms  in  MOSFET  Operation 

Because  the  gate  electrode  and  t.he  drain  junction  are  geometri- 
cally perpendicular,  MOS  transistor  operation  contains  inherent 
two-dimensional  mechanisms.  For  this  reason,  a rigorous  analysis 
of  this  semiconductor  device  entails  a self-consistent  solution 
of  an  equation  for  electric  current  continuity  and  Poisson's  equa- 
tion in  two  spatial  dimensions . No  closed-form  solution  for  this 
problem  has  been  found. 
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With  insight  gained  from  two-dimensional  computer  calcula- 
tions of  MOSFET  operation,  in  the  present  study  we  developed  a 
simplified  one-dimensional  theory  for  this  semiconductor  device. 

In  sections  3 and  4 we  will  present  this  theory  and  show 
that  it  implicitly  takes  into  account  some  two-dimensional  aspects 
of  MOS  transistor  operation. 

From  our  computer  solution  for  this  MOSFET  problem,  numerous 
two-dimensional  mechanisms  become  clear.  With  the  aid  of  these 
computer  calculations,  in  the  present  section  we  will  illustrate 
many  of  t.hese  mechanisms.  .Moreover,  using  t.hese  illustrations  we 
will  identify  important  physical  mechanisms  that  produce  "short- 
channel  effects"  in  this  semiconductor  structure.  Later,  in 
section  5,  we  will  further  utilize  these  illustrations  to  assess 
limitations  in  our  one-dimensional  MOSFET  theory. 

2 . 1 Electric  Current  Saturation 

According  to  traditional  MOSFET  theory,  electric  current 
saturation  is  attributable  to  a channel  pinch-off  mechanism  [1] . 
I.mplied  by  this  theory  is  that  current  saturation  is  associated 
with  two  different  electrostatic  potential  distributions;  i.e.: 

1)  one  distribution  between  the  source  and  a pinch-off  point,  and 

2)  another  distribution  between  this  pinch-off  point  and  the  drain. 
This  concept  of  MOSFET  operation  has  undergone  significant  modifi- 
cation by  various  authors  [19,25,26,28]. 

Another  viewpoint  attributes  electric  current  saturation  to 
constriction  of  the  source-drain  channel  in  the  vicinity  of  a 
pinch-off  point.  Pao  and  Sah  viewed  t.his  constriction  as  a 
"bottleneck"  in  which  diffusion  is  an  important  mechanism  of 
carrier  transport  [21] . This  viewpoint  was  corroborated  by  two- 
dimensional  numerical  solutions  of  MOSFET  operation,  calculated 
by  Barron  [51],  and  by  Vandorpe  and  Xuong  [53].  In  contrast, 
another  two-dimensional  solution  of  this  MOSFET  problem  shows  no 
evidence  to  support  t.his  traditional  concept  of  a pinch-off 
mechanism  [36,55]. 
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From  our  two-dimensional  solution  Fig.  1,1  shows  calculated 
inversion  carrier  distributions  in  a MOSFET  biased  in  the  satura- 
tion mode.  This  figure  shows  a notable  modification  of  channel 
configuration  in  the  vicinity  of  the  drain.  However,  in  contrast 
to  the  traditional  pinch-off  concept,  significant  inversion  carriers 
reside  in  this  drain  region.  Further,  an  associated  calculation 
of  the  mobile  carrier  flux  distribution  (Fig.  1.2)  shows  that 
saturation  mode  operation  produces  an  increase  of  channel  width. 
These  illustrations  place  in  question  the  concept  of  channel 
pinch-off . 

2 . 2 Channel  Termination  in  a MOSFET 

For  MOSFET  drain  voltages  in  excess  of  the  gate  voltage, 
the  potential  difference  between  gate-electrode  and  oxide-semicon- 
ductor interface  changes  polarity  at  some  point  between 

the  source  and  drain.  This  polarity  change  produces  a reversal  in 
the  direction  of  the  gate-induced  electric  field  (Fig.  1.3). 

Between  this  point  and  the  source,  the  gate- induced  field  produces 
an  accumulation  of  inversion  carriers  along  the  semiconductor 
surface — thereby  forming  a conductive  channel.  Conversely,  between 
this  point  and  the  drain,  the  gate-induced  electric  field  forces 
mobile  carriers  away  from  this  surface.  (This  component  of  elec- 
tric field  terminates  on  ions  in  the  drain  island.)  Between  this 
channel  termination  point  and  the  drain,  a negligible  density  of 
inversion  carriers  resides  at  the  semiconductor  surface  (Fig.  1.1). 

Figures  1.4  and  1.5  show  rigorous  two-dimensional  calculations 
of  electrostatic  potential  within  a MCSFET  substrate.  Fig.  1,4 
shows  the  potential  distribution  corresponding  to  a triode  mode 
bias  condition.  Conversely,  in  Fig.  1.5  this  MOSFET  is  biased 
well  into  saturation  mode  operation.  Far  from  the  gate  electrode, 
regions  of  the  drain  depletion  layer  exhibit  a potential  distri- 
bution that  is  well  approximated  by  one-dimensional  abrupt  p-n 
junction  theory.  In  contrast,  near  the  oxide-semiconductor  inter- 
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Fig.  1.1.  Calculated  inversion  carrier  distribution  in 
MOSFET,  assuming  a constant  carrier  mobility 
V,.  = 3 volts,  V,,  = 6 volts  [551. 
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Fig.  L.4.  Calculated  potential  distribution  in  a MOSFET, 
biased  in  the  tricde  .node.  N,  = 2x10 ‘'cm-'. 


^ox  “ lOOOA”,  L = 5'_m. 
= 1.75  volts  [36]  . 


= 3.75  volts. 
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ig . 1.5.  Calculated  potential  distribution  in  a MCSFET 
biased  well  into  the  saturation  mode. 

^ 2.xl0‘=cm--,  t^^  = ICOOAS  L = 5'..m. 

VV  = 3.75  volts,  V_  = 6.75  volts  [361. 
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face,  depletion  charges  are  shared  between  the  gate  electrode  and 
the  drain  junction.  In  these  regions  the  equipotential  contours 
are  parallel  to  neither  the  gate  electrode  nor  the  drain  junction. 

Substantial  differences  can  be  observed  between  the  potential 
distributions  for  triode  mode  and  saturation  mode  operation  (Figs. 
1.4  and  1.5,  respectively).  These  differences  arise  from  a 
characteristic  of  the  gate-induced  electric  field:  in  triode 

operation,  this  field  is  unidirectional  between  source  and  drain. 
In  contrast,  for  bias  into  deep  saturation,  this  field  reverses 
direction  at  a point  where  surface  potential  equals  gate  voltage. 
Fig.  1.5  shows  an  equipotential  line  parallel  to  the  drain  junc- 
tion at  this  point  of  field  reversal.  Clearly,  the  potential 
difference  between  the  drain  and  this  equipotential  line 
is  less  than  the  applied  drain  voltage;  therefore,  this  point  of 
channel  termination  must  always  reside  within  this  drain  deple- 
tion layer.  It  is  emphasized  that  this  point  of  channel  termina- 
tion carries  no  implication  of  a pinch-off  or  channel  constric- 
tion mechanism.  Within  both  the  inversion  channel  and  the  adja- 
cent drain  depletion  layer,  a substantial  source-drain  electric 
field  forces  mobile  carriers  towards  the  drain  junction. 

2 . 3 Velocity  Saturation  in  a MOSFET 

Rigorous  two-dimensional  calculations  of  MOSFET  operation 
show  that  two  fundamentally  different  mechanisms  are  capable  of 
producing  electric  current  saturation.  In  a long-channel  MOSFET 
deep  saturation  is  a consequence  of  the  potential  distribution  in 
the  drain  depletion  layer  — between  channel  termination  and  the 
drain  junction.  Throughout  this  depletion  layer,  the  longitudinal 
potential  distribution  is  essentially  determined  by  unneutralized 
impurity  ions  associated  with  the  drain  junction.  Therefore, 
following  the  onset  of  channel  termination,  any  further  increase 
in  applied  drain  voltage  produces  an  increase  in  voltage  between 
the  point  of  channel  termination  and  the  drain;  and  the  voltage 
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across  the  active  channel  (between  the  source  and  channel  termi- 
nation) remains  essentially  constant.  In  contrast,  electric  cur- 
rent saturation  in  a short-channel  MOSFET  can  result  from  carrier 
velocity  saturation  within  the  source-drain  channel. 

Computer  calculations  show  that  velocity  saturation  has  a 
negligible  influence  on  the  volt-ampere  characteristics  of  a long- 
channel  MOSFET;  this  situation  is  seen  through  a comparison  of 
Figs.  1.6  and  1,7.  In  a long-channel  MOSFET  the  electric  fields 
are  sufficient  to  produce  velocity  saturation  only  within  the  drain 
space-charge  layer  — a region  where  the  mobile  carrier  trajectory 
is  two-dimensional.  Fig.  1.2. 

This  two-dimensional  trajectory  is  a consequence  of  a large 
electric  field  component  E^^  forcing  carriers  toward  the  drain 
island,  and  a small  electric  field  component  E^  forcing  carriers 
away  from  the  oxide-semiconductor  interface.  The  relative  magni- 
tude of  these  electric  field  components  imply  velocity  saturation 
in  a direction  parallel  to  the  oxide-semiconductor  interface 
(x-axis) , and  little  (or  no)  velocity  saturation  perpendicular  to 
this  interface.  As  a consequence,  velocity  saturation  produces 
a greater  amount  of  two-dimensional  carrier  flow  (compare  Figs. 

1.2  and  1.8),  with  little  (or  no)  influence  upon  the  total  drain 
current.  In  short,  the  drain  space-charge  region  remains  an  almost 
infinite  sink  for  mobile  carriers,  despite  the  presence  of  velocity 
saturation.  Thus,  velocity  saturation  produces  little  (or  no) 
change  in  the  volt-ampere  characteristics  of  a long-channel  MOSFET. 

Contrasting  with  this  long-channel  situation,  velocity  satu- 
ration of  mobile  carriers  has  a profound  influence  upon  the  volt- 
ampere  characteristics  of  a very  short-channel  MOSFET  (compare 
Figs.  1.9  and  1,10).  Here  we  find  that  velocity  saturation  in  a 
short-channel  MOSFET  produces  a lower  output  conductance  in  regions 
of  electric  current  saturation.  In  addition,  velocity  saturation 
produces  electric  current  saturation  at  a drain  voltage  substan- 
tially lower  than  would  be  predicted  from  the  traditional  theory 
of  MOSFET  operation. 
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Fig.  1.6.  Calculated  volt-ampere  characteristics  cf  a long- 

channel  M0SFE7,  assuming  a constant  carrier  mobility. 

M-  = 2x10*  ^cm“S  t = lOOOA®,  L = lOum  [55]. 
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Calculated  volt-a:npere  characteristics  of  a long- 
chan.nel  MOSFET,  assuming  a field-dependent  carrier 
mobility.  = 2xl0‘'cm~^,  t^^  = lOOOA®, 

L = 10_m  [55] . 


I’iy.  1.8.  Calculated  mobile  carrier  flux  distri 
assuminy  a field-dependent  carrier  mo 
= 3 volts,  V = 6 volts  [55]. 
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Fig.  1.9.  Calculated  volt-ampere  characteristics  of  a short- 

channel  MCSFET,  assuming  a constant  carrier  mobility. 
N = 2xlO-®cm“S  t = 283A°,  L = lum  [55]. 
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A Study  of  these  short-channel  calculations  has  readily 
established  the  source  of  these  changes.  Namely,  in  a short- 
channel  MOSFET  velocity  saturation  of  mobile  carriers  is  found 
within  the  source-drain  inversion  layer,  a region  having  a pro- 
found influence  upon  the  total  drain  current.  As  a consequence, 
an  increased  electric  field  within  the  inversion  layer  (due  to  an 
increased  drain  voltage)  has  a minimum  influence  upon  the  drain 
current  of  a very  short-channel  structure. 


2 . 4 Depletion  Charge  Distribution 

Regions  of  carrier  depletion  in  a MOSFET  play  two  important 
roles:  1)  they  insulate  the  source-drain  channel  from  a highly 

conductive  sui.^trate;  and  2)  they  significantly  influence  the 
electrostatic  potential  distribution.  Elementary  MOSFET  theory 
treats  all  depletion  layer  calculations  on  a one-dimensional 
basis  [4,20].  At  best,  this  one-dimensional  treatment  may  pro- 
vide a reasonable  approximation  for  long-channel  structures--how- 
ever,  when  applied  to  short-channel  structures,  it  results  in 
serious  errors. 

Some  regions  of  a MOSFET  depletion  layer  exhibit  two-dimen- 
sional electrostatic  interactions;  for  example,  a region  exists 
in  which  unneutralized  impurity  ions  must  be  shared  between  the 
gate  and  drain.  Arising  from  these  interactions  is  a substantial 
decrease  in  electric  flux  terminating  on  the  source,  gate,  and 
drain.  Another  interpretation  of  this  situation  is  that  these 
interactions  result  in  a reduction  of  unneutralized  impurity  ions 
available  to  each  depletion  layer — hence,  this  situation  is 
equivalent  to  a reduction  of  substrate  doping. 

This  latter  interpretation  follows  from  Poisson's  equation 
for  these  depletion  regions, 


3-V  ^ 3^ 
3x^  3y" 


(2.1) 
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where  the  x-axis  and  the  y-axis  are  in  the  direction  from  source- 
to-drain  and  the  direction  from  surf ace-to-substrate , respectively. 
Since  E = -grad(V),  this  expression  can  also  be  written  in  the  form: 

^ qN^ 


The  specific  manner  in  which  ions  are  shared  between  the  gate  and 
drain  is  unknown.  However,  for  steady-state  operation,  ion  densi- 
ties and  N . can  be  defined  such  that  N.  = N +N  , where 
X A X y 


iC  ^ ^ P* 

X q 3x 


(2.3a) 


M 


y 


s“o 


q 


(2.3b) 


From  this  i.nterpretation,  ion-shari.ng  becomes  an  important  mecha- 
nism: io.ts  t.hat  are  electrostatically  associated  with  the  drain 

junction  do  .not  contribute  to  the  gate  depletion  charge.  Similarly, 
ions  that  are  electrostatically  associated  with  the  gate  elec- 
trode do  not  contribute  to  the  drain  space-charge  layer. 

Figure  1.11  qualitatively  establishes  the  degree  of  gate  and 
drai.n  i.nteraction  in  a .MOSFET.  In  this  illustration  we  show  con- 
tours of  constant  source-drain  electric  field  component  E^.  From 
Gauss'  law,  the  magnitude  of  this  electric  field  component  is 
directly  proportional  to  the  integrated  substrate  electrostatic 
charge  contributing  to  E^.  This  illustration  shows  t.hat  a no.n- 
negligible  amount  of  the  substrate  electrostatic  charge  contributes 
to  E^  and,  therefore,  this  charge  cannot  contribute  to  the  gate- 
induced  electric  field  — the  electric  field  component  upon  which 
elementary  .MOSFET  theory  is  based  [4,20]. 

To  illustrate  this  ion-sharing  mechanism.  Fig.  1.12  shows 
two-dimensional  calculations  of  a .MOSFET  depletion  layer.  In 
these  calculations,  the  depletion  layer  edge  was  arbitrarily 
defi.ned  to  be  the  locus  at  which  majority  carrier  density  equals 
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.11.  Calculated  contours  of  constant  source-drain  electric 
field  in  a HOSl'LT.  tJ  = 2xl0''’cm-\  t - 1000A°, 
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hal^  tbe  substrate  impurity  concentration.  These  figures  show  a 
contour  of  constant  (1000  V/cm)  source-drain  electric  field  for 
a constant  applied  gate  voltage.  As  the  drain  voltage  is  increased 
(from  0 volts  to  3 volts).  Fig.  1.12  qualitatively  illustrates  an 
expansion  of  the  drain  depletion  layer  towards  the  source.  From 
Fig.  1.12,  this  expansion  is  most  pronounced  in  the  vicinity  of 
the  oxide-semiconductor  interface,  where  a substantial  part  of 
the  substrate  electrostatic  charge  produces  an  electric  field 
perpendicular  to  the  oxide-semiconductor  interface.  Thus,  the 
expansion  shown  in  Fig.  1.12  is  equivalent  to  a reduced  electro- 
static charge  and,  hence,  a reduced  number  of  unneutralized 
impurity  ions  available  to  the  gate  electrode.  For  this  reason, 
the  gate  depletion  layer  behaves  like  a region  of  variable  impurity 
ion  density,  due  to  drain  interaction. 

Additional  calculations  confirm  that  this  " reach-through" 
mechanism  is  dependent  on  gate  voltage  (Fig.  1.13).  For  a fixed 
drain  voltage.  Fig.  1.13  shows  that  an  increased  gate  voltage 
produces  an  increased  degree  of  drain  depletion-layer  expansion. 

In  a short-channel  MOSFET,  the  drain-induced  electric  field 
can  reach- through  to  an  extent  sufficient  to  forward-bias  the 
source  junction.  This  mechanism  is  illustrated  in  Fig.  1.14, 
which  clearly  shows  a reduction  in  potential  barrier  height  at  the 
source  when  applied  drain  voltage  is  increased  from  0.025  volts  to 
4.0  volt.s.  Mthough  this  potential  barrier  reduction  is  relatively 
small  (0.0115  volts),  this  reduction  can  yield  a substantial  increase 
in  source-drain  current.  Further  indication  that  this  situation 
is  equivalent  to  forward-biasing  of  the  source  junction  is  shown 
in  Figs.  1.15-1.17.  For  the  same  sequence  of  applied  drain 
voltages  used  in  Fig.  1.14,  these  figures  show  a notable  contraction 
of  the  source  space-charge  layer. 

The  foregoing  computer  calculations  identify  important  two- 
dimensional  mechanisms  producing  threshold  modulation  in  short- 
channel  structures  [57].  Specifically,  ion-sharing  between  the 
gate  and  drain  produces  a two-dimensional  electric  field  distribu- 
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Calculated  edge  of  source  space-charge  layer 
(broken  line)  in  a short-channel  MOSFRT. 

- 2x10' ‘'cin-^  t^^  = 1000A“,  I,  = l|im. 

V = 4 volts,  = 1 volt. 
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[•’ifj.  1.17.  Calculated  etlqe  of  source  space-chanje  layer 

(broken  line)  in  a short-channel  MOSFET. 
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tion  that  cannot  be  adequately  described  on  an  elementary  one-dimen- 
sional basis.  Although  ion-sharing  exists  in  all  MOSFET  structures, 
in  short-channel  structures  this  mechanism  is  encountered  near  the 
source  junction  to  the  extent  required  for  a significant  modifica- 
tion of  the  threshold  voltage  (see  Fig.  1.13). 

From  our  two-dimensional  computations  for  strong  inversion 
operation,  Fig.  1.18  shows  calculated  gate-t.hreshold  voltage  of  a 
MOSFET  (V^)  for  two  different  bias  conditions.  For  = 0.025  volt, 
we  determined  V„  in  Fig.  1.18  by  extrapolating  calculated  channel 
conductance  versus  gate  voltage  (V^) , from  the  linear  region  of 
device  operation  [8] . When  this  device  was  biased  in  the  satura- 
tion mode  (Vjj  = 5.0  volts),  we  obtained  in  Fig.  1.18  by  e.xtrapo- 
lating  versus  [7] . 

From  elementary  .MOSFET  theory  [8,9],  this  threshold  voltage 
•has  the  form 


where  Q_  represents  the  "bulk"  or  depletion  charce  within  this 

U 

structure  at  the  onset  of  strong  inversion  operation  and  J p repre- 
sents the  equilibrium  Fermi  potential  in  the  semiconductor  substrate 

= (kT/q) log  (N  /ni)  . (2.5) 

r e A 

This  ele.mentary  theory  assumes  that  arises  entirely  fro.m  the 
gate-induced  electric  field.  As  a consequence  of  this  assumption, 
elementary  .MOSFET  theory  predicts  that  is  a unique  function  of 
substrate  doping  and  oxide  thickness.  In  contrast,  both  experiments 
[57]  and  our  rigorous  calculations  (Fig.  1.13)  show  that  the  thres- 
hold voltage  of  a s.hort-channel  .MOSFET  is  also  dependent  on  metal- 
lurgical channel  length  and  applied  drain  voltage. 

From  cur  two-dimensional  computer  calculations,  physical 
.mechanisms  that  cause  threshold  modulation  become  clear.  I.n  short- 
channel  structures,  ion-sharing  produces  a situation  where  a signifi 
cant  fraction  of  the  depletion  charge  (Q^)  arises  from,  the  drain- 
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induced  electric  field  and,  thereby,  the  magnitude  of  applied  gate 
voltage  required  to  produce  this  threshold  condition  is  reduced. 

In  addition,  forward-biasing  of  the  source  junction  caused  by 
reach- through  yields  increased  source-drain  electric  current  and, 
as  a result,  the  apparent  gate  threshold  voltage  is  further  reduced. 


3 . 0 A Continuity  Theory  for  MOSFET  Operation 

The  purpose  of  this  section  is  to  present  an  overview  of  an 
earlier  theory  for  MOSFET  operation  [36] . In  the  present  study  we 
revised  this  theory  to  extend  its  applicability  to  a wider  range  of 
device  structures  and  to  the  weak  inversion  mode  of  operation. 
Therefore,  in  addition  to  acquainting  the  reader  with  this  earlier 
work,  the  present  section  constitutes  a necessary  preliminary  to 
the  discussion  of  these  revisions  which  follows  in  section  4.0. 


3 . 1 General  Mathematical  Development 

In  t.he  inversion  layer  of  a MCSFET,  both  drift  and  diffusion 
contribute  zo  the  source-drain  electric  current: 


Id  = 


2i 


dV 
s 

dx 


a dx 


(3.1) 


In  this  expression,  denotes  the  inversion  charge  per  unit  area 
wit.hin  this  structure  Fig.  1.19,  the  -urface  potential  V is  the 
electrostatic  potential  at  the  oxide-semiconductor  interface,  and 
Iq  represents  the  total  electric  current  parallel  to  this  interface. 
(Throughout  this  discussion,  all  voltages  are  assumed  to  be  referenced 
to  t.he  charge  neutral  regions  of  the  semiconductor  substrate.) 

If  we  neglect  recombination-generation  mechanisms  within  this 
semiconductor  structure,  the  source-drain  electric  current  Ij^  must 
be  constant  at  any  location  between  the  source  and  drain;  thus  from 
Eq . 3.1  we  have 
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Fron  the  chain  rule  of  differentiation, 

dQ . dQ . dV 
1 _ 1 . s 

dx  dV_  dx 


(3.3a) 
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A physically  meaningful  modification  of  Eq.  3.4  is  realized 
by  i.ntroducing  into  this  expression  a separation  parameter  \ (V  ) , 
yielding 


d^  V 

■ 

V dx  / 

A (Vs) 

_ s 

dx" 

(3.5a) 

MV^) 

\ kT 

dQil 

0 - ^ 

-1 

(3.5b) 

L ^ 

dV^J 

. i q dv  _ 

s 

Therefore , 

d^V 

s 

dx‘ 

UV3) 

( 3 . 6a) 

d = Q,  ^ 
dv_- 

d 

dQi 

dv 

s 

(3.6b) 

From  Appendi 

X A/  — cs.  3-6s 

and 

3.6b  have  the 

solution 

equations 

47 


1 f' 

^ - eT  J 


exp [n (C) ]dc 


Q ■ e 


qVg/kT  \ -qV^/kT 
. e 

/ 


1 


Q.  \ dV 
lO  \ s 


/ exp[-  2i  + o(r)]d?  . , 

V ) 

n ' 


(3.7b) 


where 


(C)  = 


-\  ( n ) dn 


(3.8) 


These  solution  equations  provide  the  foundation  for  our  calculation 

of  the  volt-ampere  characteristics  for  a MOSFET. 

Through  algebraic  manipulations,  it  can  readily  be  proved  that 

if,  indeed,  a solution  is  found  for  A (V  ) , the  magnitudes  of  V (x) 

s s 

and  (V^)  will  always  yield  electric  current  continuity  between 
the  source  and  drain.  This  proof  is  given  in  Appendix  3. 


3.2  A Physical  Interpretation  of  the  Separation  Parameter,  '■  (V^) 

The  physical  significance  of  the  separation  parameter,  A(V^), 
becomes  clear  from  the  derivations  given  in  Appendix  B.  Therein, 
it  is  shown  that  t.he  source-drain  electric  current  is  constant  at 
any  location  within  this  semiconductor  device  if  Eq.  3.6  is  satis- 
fied. Further,  from  Apoendix  B we  have 


V(V3)  = 


diff  _c 


kT  dV, 
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From  Eq.  3.9  , it  is  evident  that  the  separation  parameter 
^ produces  a modification  of  the  proportions  of  drift  current 
and  diffusion  current  necessary  to  yield  constant  source-drain 
electric  current  at  all  locations  within  this  semiconductor  device. 

From  a two-dimensional  computer  solution  for  this  problem,  it 
was  found  that  X (V^)  always  attains  a magnitude  of  q/kT  in  the  limit 
of  weak  inversion  [36].  From  Eq.  3.9  , this  limit  implies  that  all 
source-drain  electric  current  is  attributable  to  diffusion.  Further- 
more, from  this  computer  calculation  it  was  found  that  X (V  ) can  be 

s 

adequately  approximated  by  [36] 


X(V^) 


1-A(V^-V^I 


(3.10) 


where  \^  = X (V^) . Assuming  X (V^)  approaches  this  same  limit  at  the 

point  of  channel  termination  (where  V =V„)  we  have 

s G 


A = 


l-(kT/q)X^ 


(3.11) 


Therefore,  substituting  Eq.  3.11  into  Eq.  3.10,  we  obtain 


(V_-V^)X 

A (V  ) = — — 2 ° 

s’  (V--V^)  + (kT/q) (V^-V^) X^ 
US  s o o 


(3.12) 


3 . 3 The  Volt-Ampere  Characteristics  of  a MOSFET 

From  the  implicit  solution  equations  for  V (x)  and  Q. (V  ) 

S L s 

(Eq.  3.7a  and  Eq.  3.7b  , respectively)  incor. junction  with  the 
approximate  relation  for  ^ (V^) , Eq.  3.12,  we  can  readily  obtain  an 
expression  for  the  volt-ampere  characteristics  of  a MOSFET.  From 
Eq.  3.7a  we  obtain 


V 

s 


1 i 

V + i < 1 - 
o A j 


\ _ + A)  E X 
o o 


IXotA 


1 


(3.13) 
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where  is  the  magnitude  of  source-drain  electric  field  at  the 
source  end  of  this  structure: 


E 

o 


dV 


dx 


'x=0 


(3.14) 


In  a similar  manner,  from  Eq.  3.7b  we  obtain 


^(V^-V^)/kT 

Qi^'^s^  = Qio^  < 1 - 


Z exp(Z  ) 


1 — ( 
E-*l 
1 

1 

dV  j 

lO 

' ' ''o^ 

A 

A 

{ 

(3.15) 


where 


Z = - — 

o kT  A 


(3.16a) 


Z 


Z 

o 


1 - A(V  -V  ) 
s o 


(3.16b) 


For  the  range  of  variables  encountered  in  this  boundary  value 
problem,  it  was  proposed  that  Eq.  3.15  could  be  adequately  approxi- 
mated by  the  relation  [36] 


Q 


lO 


1 - A(V^-V^) 
s o 


Ao/A 


(3.17) 


This  system  of  equations  has  been  constrained  to  yield  a 
divergence  free  electric  current.  Therefore,  the  magnitude  of  this 
current  (from  Eq.  3.1), 


I 


D 


-WuQ^ 


1st 

q Qi  dV^  J 


(3.18) 


can  be  calculated  at  any  location  along  the  source-drain  channel. 
Selecting  for  this  calculation  the  source  end  of  this  structure, 
Eq.  3.18  has  the  form 
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1 Isl  -1- 

^ Qio 


(3.19) 


where  = V^(0).  Substituting  Eq.  3.14  into  Eq.  3.15  yields 


^0  - " oh  (5),^ 

From  Eq.  3.17  we  obtain  the  relation 


= -\  Q. 
o lO 


(3.20) 


:3.21) 


Further,  from  Eq.  3.13  we  have,  upon  requiring  that  V^=V^  when  x=L, 


. V 


E = ^ N,i  - 1 - A(v_-v  ) 

o (A^+A)L  j Do 


(3.22) 


Thus,  after  substituting  Eqs.  3.21  and  3.22  into  Eq.  3.20,  we  have 
an  expression  for  the  volt-ampere  characteristics  of  a MOSFET 


kT  ' 

Ir>  = , Taw  1 + — a <1  - A(V„-V  ) 
D (.'.^+A)L  j D o 


A +A  , 
A I 


(3.23) 


It  should  be  noted  that  Eq.  3.23  contains  only  two  unknown  para- 
meters and  a^.  Both  of  these  parameters  arise  at  the  source 

end  of  this  structure  where  two-dimensional  mechanisms  are  minimal; 
thus,  these  parameters  can  be  evaluated  on  a one-dimensional  basis. 

Before  determining  these  param.eters,  we  first  consider  an 
application  of  Eq.  3.23  to  the  weak  inversion  mode  of  operation. 
From  Eq.  3.11,  as  q/kT  in  weak  inversion  the  parameter  A 

becomes  small  and,  therefore,  Eq . 3.23  has  the  limit 


2;'iDQ. 


Lin  (Ijj)  = 


1 - e 


-q(Vj^-V^)/kT 


(3.24) 


Aq  - q/kT 
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Clearly,  Eq.  3.24  shows  an  exponential  saturation  of  the  source- 
drain  electric  current  with  an  increase  of  drain  voltage.  Thus, 
from  the  concept  of  electric  current  continuity  within  the  inver- 
sion layer  of  a MOSFET,  we  have  an  expression  for  the  current 
saturation  in  weak  inversion  that  qualitatively  agrees  with  both 
experimental  observation  [30,31]  and  other  recent  theoretical 
studies  [30,31,37]. 


3 . 4 The  Saturation  Mode  of  Operation 


Equation  3.23  and  its  weak  inversion  limit,  Eq.  3.24,  are 
applicable  only  when  channel  length  L is  a known  quantity.  This 
situation  exists  for  triode  mode  operation.  Assuming  that  electric 
current  saturation  arises  when  we  have  channel  termination  (i.e., 
when  Vp=Vg) , the  source-drain  inversion  layer  maintains  a total 
voltage  of  across  its  length  in  this  mode  of  operation;  how- 

ever, the  length  of  this  inversion  layer  becomes  a function  of 
drain  voltage  and  decreases  with  an  increase  of  [36].  Thus,  in 
electric  current  saturation  Eq.  3.23  has  the  form 


Ir.  = 


W’hiQ  . 
lO 


(Ao+A)Lc(Vd) 


r 1 

1 

r 1 

o 

I 

+ 

o 

I 

- 

1 

h-> 

1 

> 

< 

o 

1 

< 

o 

1 

A 

[3.25) 


where  is  a voltage-dependent  channel  length. 

Assuming  that  the  substrate  region  of  this  MOSFET  has  a homo- 
geneous impurity  atom  density,  we  apply  to  this  calculation  the 
depletion  layer  theory  of  abrupt  asymmetrical  p-n  junctions.  Thus, 
it  was  proposed  that  the  drain  junction  space-charge  layer  exten- 
sion into  the  substrate  has  the  approximate  form 


2k  e 

W"  = —5-2- 

D qN^ 


V. 


(3.26) 


where  represents  the  substrate  impurity  ion  density.  Further, 

from  this  depletion  layer  theory,  we  have  a voltage  drop  of  V_-V_ 

D O 

across  a distance  of  AL,  where 
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AL 


2k  e 


s o 

qN^ 


(Vj^-V 


1/2 


(3.27) 


Thus,  if  we  subtract  this  distance  (AL)'  from  the  metallurgical 
source-drain  channel  length  (L) , we  obtain 


= ^ - Nd  - k - 


n 1/2 


(3.28) 


In  current  saturation,  (Vj^)  represents  the  electrical  channel 
length  across  which  we  have  a total  voltage  of  (V„-V  ) . Thus, 

o O 

Eq.  3.25  in  conjunction  with  Eq.  3.28  establishes  the  drain  current 
when  V_  > V„ . 

U o 


3.5  Calculation  of  Q.  in  a MOSFET 

lO 

Before  Eq,  3.7b  and,  hence,  Eq.  3.23  can  be  used  for  a quanti- 
tative evaluation  of  the  volt-ampere  characteristics  of  a MOSFET, 
it  is  necessary  to  calculate  a magnitude  of  — the  value  of 

at  the  source  end  of  this  semiconductor  structure  (where  V =V  ) . 

s o 

From  rigorous  two-dimensional  computer  calculations  of  MOSFET  opera- 
tion, it  was  known  that  electrostatic  interactions  between  the  gate 
and  drain  are  at  a minimum  near  the  source  junction  [36].  There- 
fore, it  was  presumed  that  a one-dimensional  calculation  of  inver- 
sion charge  is  applicable  in  this  region. 

From  elementary  MOSFET  theory  [1],  the  total  electrostatic 
charge  (Q^)  within  this  semiconductor  structure  (i.e.,  both  inver- 
sion charge  and  depletion  charge)  is  quantitatively  determined  by 
the  gate-induced  electric  field  at  this  interface, 

<gC^E^(x,0)  = -0^  . (3.29) 

For  simplicity,  in  Eq.  3.29  we  neglect  electrostatic  charges  that 
may  reside  at  the  semiconductor  surface,  i.e.,  surface  states. 


r 


1 
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For  additional  simplification,  we  now  also  neglect;  1)  the 
difference  in  work  function  that  may  exist  between  the  gate  electrode 
and  the  semiconductor  material,  and  2)  electrostatic  charges  that 
may  reside  within  the  gate  oxide,  i.e.,  oxide  states.  Based  upon 
these  simplifying  assumptions  continuity  of  electric  field  at  the 
oxide-semiconductor  interface  requires  that 


In  Eq.  3.30,  is  the  applied  gate  voltage  and  t^^  represents  the 
gate  oxide  thickness.  Substituting  Eq.  3.30  into  Eq.  3.29  results 
' in  the  following  expression  for  the  total  gate-induced  electrostatic 

i charge: 

i 

I 

^ (V^-V^)  . (3.31) 

ox 

In  one  spatial  dimension,  the  surface  potential  (V^)  within 
this  structure  arises  in  conjunction  with  an  electrostatic  charge 
(Q,p)  due  to  unneutra  lized  impurity  ions  and  mobile  electrons. 

From  a one-dimensional  solution  of  Poisson's  equation  in  the  semi- 
conductor substrate,  mobile  electrons  accumulate  in  an  extremely 
thin  layer  at  the  oxide-semiconductor  interface  [61].  When  the 
applied  gate  voltage  is  sufficiently  positive,  the  density  of 
electrons  near  the  semiconductor  surface  can  exceed  the  density  of 
holes  (majority  carriers  in  the  bulk) , thereby  forming  an  inversion 
layer.  Thus,  the  mobile  electrons  within  such  a layer  constitute 
an  inversion  charge  (Q^) . Elementary  MOSFET  theory  assumed  that 
the  corresponding  distribution  of  unneutralized  impurity  ions  is 
basically  equivalent  to  the  depletion  charge  (Q^^)  in  a one-sided 
abrupt  p-n  junction  [62]  and,  therefore, 

[61]  C.G.B.  Garrett  and  W.  H.  Brattain,  Phusical  Review,  9£,  376 
(1955) . 

[62]  W.  Shockley,  Bell  system  Technical  Journal,  28,  435  (1959). 
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% - ■ ”.32) 

Fig.  1.20  qualitatively  illustrates  such  one-dimensional  distribu- 
tions of  and  in  a MOSFET. 

The  total  electrostatic  charge  (Q^)  within  this  structure  is 
comprised  of  the  inversion  charge  (Q^)  and  the  depletion  charge  (Qj^)  , 

Qt  = Qi  + Qd  • (3.33) 

Therefore,  by  substituting  Eqs.  3.31  and  3.32  into  Eg.  3.33  and 
then  solving  for  Q^,  we  obtain 

where 


C 


ox 


K . e 

1 o 


t 

ox 


(3.35) 


represents  the  static  capacitance  of  the  gate  oxide. 

To  obtain  source-drain  electric  current  continuity  in  a MOSFET, 

it  was  shown  that  Q. (V  ) must  satisfy  a relation  (Eg.  3.7b)  which 

IS 

differs  significantly  from  this  one-dimensional  form  of  elementary 
MOSFET  theory  (Eg.  3.34).  However,  from  the  foregoing  discussion, 
it  was  presumed  Eg.  3.34  provides  an  adequate  approximation  for 
Q^(V^)  near  the  source  end  of  this  structure  and,  therefore. 


-C  (V  -V  ) 
ox  c?  o 


F- 


K e qN.v 
s o A o 


(3.36) 


3.6  Calculation  of  X in  a MOSFET 
o 

In  this  continuity  theory  of  MOSFET  operation,  source-drain 

electric  current  is  given  by  Eg.  3.23.  This  equation  contains  two 

unknown  parameters  (Q^^q  and  \^)  which  must  be  evaluated  in  order 

to  calculate  this  current.  In  the  preceding  section,  we  found  an 

expression  for  (Eg.  3.36),  by  evaluating  Q^(Vg)  (from  elementary 

.MOSFET  theorv)  at  V =V  . Herein  we  will  derive  an  expression  for 

so 
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the  remaining  parameter  needed  for  calculating  the  source-drain 
electric  current. 

To  obtain  an  expression  for  we  will  utilize  a general 

relation  for  A (V  ) given  by  Eq.  3.5b.  Since  X i X (V  ) represents 
s o o 

the  magnitude  of  X (V^)  at  the  source  end  of  this  semiconductor 
structure,  it  was  proposed  that  Eq.  3.34  could  be  used  to  approxi- 
mate iri  this  vicinity.  Differentiating  Eq.  3.34,  we  obtain 

^ + (l/2)(2«^£^qN^)^/2  -1/2 

s 


— = -(1/4)  (2k^£  . (3.38) 

dv  ^ sort  s 

s 

Substituting  Eqs . 3.34,  3.37,  and  3.38  into  Eq . 3.5b  and,  there- 
after, performing  straightforward  manipulations,  yields 


X 

o 


C + (1/2) (2k  £ qN./V 
ox  s o^  A o 

C (V„-V  ) - (2k  £ qN^V  ) ^'^^ 
ox  G o s o^  A o 


(3.39) 


4 . 0 A Revised  MOSFET  Theory  with  Extended  Applicability 

In  Section  3.0  we  reviewed  an  earlier  theory  for  MOSFET  opera- 
tion that  assures  electric  current  continuity  in  this  semiconductor 
device.  The  adequacy  of  this  theory  was  demonstrated  for  long- 
channel  structures  operating  in  the  strong  inversion  m^de  [36]. 
However,  although  implicitly  containing  the  correct  physics,  this 
earlier  theory  failed  to  yield  satisfactory  results  for  the  weak 
inversion  mode  and/or  for  short-channel  structures.  The  main  direc- 
tion of  the  present  research  has  been  to  alleviate  these  difficulties 
and,  thereby,  develop  a MOSFET  theory  with  wider  applicability. 

Herein  we  propose  a revised  continuity  theory  for  MOS  transistor 
operation.  In  the  following  section,  we  demonstrate  the  broad 
range  of  device  structures  and  bias  conditions  for  which  this  revised 
theory  applies. 
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4.1  Subthreshold  Correction  for  O.  in  a MOSFET 

lO 

To  obtain  source-drain  electric  current  continuity  in  a 

MOSFET,  it  has  been  shown  that  the  inversion  charge  must 

satisfy  a relation  differing  significantly  from  that  given  by  a 

one-dimensional  form  of  Gauss'  law.  This  relation  is  given  by 

Eq.  3.7b.  However,  before  Eq.  3.7b  and,  hence,  Eq.  3.23  can  be 

used  for  a quantitative  evaluation  of  the  volt-ampere  characteristics 

of  a MOSFET,  it  is  necessary  to  calculate  a magnitude  for  — 

the  value  of  at  the  source  end  of  this  semiconductor  structure 

(where  V =V  ) . 
s o 

From  previous  discussions,  it  was  shown  that  electrostatic 
interactions  between  the  gate  and  drain  are  at  a minimum  near  the 
source  junction.  For  this  reason,  it  was  presumed  that  a one-dimen- 
sional form  of  Gauss'  law  is  applicable  in  this  region  of  the  struc- 
ture. Furthejrmore,  borrowing  from  elementary  MOSFET  theory,  an 
inherently  simple  approximate  form  of  this  law  (Eq.  3.36)  was 
adopted  to  calculate  In  the  present  research,  we  found  Eq. 

3.36  to  be  inapplicable  to  the  weak  inversion  mode  of  MOSFET  opera- 
tion. Specifically,  for  weak  inversion  (where  V <=  2<p  ) Eq.  3.36 

O r 

yields  totally  incorrect  values  for 

For  purposes  of  illustration,  Fig.  1.21  shows  a comparison 
between  the  calculated  values  of  using  Eq.  3.36  suitably  modi- 

fied to  eliminate  the  gate  voltage  V , and  using  a rigorous  one- 
dimensional  solution  [9].  In  Eq.  3.36  we  replace  the  term  repre- 
senting the  total  electrostatic  charge  by  an  exact  one-dimensional 
solution  for  Poisson's  equation; 


OX  G O 


'^o  - 


1/2 


1 + 


(4.1) 


(gUio/inoo)  |0!o| 


Vq  (volts) 


rig.  1.21.  One-di.-nensional  calculations  of  inversion  charge 
(Q,.  at  the  source  end  of  a .MOSFET. 

N,  = 5x10 ■ ’ cn“ - . 


59 


where  represents  the  extrinsic  Debye  length  in  this  semiconduc- 
tor material  [9].  Therefore,  Eq.  3.36  has  the  form 


\ - 


SV 


+ SV  - 1 + 
o 


BV. 


- 1 


1/2 


+ V2<  t qN,V 
^ S o^  A o 


(4.2) 


From  Fig.  1.21,  Eq.  4.2  (hence,  Eq.  3.36)  is  shown  to  yield 
values  of  that  are  adequate  only  for  the  strong  inversion  mode 

of  MOSFET  operation.  At  approximately  the  surface  threshold  voltage 
(V^  ~ 2ipj,)  Eq.  3.36  yields  a of  zero,  and  for  weak  inversion 

operation  (V^  < 2({)p)  this  approximation  yields  a negative  magnitude 
for  Q.^. 

The  source  of  this  error  has  been  identified:  it  arises  from 

an  application  of  the  depletion  approximation  in  evaluating  the 

This  depletion 

approximation  over-estimates  (slightly)  the  total  depletion  charge, 
due  to  an  elimination  of  mobile  carriers  in  the  mathematical  model. 
We  recall  (from  Eq.  3.33)  that  we  calculated  the  inversion  charge 
(Q^)  as  the  difference  between  the  total  electrostatic  charge  (Q^) 


depletion  charge  (Q^^)  in  a MOSFET  (Eq.  3.32 


and  Q 


D' 


Qi  Q.p 


(4.31 


Clearly,  this  slight  error  in  produces  little  difficulty  for 
strong  inversion  conditions  (when  >>  Q^^)  ; however,  under  weak 
inversion  conditions  in  Eq.  4.3  and,  therefore,  a small 

error  in  the  calculated  value  of  produces  a large  error  in  the 

calculated  value  of  Q.. 

1 

A substantial  increase  in  accuracy  is  obtained  through  a 
modification  of  the  elementary  relation  for  (Eg.  3.36).  This 
improvement  arises  from  replacing  the  traditional  depletion  charge 
term  (obtained  from  the  depletion  layer  theory  of  an  abrupt  asym- 
metrical p-n  junction)  by  an  approximation  derived  from  an  exact 
solution  of  Poisson's  equation  [9]. 
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As  in  elementary  MOSFET  theory  [1] , for  the  depletion  charge 
calculation  we  assume  that  the  voltage  is  attributable  only  to 
ionized  impurity  atoms.  Implicit  in  this  assumption  is  an  inver- 
sion layer  width  that  is  small,  relative  to  the  depletion  layer 
width.  Thus,  from  this  assumption  we  can  neglect  the  contribution 
of  inversion  carriers  in  this  exact  solution  of  Poisson's  equation 
and  obtain  an  approximate  expression  for  the  depletion  charge: 


QdIv^I  - - VT 


1/2 


1 


(4.4) 


Thus  (substituting  Eqs.  3.31,  3.35,  and  4.4  into  Eq.  4.3),  we  have 


Q (V  ) = -C^^(V  -V^) 
X s ox  G s 


+ V2 


SV 


s 


1 1/2 


1 


(4.5) 


From  the  foregoing  discussion,  we  presume  Eq.  4.5  yields  an  adequate 
approximation  for  near  the  source  end  of  this  semiconductor 

structure.  In  particular,  when  Vg=V^,  this  equation  yields 

Q.  H Q.  (V  ) = -C  (V„-V  ) ^ 

'^lo  o ox'  G o'  ''  y I \ q 


-6V 

e ° + 3V 

o 


1 1/2 


1 


(4.6) 


From  Fig.  1.21,  this  revised  approximate  relation  for  the 
inversion  charge  in  a MOSFET  yields  results  that  are  in  satisfac- 
tory agreement  with  a rigorous  solution  of  this  problem.  Clearly, 
this  new  approximation  offers  adequate  agreement  throughout  the 
range  from  extremely  weak  inversion  to  strong  inversiong. 

It  should  be  noted  that  by  utilizing  Eq.  4.6  in  the  present 
theory  of  MOSFET  operation  we  encounter  an  additional  complication. 
Namely  this  theory  yields  the  magnitude  of  and,  hence,  1^, 
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explicitly  in  terms  of  V and  implicitly  in  terms  of  V„.  From 

O G 

Eq . 4 . 1 we  i .ave 


V, 


V 

o 


+ 6V 

o 


(4.7) 


Clearly,  this  problem  represents  only  a minor  algebraic  complication. 


4.2  Revised  Calculation  of  A in  a MOSFET 
o 

In  the  present  theory  of  MOSFET  operation,  A represents  the 

magnitude  of  our  separation  parameter,  / (V^) , at  the  source  end  of 

this  semiconductor  structure  (where  V =V  ) . Thus,  from  Eq.  3.5b, 

so  ^ 

A has  the  qualitative  form 
o 


In  Section  3.0,  we  derived  a quantitative  expression  for  (Eq. 
3.39)  from  an  earlier  theory  for  MOSFET  operation.  This  derivation 
utilized  a relation  for  Qj^(Vg)  ta)<en  from  elementary  MOSFET  theory 
(Eq.  3.34).  From  discussions  in  the  preceding  section,  Eq.  3.34 
is  inapplicable  for  the  weak  inversion  mode  of  operation  and,  there- 
fore, Eq.  3.39  for  A contains  this  same  limitation. 

o 

From  a rigorous  one-dimensional  solution  of  Poisson's  equation, 
we  obtained  an  expression  for  Q, (V^)  near  the  source  end  of  this 
structure  (Eq.  4.5).  Using  this  expression  to  evaluate  we 
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obtained  satisfactory  results  throughout  both  weak  and  strong  inver- 
sion modes  of  MOSFET  operation.  Herein,  we  will  ut: lize  this  rela- 
tion (Eq.  4.5)  to  derive  a new  quantitative  e.xpression  for  \^. 

A substantial  degree  of  mathematical  simplification  results  if 
-SV 

we  neglect  the  term  e in  Eq.  4.5;  thereby 


Qi(v^) 


(4.9) 


We  can  neglect  this  term  when 

Vg  >>  (kT/q)  [1  - exp(-qVg/kT) ] , (4.10) 

which  is  clearly  the  situation  in  all  cases  of  practical  interest. 
From  Eq.  4.9,  by  differentiating  with  respect  to  V^,  we  have 


(4.11) 


(4.12) 


To  assess  the  adequacy  of  using  these  appro.ximations  to  calcu- 
late we  made  comparisons  between  Eqs.  4.9,  4.11,  and  4.12  and 

a rigorous  nonequilibrium  solution  of  Poisson's  equation  in  one 
spatial  dimension  (see  Appendix  C) . 

These  comparisons  are  illustrated  in  Figs.  1.22  and  1.23  for 
strong  inversion  operation,  and  in  Figs.  1.24  and  1.25  for  weak 
inversion  operation.  From  Figs.  1.22  through  1.25  we  have  satis- 
factory agreement  between  our  approximations  for  and  for  dQ^/dV^ 
and  this  rigorous  one-dimensional  solution  of  Poisson's  equation. 
.Moreover,  in  Figs.  1.23  and  1.25,  we  have  a qualitative  illustration 


63 


r ic . 1.22.  Calculated  inversion  charge  distribution  in  a 
MOSFET  for  strong  inversion  operation. 

= 2x10- ’cn'S  t^^  = 2000A®,  = 8 volts. 


L 


|Qj|  (10**  coul./cm' 
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Vg  (volts) 


g.  1.24.  Calculated  i.nversion  charge  distribution  in  a 
MOSFET  for  weak  i.nversion  operation. 

N,  = 2xl0‘’cfr^  t . = 2000A=',  = 4.3  volts. 

A OX  G 


8’ 


06193  06194  06195  06196  06197 
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Fig.  1.25.  Calculated  dQ^/dV^  in  a MOSFET  for  weak  inversion 
operation.  N.  = 2.xlO‘’cm“S  t = 2 0 00A®, 

rt  OX 

= 4.3  volts. 
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that  good  agreement  is  attained  between  our  approximation  for 
d^Q^/dVg  and  this  rigorous  solution.  From  this  agreement,  we 
presume  Eqs.  4.9,  4.11,  and  4.12  provide  adequate  approximations 
for  our  calculation  of  (Eq.  4.8). 

Evaluating  Eqs.  4.9,  4.11,  and  4.12  at  and,  thereafter, 

substituting  these  results  into  Eq.  4.8,  we  obtain 


A — 

o 


1/2 

1 kT/q 

2 \^V^-kT/q  J 

2(V^-kT/q) 

1 C (V  -V  + — ) - 
' ox'  G o q 

V - 
o 

3 /kT\ 

2 iqj 

(V^-KT/C  J 

(4. 


(4.13) 


For  >>  3/2(kT/q) , Eq.  4.13  has  the  approximate  form 


C + ^ 
ox  2 


2k  e qN,/(V^ 
s o^  o 


kT. 

q 


1/2 


C (V  -V  + — ) - 
ox  Go  q 


V - ^ 
o 2 


/kr\1 

V V]  \Vo-kT/q  ) 


1/2 


(4.14: 


where  is  given  implicitly  by  Eq.  4.7. 

For  the  weak  inversion  mode,  Eq.  4.7  has  the  approximate  form 


G O 


kT 

(V^  - % 


+ ^llsV^lA^ 


(4.15) 


ox 


Upon  substituting  Eq.  4.15  into  Eq.  4.14  and,  thereafter,  simpli- 
fying the  result  through  straightforward  algebraic  manipulations, 
we  obtain  = q/kT.  Thus,  our  new  approximate  expression  for 
yields  the  correct  magnitude  for  this  separation  parameter  in  the 
limit  of  weak  inversion.  This  limiting  behavior  is  also  demon- 
strated by  calculations  (using  Eq.  4.14)  shown  in  Fig.  1.26. 


4.3  Revised  Calculation  of  V (x)  in  a tlOSFET 
s 

From  two-dimensional  computer  calculations  for  MOSFET  opera- 
tion, the  voltage  distribution  within  this  semiconductor  structure 
becomes  modified  near  the  source  and  drain  metallurgical  junctions. 
In  an  earlier  study,  it  was  proposed  that  these  modifications  result 
from  source  and  drain  junction  space-charge  layer  interaction  with 
the  inversion  layer.  Further,  through  comparisons  between  this 
earlier  theory  and  rigorous  two-dimensional  computer  calculations, 
it  was  shown  that  this  interaction  produced  a slight  difference 
between  the  physical  source- to-drain  junction  distance  (L)  in  a 
MOSFET  and  the  effective  distance  in  this  theory  [36]  , 

However,  this  interaction  mechanism  is  not  fully  understood,  and 
it  is  not  explicitly  included  in  the  present  MOSFET  theory.  For 
this  reason,  we  place  particular  emphasis  on  the  selection  of 
boundary  conditions  in  this  mathematical  analysis. 

The  foregoing  discussion  implies  our  viewpoint  on  this  aspect 
of  MOSFET  operation:  near  the  source  and  drain  metallurgical 

junctions,  regions  exist  that  are  not  readily  described  by  a simple 
one-dimensional  theory;  however,  these  regions  act  essentially  as 
infinite  sinks  for  electron  transport  through  the  source-drain 
inversion  layer.  For  this  reason,  we  presume  that  this  inversion 
layer  constitutes  the  active  region  of  an  MOS  transistor  and, 
therefore,  contains  the  dominant  physical  mechanisms  influencing 
the  volt-ampere  characteristics  of  this  semiconductor  device. 

Figure  1.27a  qualitatively  illustrates  this  concept  of  MOS 
transistor  operation.  In  this  figure,  we  presume  junction  space- 
charge  layer  interactions  with  the  source-drain  inversion  layer 
take  place  in  regions  1 and  3;  between  these  regions,  we  have  the 
active  source-drain  inversion  layer  (region  2).  Furthermore, 

Fig,  1,27b  shows  a qualitative  potential  distribution,  V^(x), 
corresponding  to  Fig.  1,27a.  (For  this  purpose  of  illustration, 
we  have  deliberately  exaggerated  Fig.  1.27b  to  show  characteristics 
of  Vg(x)  relevant  to  the  present  discussion.) 


Region  I Region  2 Region  3 


(0) 

VsOt) 


DRAIN 
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In  Fig.  1.27b,  represents  a location  near  the  source  end 
of  this  semiconductor  structure  where  electrostatic  interactions 
between  the  gate  electrode  and  the  drain-and-source  junctions  are 
at  a minimum.  For  this  reason,  we  presumed  that  a one-dimensional 
calculation  (Eq.  4.7)  adequately  approximates  the  magnitude  of 
at  this  location  and,  therefore,  present  theory, 

we  also  assume  that  x^  is  negligible  in  comparison  to  the  total 
source-drain  distance  (L)  and,  therefore,  V (o)=V^.  (This  approxi- 
mation is  implicit  in  the  earlier  MOSFET  theory  of  Section  3.0.) 

To  obtain  an  explicit  solution  for  V^(x)  in  the  present 
theory,  it  is  also  necessary  to  calculate  E^,  the  magnitude  of 
source-drain  electric  field  near  the  source  junction.  In  an  earlier 
treatment  of  this  problem  (see  Section  3.0),  it  was  assumed  that 
Vg=Vp  when  x=L,  where  represents  the  applied  drain-source 
voltage;  however,  this  choice  yields  a nonphysical  result  — from 
Eq.  3.22,  we  would  have  a nonzero  source-drain  electric  field,  E^, 
even  when  V^^=0 . 

At  the  drain  metallurgical  junction  (see  Fig.  1.27b), 

Vg=Vjj+Vj^^,  where  represents  the  built-in  potential  of  the  drain 

junction.  Thus,  at  the  boundary  between  regions  2 and  3 (see 

Fig.  1.27a),  we  would  expect  this  surface  potential  to  attain  a 

mganitude  approaching  this  boundary  condition.  An  exact  calculation 

of  this  potential  would  require  a two-dimensional  solution  of 

Poisson's  equation  whtin  this  semiconductor  structure.  Instead,  we 

assume  V *V_+V  at  this  boundary  and,  in  the  followinc  discussion, 
s D o ^ 

we  will  justify  this  assumption. 

Since  V^(x)  is  a rapidly  increasing  function  near  the  drain 

junction,  little  error  is  introduced  if  we  assume  V =V_+V  when 

s D o 

x=L  and,  therefore,  Eq.  3.13  yields 
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A 


(4.16) 
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From  Eq.  4.16,  E^=0  when  Vj^=0  and,  thus,  we  have  a self-consistent 
solution  for  this  component  of  electric  field. 

Let  us  now  consider  an  application  of  Eq.  4.16  to  the  weak 
inversion  mode  of  MOSFET  operation.  From  Eq.  3.11,  as  q/kT  in 

weak  inversion  the  parameter  A becomes  small  and,  therefore, 

Eq.  4.16  has  the  limit 

Lim(E^)  ^ [ 1-exp  (-qVj^/kT)  ] . (4.17) 

q/kT 

In  weak  inversion,  Eq.  4.17  predicts  that  E^  attains  a limiting 
magnitude  of  (kT/q)/L  when  >s;  5kT/q.  Contrasting  with  this 
result,  throughout  this  mode  of  MOSFET  operation  our  two-dimen- 
sional computer  calculations  show  that  E^  decreases  exponentially 
with  a decrease  in  applied  gate  voltage. 

The  source  of  this  discrepancy  between  our  theory  and  these 
computer  calculations  becomes  apparent  when  we  consider  the  basis 
upon  which  this  theory  was  constructed.  Briefly,  the  present 
theory  satisfies  a fundamental  requirement  of  electric  current 
continuity  within  this  semiconductor  structure,  yet  there  is  no 
guarantee  that  Poisson's  equation  will  be  satisfied.  Indeed,  our 
solution  for  (x)  in  a MOSFET  (Eq.  3.13)  contains  an  implicit 
assumption  that  this  surface  potential  arises  entirely  from  mobile 
electrons  residing  in  the  source-drain  inversion  layer;  in  contrast, 
our  two-dimensional  computer  calculations  show  that  arises  from 
the  total  electrostatic  charge  (due  to  both  mobile  electrons  and 
unneutralized  impurities)  within  this  semiconductor  structure. 

At  present,  we  have  no  rigorous  method  for  amending  our  MOSFET 
theory  to  include  the  influence  of  these  unneutralized  impurities 
on  Vg(x).  However,  from  a physical  viewpoint,  we  have  the  following 
situation;  at  the  oxide-semiconductor  interface  in  strong  inver- 
sion, the  electron  density  greatly  exceeds  the  substrate  impurity 

level  (n  >>  N,)  and,  therefore,  V arises  essentially  from  these 
S A S 
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mobile  electrons;  in  weak  inversion  (n  <<  N ) , these  unneutralized 

S A 

impurities  effectively  shield  the  electrons  and,  thereby,  modify 
this  surface  potential.  Thus,  intuitively  we  would  expect  that 
the  degree  of  this  shielding  depends  qualitatively  on  the  ratio  of 
mobile  electrons  to  the  total  number  of  electrostatic  changes 

From  this  line  of  reasoning,  we  devised  a semi-empirical 
correction  to  Eq.  4.16, 


X+A 

o 


E = 
O 


so 


('.^+A)L 


n +2N, 
so  A 


l-(l-AVj^) 


(4.18) 


where  the  factor  of  2 (times  N^)  was  selected  to  yield  agreement 

with  our  two-dimensional  computer  calculations.  In  Eq.  4.18,  n 

represents  the  surface  density  of  electrons  near  the  source  end 

of  this  semiconductor  structure  (where  V =V  ) , hence 

s o 


so 


n? 

"so  = "s'''o>  ■ iC 

A 


(4.19) 


>>  N- , Eq.  4.18  simplifies 
so  A ^ ^ 

However,  for  weak  inversion 


For  strong  inversion  operation,  when  n 
to  our  previous  result  (Eq.  4.16) 

Eq.  4.18  has  the  approximate  form 


Lim  (E 


when 

"^so 
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W) 

q/kT 

exp(+qV^/kT) 
[1-exp  (-qVj^/kT)  ] 


(4.20) 


To  a first  order  approximation,  it  has  been  shown  that  V depends 
linearly  on  in  this  weak  inversion  mode  of  operation  [30,31]. 
Thus,  in  qualitative  agreement  with  our  two-dimensional  computer 
calculations,  Eq.  4.20  implicitly  predicts  an  exponential  dependence 
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of  on  applied  gate  voltage.  Furthermore,  quantitative  compari- 
sons between  Eg.  4.18  (hence,  also  its  weak  inversion  limit, 

Eq.  4.20)  and  these  computer  calculations  show  that  this  relation 
adequately  predicts  E^  for  a wide  range  of  substrate  doping  (see 
Fig.  1.28) . 

4 . 4 A Modified  Treatment  of  Electric  Current  Saturation 

In  a previous  study  [36],  the  MOSFET  theory  outlined  in  section 
3.0  was  shown  to  yield  satisfactory  results  when  applied  to  a long 
channel  structure  (L=10um)  with  lightly  doped  substrate  (N^=2xl0^ ^cm~^ ) 
and  moderately  thin  oxide  (t  =1000A°).  Contrasting  with  this 
agreement,  in  the  present  study  we  found  that  this  theory  produces 
significant  discrepancies  when  applied  to  a structure  with  a more 
highly  doped  substrate  (Nj^=2xl0 ^ ® cm" M and  thicker  oxide  (t  =2000A°). 

Through  comparisons  with  our  two-dimensional  computer  solution 
for  this  structure,  we  observed  that  this  theory  overpredicted  the 
magnitude  of  source-drain  current  by  approximately  50  percent  in 
the  saturation  region  of  the  volt-ampere  characteristics.  Further, 
this  theory  also  overpredicted  the  magnitude  of  applied  drain 
voltage  required  to  produce  electric  current  saturation  in  this 
structure.  Through  detailed  comparisons  between  this  theory  and 
our  computer  solution,  we  determined  that  the  foregoing  discrepancy 
arose  from  an  error  in  calculating  E^,  the  magnitude  of  source- 
drain  electric  field  near  the  source  end  of  this  device.  Specifi- 
cally, from  Eq.  4.18,  E^  is  exceedingly  dependent  on  the  parameter 
A and,  therefore,  an  error  in  calculating  this  parameter  can  yield 
a serious  error  in  this  volt-ampere  calculation. 

From  discussions  in  Section  3.0,  the  separation  parameter, 

\(Vg)  always  attains  a magnitude  of  q/kT  in  the  limit  of  weak 
inversion  operation.  In  this  earlier  MOSFET  theory,  the  parameter 
A was  evaluated  by  assuming  '(V^)  q/kT  at  the  point  of  channel 
termination  (where  V„=V„) . This  assumption  implies  that  we  have  a 
transition  between  strong  inversion  operation  (at  the  source  end 
of  this  structure)  and  weak  inversion  operation  (at  the  drain  end) 
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Calculated  r.agnitude  of  E_  versus  V in  a MCSFET. 
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near  this  point  of  channel  termination.  If  instead  this  transi- 
tion takes  place  at  some  other  location  between  the  source  and 
drain  (where  , the  expression  for  the  parameter  A (Eq.  3.11) 

would  be  in  error. 

For  structures  with  lightly  doped  substrates  (N  =2x10 ' ^ cm" ’ ) 

A 

and  relatively  thin  oxides  (t  =1000A°),  our  computer  calculations 

OX 

showed  that  this  transition  into  weak  inversion  does  take  place 
near  the  point  of  channel  termination.  In  contrast,  similar 
computer  calculations  for  structures  with  N,>10^®cm~^  and  t = 
2000A°  showed  that  this  transition  can  take  place  prior  to  channel 
termination.  From  the  foregoing  discussion,  \ (V^)  attains  a magni- 
tude of  q/kT  in  the  limit  of  weak  inversion;  however,  this  limit 

is  attained  at  a magnitude  of  V that  is  less  than  V„.  Therefore, 

S vj 

this  earlier  theory  for  MOSFET  operation  (Section  3.0)  contains 
an  erroneous  expression  for  the  parameter  A (Eq.  3.11). 

At  present,  we  have  no  rigorous  analytical  method  to  calculate 
Vg  at  this  transition  into  weak  inversion.  However,  from  our  one- 
dimensional solution  for  Poisson's  equation  (Appendix  C) , the  elec- 
tron density  at  the  oxide-semiconductor  interface  becomes  negli- 
gible when  Vg  attains  a critical  magnitude,  given  by 


As  a first  order  approximation,  we  now  presume  (V^)  -►  q/kT  when 

+ 5kT/q.  (The  term  5kT/q  represents  a correction  to  this 
one-dimensional  theory,  which  we  will  justify  in  the  following 
discussion.)  Therefore,  from  Eq.  3.10 

1 - (kT/q)\^ 

V -V  +5kT/q 
sc  o ^ 


A 


(4.22) 
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Figure  1.29  shows  calculated  values  of  V and  V as  a function 

sc  o 

of  gate  voltage  • From  Fig.  1.29,  the  magnitude  of  V approaches 

in  the  limit  of  weak  inversion  operation.  From  the  foregoing 

discussion,  we  have  electric  current  saturation  in  a MOSFET  when 

near  the  drain  end  of  this  structure  (i.e.,  V attains 

a magnitude  of  V +5kT/q.  Therefore,  the  magnitude  of  drain 
s ^ 

voltage  required  to  produce  this  saturation  is  Vjj=Vg^-V^+5kT/q  or, 
in  weak  inversion,  Vj^»5kT/q.  Thus,  by  introducing  the  correction 
term,  5kT/q,  our  theory  predicts  full  saturation  of  the  source-drain 
electric  current  in  weak  inversion  at  a value  of  drain  voltage 
consistent  with  published  experimental  data  for  this  semiconductor 
device  [30, 31] . 

It  should  be  noted  that  this  modification  of  our  model  (Eq. 

4.22)  does  not  alter  the  qualitative  form  of  the  expression  for 
(Eq.  4.18)  nor  that  of  the  volt-ampere  relation  (Eq.  3.23). 

However,  for  the  saturation  region  of  these  volt-ampere  charac- 
teristics, v;e  must  replace  Eqs.  3.25-3.28  with  suitably  revised 
expressions.  Borrowing  from  the  theory  of  abrupt  asymmetrical  pn 
junctions  [8],  we  assume  a quadratic  potential  distribution  within 
the  drain  space  charge  layer  (^(^(Vj^)  x L)  : 


where 


V^(X)  = 


1 - 


L-x 
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(4.23) 


V.  . = ^ log  [ 
bi  q el  _ 2 


(4.24) 
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(4.25) 


(Source-drain  channel  length,  L,  appears  in  Eq.  4.23  due  to  our 
choice  of  origin  for  the  coordinate  x — see  Fig.  1.19.)  Setting 
x=L^(Vj^)  when  V^=\^^+5kT/q , Eq.  4.23  yields 


Potential  (volts) 


(4.26) 


L^(Vd)  - I.  - 


1 - ^(V^^+5kT/q)/(Vj^HVj^.: 


Equations  4.21,  4.22,  and  4.24-4.26  provide  a basis  for 
deriving  the  volt-ampere  relation  of  a MOSFET  for  the  saturation 
region  of  these  characteristics.  This  derivation  will  now  be  shown. 


4 . 5 The  Volt-Ampere  CPtaracteristics  of  a MOSFET 

Foregoing  sections  of  the  present  section  outlined  revisions 
to  an  earlier  theory  of  MOSFET  operation,  namely  the  continuity 
theory  reviewed  in  Section  2.0.  Herein  we  will  utilize  these 
revisions  to  obtain  an  improved  calculation  of  the  volt-ampere 
characteristics  for  this  semiconductor  device. 

From  this  earlier  theory  (Eq.  3.20),  source-drain  electric 
current  in  an  MOS  transistor  has  the  qualitative  form 


In  the  present  MOSFET  theory,  we  obtained  revised  expressions  for 

E^  (Eq.  4.18)  and  (Eq.  4.6),  the  magnitudes  of  the  source- 

drain  electric  field  and  inversion  charge,  respectively,  near  the 

source  end  of  this  structure  (where  V =V  ) . 

s o 

The  remaining  quantity  in  Eq.  4.27,  (dQ^/dV^)^  , represents 

the  slooe  of  this  inversion  charge  distribution  at  ° V =V  . An 

s o 

earlier  theory  of  MOSFET  operation  (see  Section  3.0)  calculated 
this  slope  from  an  approximate  form  for  Qj^(V^),  Eq.  3.17.  Through 
comparisons  with  our  two-dimensional  computer  calculations,  in  the 
present  study  we  found  that  Eq.  3.17  produces  a serious  error  when 
applied  to  the  weaJc  inversion  mode  of  operation. 

It  should  be  noted  that  the  term  (dQ^/dV^)^  is  evaluated  at 
the  source  end  of  this  semiconductor  structure.  ^Therefore,  we 
can  calculate  this  term  using  our  revised  one-dimensional  approxi- 
mations for  dQ./dV  , Eq.  4.11.  At  V =V  , this  equation  yields 
IS  so 
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Foregoing  discussions  in  the  present  section  have  shown  that  Eq. 
4,11  (and,  therefore,  Eq.  4.28)  yields  satisfactory  results 
throughout  both  the  weak  and  strong  inversion  modes  of  MOSFET 
operation. 

Substituting  our  revised  expression  for  E , Eq.  4.18,  into 

o ^ 

Eq.  4.27  yields 


( A +A  I 

• ^1  - (1-AVj^)  ^ ^ . (4.29) 

In  Eq.  4.29:  , and  are  given  by  Eqs . 4.6  and  4.28, 

respectively;  the  surface  densit^  of  inversion  layer  electrons  near 
the  source,  n^^,  is  given  by  Eq.  4.19;  and  the  parameters  and  A 
are  given  by  Eqs.  4.14  and  4.22,  respectively. 

For  investigating  the  weak  inversion  limit  of  our  volt-ampere 
relation,  a substantial  algebraic  simplification  results  by  first 
rewriting  Eq.  4.27  as  follows: 


(4.30) 
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The  ratio  of  the  drift  component  to  the  diffusion  component  of 
is  given  by 


■■drift 


WpQ . (dV  /dx) 
1 s 


-^i 


Idiff  -WU (kT/q) (dQ^/dx)  (kT/q) (dQ^/dVg) 
and,  therefore. 


(4.31) 


'drift 

^diff 


V 


(4.32) 


Substituting  Eq.  4,32  into  Eq.  4.30  yields 


1 + 


drift 

^diff 


o-* 


(4.33) 


From  foregoing  discussions,  in  weak  inversion  nearly  all  of 
the  source-drain  electric  current  is  attributable  to  diffusion  of 
inversion  layer  carriers.  For  this  reason,  the  drift-to-dif fusion 
current  ratio  (Eq.  4.32)  attains  a magnitude  less  than  unity  near 
the  surface  threshold  (V^=2$p)  and  decreases  rapidly  with  a decrease 
in  (see  Fig.  1.30).  Therefore,  in  weak  inversion  as  -*  q/kT, 
Eq.  4.33  has  the  qualitative  form 


Lim(Ij^)  : -Wu 
X q/kT 
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From  Eq.  4.35,  in  weak  inversion  exhibits  an  exponential 
transition  into  electric  current  saturation,  with  full  saturation 
at  an  applied  drain  voltage  Vj^=5kT/q.  Further,  from  Eq.  4.36, 
f(V^)  is  essentially  an  exponential  function  of  and,  therefore, 
Eq.  4.35  predicts  that  increases  exponentially  with  an  increase 
in  V^.  For  this  weak  inversion  mode  of  operation,  it  has  been 
shown  that  is  a near-linear  function  of  applied  gate  voltage 
[30,31]  and,  therefore,  Eq.  4.35  implicitly  predicts  an  exponential 
increase  in  with  an  increase  in  this  gate  voltage  — in  qualita- 
tive agreement  with  experiment  [63]. 

The  preceeding  discussion  shows  that  our  revised  volt-ampere 
relation  for  a MOSFET  (Eq.  4.29)  contains  all  the  qualitative 
requirements  for  the  weak  inversion  mode  of  operation:  first, 

Eq.  4.29  predicts  that  all  source-drain  electric  current  arises 
from  diffusion;  second,  this  expression  shows  that  exhibits 
an  exponential  increase  with  an  increase  in  gate  voltage;  and  third, 
this  relation  shows  that  electric  current  saturation  exhibits  an 
exponential  form. 


[63]  R.  A.  Stuart  and  W.  Eccleston,  Electronics  Letters , 225 

(1972) . 
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Equation  4.29  and  its  weak  inversion  limit,  Eq.  4.35,  are 
applicable  only  when  channel  length  L is  constant  (i.e.,  for  the 
triode  mode  of  MOSFET  operation) . In  the  saturation  mode,  the 
active  source-drain  inversion  layer  maintains  a constant  total 
voltage  of  V^^-V^+5kT/q  across  its  length;  however,  the  electrical 
length  of  this  inversion  layer,  decreases  with  an  increase 

in  applied  drain  voltage.  Thus,  in  electric  current  saturation, 
Eq.  4.29  has  the  form 


j _ Wu so 

D - (v„+A)L^(V^)  n^^+2N^ 


^lo  q \dV 


/ 


Vi/ 


\1  - [1-A(V  -V  +5kT/q) 
1 sc  o ^ 


\ ■ 


(4.38) 


where  and  L^(Vj^)  are  given  by  Eqs.  4.21  and  4.26,  respectively. 


5 . 0 Evaluation  of  the  Revised  MOSFET  Theory 

In  the  preceding  section,  we  identified  and  corrected  inade- 
quacies in  an  earlier  theory  for  MOSFET  operation.  The  aim  of 
these  corrections  was  to  develop  a revised  MOSFET  theory  applicable 
to  a wide  range  of  device  structures,  throughout  both  the  weak  and 
strong  inversion  modes  of  operation.  To  assess  the  adequacy  of 
this  revised  theory,  in  the  present  section  we  will  show  detailed 
comparisons  between  MOSFET  volt-ampere  characteristics  calculated 
from  this  theory  and  our  rigorous  two-dimensional  computer  calcu- 
lations of  these  characteristics. 

For  all  calculations  in  the  present  section,  we  assumed  the 
following  values  of  physical  and  geometrical  parameters. 
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Quantity 

Symbol 

Magnitude 

Inversion  carrier  mobility 

M 

2.70.  cm’/volt-sec 

Source/drain  junction  depth 

i^j 

0 . 5ym 

Source/drain  doping 

^D 

1 . 0x10 ' ’em" ’ 

Intrinsic  carrier 

concentration  (Si) 

n . 
1 

1.5x10' “cm"’ 

Dielectric  constant  (Si) 

< 

s 

12 

Dielectric  constant  (SiO  ) 

K . 
1 

3.9 

Permittivity  of  free  space 

£ 

o 

8. 855x10"  “*f/cm 

Electronic  charge 

q 

1 . 6x10" ' ’coul 

Thermal  voltage 

kT/q 

0.0258  volt 

It  is  recognized  that  the  mobility  of  inversion  layer  carriers 
in  a MOSFET  can  be  a function  of  both  the  gate  and  drain  applied 
voltages.  However,  the  present  study  aimed  at  modeling  the  basic 
conduction  mechanism  in  this  semiconductor  device.  For  this  reason, 
in  the  following  calculations  we  assumed  a constant  inversion 
carrier  mobility.  Moreover,  substantial  justification  exists  for 
taking  this  approach.  First,  at  present  there  is  no  rigorous  theory 
for  quantitatively  evaluating  the  mobility  of  these  inversion  car- 
riers [64].  Second,  it  has  been  shown  that  previous  attempts  to 
fit  MOSFET  theory  to  experiment  by  arbitrarily  varying  inversion 
carrier  mobility  have  failed  to  account  for  all  observed  discrep- 
ancies [44].  Third,  our  approach  of  assuming  constant  carrier 
mobility  permitted  us  to  isolate  and  identify  individual  physical 
mechanisms  responsible  for  "short-channel  effects"  in  MOS  transis- 
tors (see  section  2.0).  Without  this  degree  of  simplification,  it 
is  doubtful  that  the  characteristics  and  significance  of  these 
mechanisms  could  be  accurately  assessed. 

[64]  D.  P.  Kennedy,  Computer  Aided  Engineering  of  Semiconductor 
Integrated  Circuits , Contract  No.  DAAB07-75-C-1344 , Interim 
Report  No.  ECOM-75-1344-1  (1976) . 
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5 . 1 MOSFET  Volt-Ampere  Calculations 

To  illustrate  the  relative  merits  of  our  revised  MOSFET  theory, 
first  we  will  show  comparisons  between  two  other  widely  used  MOSFET 
theories  and  our  two-dimensional  computer  calculations.  For  strong 
inversion  operation,  we  selected  a treatment  of  traditional  MOSFET 
theory  given  by  Sze  [9].  From  this  treatment,  the  volt-ampere 
relation  of  a MOSFET  has  the  form 
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This  expression  is  applicable  to  the  triode  mode  of  operation,  i.e., 
for  applied  drain  voltages  less  than  that  required  for  electric 
current  saturation.  This  drain  saturation  voltage  (or  "pinch-off" 
voltage)  is  given  by  / i 


''Dsat  - ''g  - 


< e 1 1 20^  i 

S O-  A / 1 _ 1 + ox  G { 


(5.2) 


where,  for  simplicity,  we  have  assumed  a zero  flatband  voltage  [8]. 

For  the  saturation  mode  of  operation,  this  volt-ampere  rela- 
tion has  the  form 
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where 
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In  Eq.  5.5,  AL  represents  a reduction  in  electrical  channel  length 
presumed  to  arise  from  channel  pinch-off  — a concept  generally 
referred  to  as  "channel-length  modulation"  [11] . 
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This  traditional  MOSFET  theory  is  based  upon  an  assumption 
that  all  source-drain  electric  current,  arises  from  drift. 

This  assumption  is  reasonable  for  strong  inversion  operation  of 
a MOSFET.  Contrasting  with  this  situation,  in  the  weak  inversion 
mode  of  operation  arises  dominantly  from  thermal  diffusion  and, 
therefore,  traditional  MOSFET  theory  is  inapplicable  to  this  mode. 

A general  one-dimensional  theory  for  this  semiconductor  device 
was  proposed  by  Pao  and  Sah  [21].  This  general  theory  includes 
both  drift  and  diffusion  mechanisms  of  carrier  transport,  but 
requires  a numerical  solution  to  calculate  the  source-drain  current, 
Ij^.  To  achieve  computational  simplicity,  several  authors  have 
obtained  regional  closed-form  approximations  for  from  this 
Pao-Sah  formulation  [31,37,46,47].  From  these  approximate  solu- 
tions, we  selected  the  weak  inversion  theory  proposed  by  Troutman 
and  Chakravarti  [37] . 

In  this  weak  inversion  theory,  the  volt-ampere  relation  of  a 
MOSFET  has  the  form 


nn . 

= WLj^qD  [ 1-exp  ( -qVj^/kT ) ] 


(5.6) 


where 


exp  [q  (b-1)  <*p/kT] 
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and  is  the  extrinsic  Debye  length  in  this  semiconductor  material: 


<^e^kT 
s o 


1/2 


(5.8) 


In  Eq.  5.7,  the  parameter  b represents  the  band  bending  near  the 
source  end  of  this  structure.  This  parameter  can  be  calculated 
from  a one-dimensional  numerical  solution  of  Poisson's  equation 
(Eq.  4.7),  for  which  these  author's  [37]  proposed  the  following 
approximate  form: 


88 


V 


G 


b>J)p  + 


C 

ox 


(5.9) 


For  a wide  range  of  device  structures,  Figs.  1.31-1.36  show 
MOSFET  transfer  characteristics  calculated  from  Eq.  5.3  and  Eq.  5.6 
in  comparison  with  our  two-dimensional  computer  calculations  of 
these  characteristics.  For  qualitative  purposes,  in  these  figures 
we  have  shown  the  theoretical  gate  threshold  voltage  for  each 
structure  calculated  from  elementary  MOSFET  theory  [8] . 

In  Fig.  1.31,  we  have  the  calculated  transfer  characteristics 
of  a lightly-doped  long-channel  MOSFET  (N^  = 2x10^ ®cm“^,  L = lOpm) . 
This  figure  shows  that,  in  combination,  these  previous  MOSFET 
theories  yield  an  adequate  prediction  of  the  volt-ampere  charac- 
teristics of  this  semiconductor  structure.  However,  Fig.  1.31  also 
makes  clear  a difficulty  in  this  approach  to  calculating  MOSFET 
characteristics:  neither  of  these  previous  theories  is  applicable 

over  this  entire  range  of  assumed  gate  voltages  and,  as  a result, 
we  have  a matching  problem  in  the  vicinity  of  the  gate  threshold 
voltage  (V,^)  . 

Figures  1.32-1.36  show  similar  comparisons  between  these 
previous  MOSFET  theories  and  our  two-dimensional  computer  solution. 
For  this  assumed  range  of  gate  voltages,  as  source-drain  channel 
lengt.h  shrinks  these  figures  show  that  Eq.  5.3  attains  somewhat 
improved  agreement  with  our  rigorous  calculations  for  the  strong 
inversion  mode;  in  contrast,  for  weak  inversion  operation,  agree- 
ment between  Eq.  5.6  and  these  computer  calculations  worsens.  In 
addition,  for  the  higher  range  of  substrate  doping  (N^  = 2xlO'^cm“M/ 
we  encounter  increased  difficulty  in  matching  these  two  previous 
theories  near  V^=V„  (see  Figs.  1.34-1.36). 

For  the  previously  assumed  device  structures.  Figs.  1.37-1.42 
show  MOSFET  transfer  characteristics  calculated  from  the  present 
theory  (Eq.  4.38)  in  comparison  with  our  two-dimensional  computer 
calculations  of  these  characteristics.  These  figures  show  that  our 
revised  MOSFET  theory  yields  satisfactory  agreement  with  these 
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1.34. 


n 1 1 ■ ' > I 

2.5  2.75  3.0  3.25  3.5  3.75  4.0  4.25 

Vq  (volts) 


Calculated  transfer  characteristic  of  a long-channel 

MOSFET.  N,  = 2.xl0^  ®cm“- , t = lOOOA®,  L ='lOi;in. 
rt.  ox 

= 4 volts. 


Fia.  1.35.  Calculated  transfer  characteristic  of  a MOSFET. 

N,  = 2x10 ‘’cn'^  t = lOOOA'’,  L = 5'jm.  V_  = 4 volts. 
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2.5  2.75  3.0  3.25  3.5  3.75  4.0  4.25 

Vg  (volts) 

Calculated  transfer  characteristic  of  a short-channel 
MCSFET.  M,  = 2xlO-’cr'-S  t = lOOOA’ , L = 3-n. 
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V_  = 4 volts. 
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computer  calculations  over  many  decades  of  source-drain  current. 
Moreover,  throughout  both  the  weak  and  strong  inversion  modes  of 
operation,  this  agreement  was  obtained  using  a single  volt-ampere 
relation  (Eq.  4.38);  thus,  we  eliminate  the  matching  problem 
(where  Vq=V^)  encountered  with  previous  regional  models  for  MOSFET 
operation. 

To  further  demonstrate  the  applicability  of  our  revised 
MOSFET  theory,  sample  drain-characteristic  calculations  are  shown 
in  Fig.  1.43  (for  strong  inversion  operation)  and  in  Fig.  1.44 
(for  weak  inversion  operation) . The  agreement  shown  in  these 
figures  is  considered  adequate  for  engineering  purposes.  In  addi- 
tion, Fig.  1.44  graphically  illustrates  that  our  model  correctly 
predicts  an  exponential  type  of  current  saturation  for  weak  inver- 
sion operation  of  this  semiconductor  device. 

5 . 2 Short-Channel  Effects 

When  applied  to  lightly  doped  structures  (N.  = 2x10^ ^cm~^), 

A 

our  revised  MOSFET  theory  produces  significant  error  for  channel 
lengths  L <~  4ym  (see  Fig.  1.39).  For  devices  in  the  higher 
range  of  substrate  doping  (N^  = 2xl0^®cm~^),  we  observe  a similar 
limitation  for  channel  lengths  L <«  3um  (Fig.  1.42).  The  foregoing 
observations  suggest  that  the  major  discrepancy  between  our  MOSFET 
theory  and  these  computer  calculations  arises  from  two-dimensional 
mechanisms  encountered  in  short-channel  structures. 

In  our  MOSFET  theory  (Eq.  4.27),  this  discrepancy  could  arise 

from  our  calculation  of  Q.  , (dQ./dV  ) , and/or  E^ . To  check 

lO  1 s ^ o 

o 

these  possible  sources  of  error,  for  a short-channel  device  (L=3pm) 
we  will  compare  these  one-dimensional  calculations  with  our  two- 
dimensional  computer  solution. 

Figure  1.45  shows  calculated  drain  characteristics  for  this 
short-channel  device  (L=3um) . From  Fig.  1.45,  we  note  that  our 
theory  yields  satisfactory  results  for  this  structure  when  applied 
to  the  triode  mode  of  operation  (Vj^  = 0.5  volts).  In  contrast. 


(ulo/sdujD) 
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Vjj  (volts) 


Fig.  1.43.  Calcul?.ted  drain  characteristics  of  a long-channel 
MOSPEF  operating  in  strong  inversion.  = 2x10^ 

"ox  i000A°,  L = lO-^ni. 
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Fig.  1.44.  Calculated  drain  characteristics  of  a long-channel 
MOSFET  operating  in  weak  inversion. 

M.  = 2x1C‘'ct.-S  = lOOOA®,  L = lOin. 
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1.45.  Calculated  drain  characteristics  of  a short-channel 
MOSFET  operating  in  strona  inversion. 

= 2:<10‘®crr^  t^.^  = lOOOA®,  L = 3un. 
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when  applied  to  the  saturation  mode  (V^  = 2,0  volts).  Fig.  1.45 
shows  that  this  theory  produces  a significant  error.  Corresponding 
to  these  bias  conditions.  Fig.  1.46  shows  calculated  distributions 
of  inversion  charge,  from  our  approximate  relation,  Eq.  4.5, 

and  from  our  two-dimensional  computer  solution.  At  values  of  V 
near  the  source  and  drain  metallurgical  junctions,  our  two-dimen- 
sional calculations  show  a rapid  increase  in  arising  from 
electrostatic  interactions  between  these  junctions  and  the  source- 
drain  inversion  layer.  As  previously  discussed  in  section  4.0, 
these  interaction  regions  constitute  infinite  sinks  for  the  mobile 
carrier  flux  and,  therefore,  they  are  not  included  in  our  one-dimen- 
sional theory.  Within  the  active  source-drain  channel  Fig.  1.46 

shows  substantial  agreement  between  our  approximation  for  Q. (V  ), 

1 s 

Eq.  4.5,  and  this  rigorous  computer  solution.  Our  one-dimensional 

relations  for  Q.  and  (dQ,./dV  ) (Eqs.  4.6  and  4,11,  respectively) 
lO  ^ s ^ 

o 

were  derived  from  Eq.  4.5  and,  therefore,  we  would  not  expect  these 
relations  to  contribute  significantly  to  this  error  in 

In  contrast  with  the  foregoing  situation.  Fig.  1.47  shows 
that  (for  Vjj  = 2.0  volts)  we  have  a significant  error  in  our  one- 
dimensional calculation  of  V^(x),  From  Fig.  1.47,  our  theory 
obtains  excellent  agreement  with  a rigorous  computer  calculation 
of  V (x)  for  an  applied  drain-source  bias  voltage  V = 0,5  volts, 
but  produces  a substantial  error  for  = 2.0  volts.  Fig.  1.48 
shows  these  calculations  of  V^(x)  on  a magnified  scale  near  the 
source  end  of  this  semiconductor  structure.  From  Fig.  1.48,  for 
Vp  = 2.0  volts  we  have  an  error  in  the  slope  dV^/dx  predicted  by 
our  theory  and,  hence,  in  our  calculation  of  E^. 

This  error  in  E could  arise  from  tv/o  related  two-dimensional 
o 

mechanisms:  1)  reach- through  of  the  drain-induced  electric  field 

and  2)  gate-drain  ion-sharing.  Figure  1.49  shows  two-dimensional 
calculations  of  the  potential  barrier  near  the  source  junction  in 
this  MOSFET  structure.  From  Fig.  1.49,  reach-through  of  the  source- 


Calculated  surface  potential,  V^(x),  in  a short-channe 
MOSKKT.  = 2xl0‘^cm-’,  t^^  = 1000A°,  L = 3lun. 

V,,  = 5 volts. 
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Ficj.  1,48.  Calculated  surface  potential,  V^(x),  near  the  source 
end  of  a short-channel  MOSFRT.  N = 2xl0‘®cm-^, 
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Fig.  1.49,  Source- junction  potential-barrier  reduction  (arising 

from  reach-through)  in  a short-channel  MOSFET. 

N,  = 2x10^  ^cm*^  t = 1000A“,  L = 3tm.  V_  = 5 volts. 
A OX  (j 
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drain  electric  field  reduces  this  barrier  by  approximately  6mV. 

Most  of  this  reduction  is  realized  with  a drain  voltage  = 0.5 
volts  and,  therefore,  reach- through  is  not  the  principle  mechanism 
producing  this  error  in  (see  Fig.  1.48). 

In  contrast,  two-dimensional  calculations  of  the  electric 
field  distribution  in  this  semiconductor  structure  show  that  gate- 
drain  ion-sharing  could  produce  this  error  in  our  calculation  of 
E^.  Figures  1.50  and  1.51  show  contours  of  constant  source-drain 
electric  field,  E^,  corresponding  to  drain  voltages  = 0.5  volts 
and  = 2.0  volts,  respectively.  In  Fig.  1.50,  E exhibits  a 
negligible  divergence  for  = 0.5  volts.  However,  for  = 2.0 
volts.  Fig.  1.51  shows  a substantial  divergence  of  this  source- 
drain  electric  field  — even  near  the  source  end  of  this  structure. 
Thus,  from  Fig.  1.51,  gate-drain  ion-sharing  within  this  semicon- 
ductor device  creates  a situation  where  E^  cannot  be  described  by 
an  elementary  one-di.mensional  appro.ximation  (Eq.  4.18).  As  a 
consequence  of  this  situation,  our  theory  underpredicts  E^  and, 

hence,  in  these  short-channel  structures. 

D 

6 . 0 Conclusio.ns 

A review  of  the  technical  literature  has  shown  an  important 
shortcoming  in  our  theory  of  MOSFET  operation.  Specifically,  workers 
in  this  field  have  assumed  continuity  of  inversion  layer  electric 
current  within  their  mathemiatical  models,  without  making  electric 
curre.nt  conti.nuity  a fundamental  requirement.  As  a conseque.nce , 
most  available  theories  of  MOSFET  operation  predict  a totally 
unphysical  situation:  they  predict  different  magnitudes  of  elec- 

tric current  at  the  source  junction  and  at  the  drain  junction. 

A detailed  two-dimensional  computer  solution  for  this  problem 
shows  that  electric  curre.nt  continuity  does,  i.ndeed,  exist  in  the 
inversion  layer  of  a MOSFET  — as  it  must,  from  a physical  point  of 
view.  Further,  t.his  computer  solution  shows  that  both  drift  and 
diffusion  of  inversion  layer  carriers  are  important  components  of  the 
associated  tra.nsport  process.  The  relative  im.portance  of  drift  and 
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Fig.  1.50.  Calculated  contours  of  constant  source-drain  electric 
field  in  a short-channel  MOSFET.  N,  = 2xl0'®cm"\ 
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Calculated  contours  of  constant  source-drain  electric 
field  in  a short-channel  MOSFET.  N,  = 2x10* ^cm”^. 
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diffusion  differs  between  the  limits  of  strong  and  weak  inversion 
modes  of  operation. 

In  the  strong  inversion  mode  of  operation,  near  the  source 
junction,  most  (but  not  all)  inversion  layer  electric  current  arises 
from  the  mechanism  of  drift.  The  ratio  of  drift  current  and  diffu- 
sion current  undergoes  a continuous  change,  with  an  increase  of 
distance  from  the  source  junction,  although  their  sum  remains 
constant.  Thereby,  electric  current  continuity  is  maintained  in 
this  semiconductor  device. 

In  the  weak  inversion  mode  of  operation,  mobile  carrier  trans- 
port from  the  source  to  the  drain  is  almost  entirely  a consequence 
of  diffusion.  In  this  fashion,  MOSFET  operation  exhibits  many 
similarities  to  the  mechanisms  encountered  in  a bipolar  transistor. 

The  source  junction  injects  carriers  into  the  inversion  layer,  similar 
to  the  role  of  an  emitter  junction.  These  carriers  diffuse  along  the 
oxide-semiconductor  interface  and,  eventually,  reach  the  reverse- 
biased  drain  junction.  Hence,  the  drain  is  like  the  reverse-biased 
collector  of  a bipolar  transistor. 

Implied  by  this  situation  is  a necessity  to  include  both  drift 
and  diffusion  in  any  rigorous  theory  for  MOSFET  operation.  This 
necessity  shows  the  inherent  two-dimensional  nature  of  the  mecha- 
nisms encountered  in  this  device.  On  a one-dimensional  basis,  most 
authors  utilize  Gauss'  law  (or  Poisson's  equation)  to  establish  the 
total  inversion  layer  charge  throughout  the  entire  source-drain 
inversion  layer.  In  a previous  study,  it  was  shown  that  this  inver- 
sion charge  distribution  cannot  satisfy  a requirement  of  electric 
current  continuity  and,  in  addition,  a one-dimensional  form  of 
Gauss'  law  — there  are  insufficient  degrees  of  freedom.  On  a one- 
dimensional basis  this  inversion  charge  distribution  is  determined 
either  by  Gauss'  law  or  by  a requirement  for  electric  current  conti- 
nuity; if  one  requirement  is  satisfied,  the  other  is  not. 

A study  of  two-dimensional  computer  solutions  has  established 
that  everywhere  within  a MOSFET  the  inversion  charge  distribution 
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satisfies  both  the  requirement  of  electric  current  continuity  and 
Gauss'  law.  A fundamental  difference  found  in  this  computer  solu- 
tion is  that  the  inversion  layer  charge  satisfies  Gauss'  law  on  a 
two-dimensional  basis;  thereby,  the  structure  can  exhibit  an  addi- 
tional degree  of  freedom. 

It  is  thus  recognized  that  two-dimensional  electrostatic  inter- 
actions between  the  gate  and  drain  always  take  place,  in  order  to 
maintain  electric  current  continuity  within  an  inversion  layer.  As 
a consequence,  one  can  mathematically  analyze  this  structure  on  a 
one-dimensional  basis  by  imposing  a requirement  of  electric  current 
continuity . 

To  correct  this  deficiency  in  the  theory  of  MOSFET  operation, 
in  a previous  study  a new  theory  was  proposed  that  assures  electric 
current  continuity  in  the  source-drain  channel.  It  was  shown  that 
this  approach  to  the  MOSFET  problem  yields  results  that  are  physi- 
cally reasonable  and,  in  addition,  are  in  agreement  with  experiment. 
First,  this  approach  to  the  problem  shows  that  true  channel  pinch- 
off  does  not  take  place  in  a MOSFET.  Second,  for  weak  inversion 
operation  this  approach  yields  an  exponential  type  of  electric  cur- 
rent saturation,  with  an  increase  of  drain  voltage.  Additional 
agreement  is  obtained  with  the  two-dimensional  computer  solution; 
in  weak  inversion,  essentially  all  source-drain  electric  current  is 
attributable  to  the  mechanism  of  diffusion  within  the  inversion 
layer. 

Although  this  new  theory  implicitly  contained  the  correct 
physics,  it  failed  to  yield  satisfactory  results  when  applied  to 
short-channel  structures  (L  <*  Tym) . Moreover,  when  applied  to  the 
weak  inversion  mode,  this  theory  produced  erroneous  results  regard- 
less of  channel  length. 

In  the  present  study,  inadequacies  responsible  for  these  diffi- 
culties wfere  identified,  and  a revised  MOSFET  theory  was  developed. 
Through  detailed  comparisons  between  this  revised  theory  and  our 
two-dimensional  computer  solution,  it  was  show’n  that  this  revised 
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theor”  yields  satisfactory  results  for  a wide  range  of  device  struc- 
tures (L  >=  3um)  throughout  both  the  weak  and  strong  inversion  modes 
of  operation.  Moreover,  unlike  most  previous  analytical  theories  of 
MOSFET  operation,  this  agreement  was  obtained  using  a single  volt- 
ampere  relation. 


7 . 0 List  of  Symbols 

A parameter  in  the  present  theory  of  MOSFET  operation  (volts" ^ 

C capacitance  of  gate  oxide  (farads/m*) 

OX 

D electron  diffusivity  in  MOSFET  inversion  layer  (m^/sec) 

E^  magnitude  of  E^  (y=0)  at  source-end  of  a MOSFET  channel 

(volts/m) 

E^  source-drain  electric  field  (volts/m) 

E^  gate-induced  electric  field  (volts/m) 

oxide-semiconductor  interface  (volts/m) 
g^  output  conductance  of  a MOSFET  (mhos) 

source-drain  electric  current  in  a MOSFET  (amps) 


Idiff  diffusion  component  of  (amps) 
Idrift  component  of  (amps) 


^Dsat  nisgr^itude  of  at  the  onset  of  channel  pinch-off  (amps) 

k Boltzmann's  constant  ( 8 . 62x10" ^ eV/°K) 

kT/q  thermal  voltage  (.0258  volts  at  T = 300°K) 

L source-drain  distance  in  a MOSFET  (m) 

Ljj  extrinsic  Debye  length  in  semiconductor  substrate  of  a MOSFET: 

Ld  = /KgC^kT/q^N^  (m) 

voltage-dependent  channel  length  of  a MOSFET  (m) 

L --  effective  source-drain  distance  in  a MOSFET  (m) 
ef  f 

n electron  density  in  semiconductor  material  (m~M 

n^  intrinsic  carrier  concentration  in  semiconductor  material 

(m"  ’ ) 
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magnitude  of  n along  oxide-semiconductor  interface  (m“^) 

n^^  magnitude  of  n^  near  the  source-end  of  channel  (m~M 

n^  nonequilibrium  electron  density  in  charge  neutral  semicon- 
ductor substrate  (m“M 

acceptor  impurity  ion  density  in  semiconductor  substrate 

(m-  M 

Njj  donor  impurity  ion  density  in  source/drain  islands  (m“^ 

equivalent  density  of  substrate  ions  electrostatically  asso- 
ciated with  drain  (m“^) 

equivalent  density  of  substrate  ions  electrostatically  asso- 
ciated with  gate  (m~M 

p hole  density  in  semiconductor  material  (m~^) 

Pg  nonequilibrium  hole  density  in  charge  neutral  semiconductor 

substrate  (m“^) 

q electronic  charge  (coulombs) 

depletion  charge  in  semiconductor  substrate  (coul  /m^) 

inversion  charge  in  semiconductor  substrate  (coul/m^) 

magnitude  of  at  the  source-end  of  a MOSFET  channel 
(coul  /m^) 

total  electrostatic  charge  within  the  semiconductor  substrate 
(coul  /m^ ) 

T temperature  (°K) 

t gate  oxide  thickness  (m) 

ox  ^ 

V electrostatic  potential  (volts) 

built-in  potential  of  a semiconductor  p-n  junction  (volts) 

Vj^  applied  drain-source  biasing  voltage  (volts) 

V_  applied  gate-source  biasing  voltage  (volts) 

magnitude  of  V at  which  n = n^  (voIls) 

V magnitude  of  V at  source-end  of  a MOSFET  channel  (volts) 

o s 

Vg  surface  potential  in  a MOSFET  (electrostatic  potential  at 

oxide-semiconductor  interface)  — (volts) 


117 


critical  magnitude  of  near  which  X(Vg)-^q/kT  (volts) 

Vosat  magnitude  of  at  the  onset  of  channel  pinch-off  (volts) 

gate  threshold  voltage  (volts) 

W width  of  a MOSFET  (ra) 

Wjj  drain  depletion  layer  width  (m) 

X distance  from  source  towards  drain,  parallel  to  oxide-semi- 

conductor  interface  (m) 

x^  location  near  the  source-end  of  a MOSFET  channel  where  electro- 

static interactions  between  the  gate  electrode  and  the  drain 
and  source  junctions  are  at  a minimum  (m) 
y distance  from  semiconductor  surface  into  substrate,  perpendicu- 

lar to  oxide-semiconductor  interface  (m) 
y^  magnitude  of  y at  which  n = n^  (m) 

y^  source/drain  island  junction  depth  (m) 

£ (kT/q)“^  (volts'M 

AL  channel  shortening  (L-L^)  associated  with  "pinch-off"  or  with 

channel  termination  (m) 

permittivity  of  free  space  ( 8 . 854xl0~ ^ ^ farads/m) 

relative  dielectric  constant  of  gate  oxide  (dimensionless) 

< relative  dielectric  constant  of  semiconductor  substrate 

s 

(dimensionless) 

A separation  parameter  in  the  present  MOSFET  theory  (volts“‘ ) 

magnitude  of  A at  source-end  of  a MOSFET  channel  (volts~M 

U electron  drift  mobility  in  a MOSFET  inversion  layer  (m^/volt-sec) 

p electrostatic  charge  density  within  semiconductor  substrate 

(coul ./m^) 

equilibrium  Fermi  potential  in  semiconductor  substrate  (volts) 
electron  quasi-Fermi  potential  in  semiconductor  substrate  (volts) 


hole  quasi-Fermi  potential  in  semiconductor  substrate  (volts) 
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Chapter  II 

Inversion  Layer  Carrier  Mobility 
in  an  MOSFET 

C.  T.  Hsing  and  D.  P.  Kennedy 
1 . 0 Introduction 

The  overall  goal  of  this  research  effort  is  to  obtain  an 
accurate  evaluation  of  the  effective  carrier  mobility  within  the 
MOSFET  inversion  layer  so  that  it  can  be  employed  in  the  MOSFET 
modeling  and  design. 

Traditional  theory  of  MOSFET  operation  [1]  is  based  upon  an 
assumed  constant  carrier  mobility  within  the  source-drain  inversion 
layer.  This  approximation  describes  MOSFET  operation  only  through 
a limited  range  of  gate  voltages,  it  has  been  experimentally  estab- 
lished that  the  inversion  layer  carrier  mobility  exhibits  a large 
change,  with  a change  of  gate  voltage,  throughout  the  normal  range 
of  device  operation.  The  reduction  in  carrier  mobility  in  the  inver- 
sion layer  is  believed  to  result  from  the  surface  scattering  between 
carriers  and  the  Si-SiOa  interface,  in  addition  to  the  bulk  scat- 
tering. It  is  evident  that  this  surface  scattering  process  is 
intimately  related  to  the  average  distance  between  these  inversion 
layer  carriers  and  the  interface:  a decrease  of  this  distance 

should  produce  a decrease  of  carrier  mobility.  For  this  reason,  a 
first  step  toward  attaining  a theory  for  the  mobility  of  these 
inversion  layer  carriers  is  to  accurately  establish  their  distri- 
bution relative  to  the  oxide-semiconductor  interface. 

In  MOS  structures  the  distribution  of  inversion  layer  carriers 
is  traditionally  assumed  to  be  governed  by  solutions  of  Poisson's 

[1]  (a)  S.  M.  Sze,  Physics  of  Semiconductor  Devices , Wiley,  NY 

(1969) ; (b)  A.  S.  Grove,  Physics  and  Tech,  of  Semicond . 

Devices,  Wiley,  NY  (1967);  (c)  S.  K.  Ghandi,  The  Theory  and 

Practice  of  Microelectronics , Wiley,  NY  (1968);  (d)  R.S.C. 

Cobbold,  Theory  and  Applications  of  Field-Effect  Transistors, 
Wiley,  NY  (1970) . 


120 


equation  (Gauss'  law),  in  conjunction  with  Boltzmann  statistics  [1]. 

But  is  has  been  shown  that  the  results  of  such  calculations  are 
unreliable  from  both  theoretical  and  experimental  points  of  view  [2,3]. 
Inversion  layer  carriers  in  MOS  structure  reside  within  a potential 
well  which  is  created  by  the  interface  potential  barrier  on  one 
side  and  a large  electrostatic  field  on  the  other  side.  Since  the 
potential  well  is  very  narrow  (in  the  order  of  electron  De  Broglie 
wavelength) , energy  qua. -tization  in  the  direction  normal  to  the 
oxide-semiconductor  interface  is  expected  [2].  This  quantization 
effect  has  been  observed  in  the  De  Haas-van  Alphen  oscillation 
experiment  [3].  Therefore,  an  accurate  solution  of  the  inversion 
layer  carrier  distribution  must  satisfy  quantum  mechanics  (expressed 
by  the  Schroedinger ' s wave  equation)  and  Gauss'  law  (expressed  by 
the  Poisson's  equation)  simultaneously. 

Previous  solutions  [4,5]  of  this  problem  have  limited  appli- 
cability to  practical  MOS  devices;  they  are  restricted  to  MOS 
capacitor  operation  where  thermal  equilibrium  is  retained.  Further- 
more, these  solutions  assume  no  tunneling  at  the  oxide-semiconductor 
interface;  this  assumption  is  inconsistent  with  experiment  [6] . 
Therefore,  detailed  studies  of  MOS  operation  require  extension  of 
the  previous  work  to  physical  situation  applicable  to  the  MOSFET. 

Here  we  present  solutions  of  Schroedinger ' s equation  that  are 
consistent  with  both  the  quantum  mechanical  aspects  and  electro- 
static constraints  imposed  by  Poisson's  equation  for  non-equili- 
brium MOS  structures.  Included  in  these  solutions  is  the  tunneling 
of  inversion  layer  carriers  from  the  silicon  into  the  bounding  SiOa 

[2]  R.  H.  Kingston,  semiconductor  Surface  Physics , p.  55,  Univ. 
of  Penn.  Press  (1957) . 

[3]  A.  B.  Fowler,  F.  F.  Fang,  W.  E.  Howard  and  P.  J.  Stiles, 

Phys.  Rev.  Letters , 2^,  901  (1966)  . 

[4]  A.  P.  Gnadinger  and  H.E.  Tally,  Solid-State  Electronics , 

1301  (1970)  . 

[5]  F.  Stern,  Phys.  Rev.  B.,  4891  (1972). 

[6]  V.A.K.  Temple  and  J.  Shewchum,  Solid-State  Electronics , 17 , 

417  (1974). 
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layer.  Sections  2.0,  3.0,  and  4.0  contain  the  mathematical  analysis, 
calculated  results,  and  summary  of  the  quantum  mechanical  solution 
of  the  inversion  layer  carrier  distribution  within  MOS  structures. 
Section  5.0  will  discuss  the  approach  we  have  used  for  calculating 
the  effective  carrier  mobility. 

2 . 0 Mathematical  Analysis 

Figure  2.1  illustrates  the  mathematical  model  which  represents 
a one-dimensional  view  of  energy  bands  in  an  n-channel  MOSFET.  The 
gate  voltage  is  assumed  to  be  sufficient  to  produce  an  inversion 
layer  at  the  Si-SiOa  interface.  Band  bending  in  Fig.  2.1  is  a 
consequence  of  uncompensated  acceptor  ions  and  mobile  electrons  in 
the  inversion  layer.  The  interface  potential  barrier  results  from 
an  energy  difference  between  the  work  function  in  the  oxide  and 
the  electron  affinity  in  the  semiconductor.  In  Ea.  (2.1),  AE 
is  the  energy  difference  betv/een  quasi-Fermi  levels  for  holes, 

Epp,  and  electrons,  Ep^^.  Thus,  implied  by  this  model  is  a 
deviation  from  thermal  equilibrium,  as  encountered  between  the 
source  and  drain  of  an  MOSFET. 

The  inherent  one-dimensional  nature  of  this  model  is  evident 
in  Fig.  2.1  by  assuming  constant  quasi-Fermi  levels  from  the  Si-SiOa 
interface  to  the  substrate.  This  assumption  implies  the  gradient  of 
Ep^  between  source  and  drain  will  extend  throughout  the  entire 
substrate  material.  In  two-dimensional  MOSFET  analysis  [7] , this 
unphysical  situation  is  alleviated  by  inversion  layer  carrier  flow 
in  a direction  normal  to  the  Si-SiOa  interface:  a mechanism  not 

considered  in  the  present  model.  Since  it  is  shown  in  this  two- 
dimensional  analysis  that  the  quasi-Fermi  level  Ep^  is  essentially 
constant  across  the  inversion  layer,  the  constant  quasi-Fermi 
level  assumption  is  adequate  fo  the  purpose  of  calculation  of 
inversion  layer  carrier  distribution. 

[7]  R.  F.  Motta  and  D.  P.  Kennedy,  steady-state  Theory  for  the 

Me ta 1-Ox ide- Semi conducto r Field-Effect  Transistor , Ph.D. 

Thesis,  Univ.  of  Florida  (1976). 
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Additional  simplifications  and  approximations  are  used  in  this 
model,  although  they  have  little  influence  upon  the  problem  under 
consideration.  For  example,  we  neglect  charged  surface  states  that 
may  reside  at  the  Si-SiOa  interface  and  impurity  ions  within  the 
Si02  layer. 

The  electron  distribution  normal  to  the  interface  (x-axis)  is 
governed  by  the  Schroedinger ’ s equation  which  can  be  written  as; 

,2  . (x) 

Hi;.  (X)  = - ^ i + E(x)i|;.  (x)  = E.ip.  (x)  , (2.1) 

1 2mi  ,^2  1 11 


where  (i)  H is  the  differential  operator  defined  by 

h=  d‘ 


H = - 


2m  1 


dx^ 


E(x) 


(ii)  i;^(x)  is  the  eigenfunction  of  Eg.  (2.1)  corresponding 
to  energy  eigenvalue  (quantized  energy  level)  E^; 

(iii)  mi  is  electron  conduction  effective  mass  along  the 
x-axis ; 

(iv)  E(x)  is  the  electrostatic  potential  energy  distribution 
arising  from  uncompensated  acceptor  ions  and  mobile 
electrons . 

The  boundary  conditions  for  are  y^(x)  = 0 at  x = ±«,  where 

the  origin  of  the  coordinate  system  (x=0)  is  at  the  Si-Si02  inter- 
face . 


Any  solution  of  Eq.  (2.1)  requires  the  electrostatic  potential 
energy  distribution  E(x)  within  the  semiconductor  material.  Because 
E(x)  = -qV(x),  this  energy  distribution  is  readily  obtained  from  the 
solution  of  Poisson's  equation; 


d ^ V ( X ) _ q 
dx^  ‘^'^o 


[N  + n(x) 
A 


P (X)  ] 


(2.2) 


where  n(x)  and  n(x)  represent  the  electron  and  hole  distributions, 
respectively.  For  simplicity,  the  acceptor  ion  densitv  is 
assumed  constant  t.hroughout  the  region  under  consideration. 
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The  carrier  distribution  n(x)  is  obtained  through  a simul- 
taneous solution  of  Eq.  (2,1)  and  Eq.  (2.2).  This  solution  is 
obtained  by  using  iterative  techniques.  A first  guess  is  made  for 
the  potential  energy  distribution  E(x)  in  Eq.  (2.1);  from  this 
guess,  solutions  are  obtained  for  both  the  energy  eigenvalues  E^ 
and  the  associated  eigenfunctions  <p  . (x)  . From  these  p.  (x)  we  next 
calculate  the  electron  distribution  n(x)  and  the  hole  distribution 
p(x).  From  these  mobile  carrier  distributions,  Eq.  (2.2)  yields 
an  improved  electrostatic  potential  energy  distribution  E(x).  The 
improved  E(x)  is  then  used  in  solving  Eq.  (2.1),  which  yields 
improved  solutions  for  E^  and  (x)  . The  above  process  is  repeated 
until  self-consistent  solutions  for  n(x)  and  E(x)  are  obtained.  This 
technique  for  solving  Eq.  (2.1)  and  Eq.  (2,2)  represents  a Picard 
iteration  of  the  type  frequently  used  in  applied  mathematics  [3] . 

It  has  been  shown  [5]  that  the  electron  distribution  in  an 
MOS  structure  is  given  by 


n(x)  = 


mi  in  kT 


■rh* 


i=i 


(log^  [l+exp(Ej,^-E^)/kT]  } i (x) 


(2.3) 


where  mi i is  the  density-of-states  effective  mass  of  electrons  in  a 
direction  parallel  to  the  interface,  and  n^^  is  the  valley  degeneracy 
factor  (depends  upon  the  substrate  crystal  orientation) . Because  of 
the  normalization  condition  for  (x)  : 

00 

/ j'y^(x)  1 -dx  = 1 , (2.4) 

— oo 

the  i.ntegrated  electron  inversion  charge  density  in  x direction  can 
be  obtained  from  Eq.  (2.3): 

in  kT 

N’t  = / log  [1+exp  (E_  -E . ) /kT]  . (2.5) 

i 2 a rn  1 

1=1 


[3]  S.  H.  Gould,  Variatior,al  Methods  for  Eigenvalue  Problems , 

2nd  Ed.,  Univ.  of  Toronto  Press  (1957). 

C.  T.  Hsing  and  D.  P.  Kennedy,  Contract  Report  KDL-CR-75-193-1, 
Oct . ( 1975 ) . 
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The  energy  levels  and  associated  wavefunctions  used 

in  the  expression  for  n(x)  [Eq.  (2.3)]  are  solutions  of  Eq.  (2.1). 
We  solve  this  equation  by  use  of  the  Rayleigh-Ritz  met.hod  [8]  . The 
first  step  in  this  method  is  to  express  each  (x)  by  the  following 
series : 

n 

^ij"j  ' (2.6) 

1 = 1 


where  fj(x)'s  are  linearly  independent  functions.  The  upper  bound 
of  the  energy  eigenvalue  corresponding  to  this  v^(x)  can  then 
be  obtained  by  the  Rayleigh-Ritz  method  which  is  outlined  below. 

As  the  number  of  terms  (n)  in  Eq.  (2.6)  increases,  this  upper  bound 
decreases  and  approaches  a limit  which  is  the  desired  energy  eigen- 
values. In  practice,  it  is  not  necessary  to  use  a large  number  of 
terms  in  Eq.  (2.6),  if  the  approximating  functions  f ^ (x)  are 
selected  such  that  they  have  close  resemblance  to  the  desired  wave- 
function  v^(x);  in  the  present  analysis  typically  10  to  20  terms 
are  required . 

For  each  eigenfunction  -4)^(x)  approximated  by  Eq.  (2.6),  we 
can  v/rite 


where 


(Hp^,v . ) 


( X ) ^ ( X ) dx 


^xl'^ik'^il 

k,l 


(2.7) 


a 


-<i 


/ 

*00 


f,  (x)  Kf . (x)  dx 
.<  X 


(2.8) 


In  addition,  we  can  also  write 

00 

(.i,-i;i)  = y*  v^Mx)dx  = 2 i=;u  = ik'=il  ' 

k , 1 

where 


00 


>oo 


f.  (x)  f T (x)  dx 
.<  I 


(2.10) 
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From  these  relations,  it  can  be  shown  [8]  that 

,-4>.  ) 

E.  = min  -r-^ — K . (2.11) 

1 ( ^ / V i ' 

If  Sq.  (2.11)  is  written  for  each  eigenfunction  in  a set  of  n 
eigenfunctions,  we  obtain  a set  of  n equations  of  the  form 


c . . (a . . -E . b . . ) = 
IT  31  1 31 


i = 1,2, 


(2.12) 


:=i 


which  can  be  solved  for  the  desired  energy  eigenvalues  E.  and  the 
expansion  coefficients  required  in  Eq..  (2.6)  can  be  readily 

determined  from  Eq.  (2.12),  once  E^  is  known. 


3.0.  Inversion  Layer  Carrier  Distribution 

The  potential  well  in  which  inversion  layer  carriers  are  con- 
strained produce  a quantization  of  their  energy  levels  in  the 
direction  normal  to  the  Si-SiO;  interface.  Figure  2.2  presents  a 
graphical  illustration  of  t.his  quantization  for  two  distinctly 
different  situations  encountered  in  an  MOS  capacitor:  first,  for 

strong  inversion  (r.omtal  surface  electric  field  = 9.0x10“  v/cm) 

and  second,  for  weak  inversion  (^  = 2.72x10“  v/cm).  The  substrate 

s 

dopi.ng  is  4xl0‘-  carriers/cm^  . 

From  Fig.  2.1,  strong  i.nversion  produces  a decrease  in  width 
of  the  potential  well  and,  as  a consequence,  an  increase  in  the 
degree  of  energy  quantization.  This  conclusion  is  drawn  from  the 
fact  that  in  strong  i.nversion  there  are  8 energy  levels  into  which 
more  than  99%  of  all  inversion  layer  carriers  reside.  In  weak 
inversion,  we  have  a substantially  wider  potential  well  containing 
14  energy  levels.  From  this  observation,  it  is  expected  that  sub- 
stantial dirferences  should  exist  between  tfe  carrier  distribution 
resulting  from  strong  inversion  and  weak  inversion.  A reduced 
degree  of  quantization  in  weak  inversion  could  imply  better  agree- 
ment with  classical  solution  for  mobile  carrier  distribution  in  an 
MOS  capacitor. 


Energy  Level  (ev) 
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gure  2.2.  Calculated  electrcn  energy  levels  in  the 
surface  potential  well. 

(a)  ; = 9.00x10'^  v/cm 

(b)  ; = 2.72x10“^  v/cm 

s 
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Figure  2.3  illustrates  a quantum  mechanical  solution  for  the 
inversion  layer  carrier  distribution  under  strong  inversion  condi- 
tion. For  the  purpose  of  comparison,  included  in  this  illustra- 
tion is  a traditional  calculation  based  upon  the  solution  of  Poisson's 
equation,  assuming  Boltzmann  statistics  are  applicable.  From  Fig. 

2.3,  substantial  differences  are  observed  in  the  inversion  layer 
carrier  distribution,  yet  it  should  be  noted  that  the  integrated 
inversion  layer  carrier  densities  (N^)  are  identical  for  these  two 
different  calculations.  Thus,  we  answer  a previously  unverified 
proposal  [10]  suggesting  that  a quantum  mechanical  calculation  of 
Nj  would  differ  from  the  traditional  calculation  of  this  parameter. 

The  total  inversion  layer  width  is  shown  to  be  approximately 

O 

300A,  when  measured  to  the  location  where  the  carrier  density 
equals  n^  (intrinsic  mobile  carrier  density) . Contrasting  with 
this  calculated  width,  we  find  that  Poisson's  equation  predicts  an 

O 

inversion  layer  width  of  about  1600A.  Furthermore,  Fig.  2.3  shows 

O 

the  maximum  carrier  density  is  located  at  about  30A  from  the 
Si-Si02  interface,  rather  than  at  this  interface,  which  is  in 
agreement  with  previous  calculations  of  this  problem  [4] . Unlike 
these  previous  calculations.  Fig.  2.3  shows  a carrier  density  of 
about  5x10  * ^carriers/cm^  at  the  Si-Si02  interface,  rather  than 
total  absence  of  carriers  there.  In  addition,  shown  in  Fig.  2.3 
is  penetration  of  inversion  layer  carriers  into  Si02f  due  to 
tunneling. 

Figure  2.4  illustrates  the  quantum  mechanical  solution  for  the 
inversion  layer  carrier  distribution  under  weak  inversion  condition. 
Direct  comparison  between  Fig.  2.3  and  Fig.  2.4  shows  that  the 
quantum  mechanical  solution  predicts  a substantial  increase  in 

O O 

inversion  layer  v;idth  (from  300A  to  500  A)  under  the  condition  of 
weak  inversion,  v/hile  traditional  theory  predicts  a decrease  in 

O O 

inversion  layer  width  (from  1600A  to  1250A) . It  is  also  found  that 
the  change  from  strong  inversion  to  weak  inversion  moves  the  point 

O 

of  maximum  carrier  density  about  lOA  further  into  the  substrate, 

O 

locating  this  point  at  about  40A  from  the  Si-SiOa  interface. 
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I In  addition  to  the  preceding  equilibrium  calculations  for  MOS 

capacitor,  quasi-two-dimensional  solutions  are  obtained  for  the 
inversion  layer  carrier  distribution  in  an  MOSFET  as  shown  in 
Fig.  2.5.  These  calculations  are  based  upon  t.he  selection  of  three 
t locations  between  the  source  and  drain  of  an  MOSFET.  The  specific 

, model  used  for  this  calculation  is  an  MOSFET  with  channel  length 

of  10  um  and  substrate  impurity  density  = 2x10^ ‘cm"^.  The  gate 

and  drain  voltages  are  3 volts  and  4 volts,  respectively.  A rigo- 
rous traditional  two-dimensional  computer  solution  of  this  boundary 
value  problem  [7  ] provides  the  continuous  surface  potential  dis- 
tribution and  normal  electric  field  at  all  locations  between  source 
and  drain.  Figure  2.5  shows  a comparison  between  the  calculated 
carrier  distribution  at  these  three  locations:  l.Oum,  5 . Oym  and 

7.0um  from  the  source  junction.  From  this  sequence  of  calculations, 
the  number  of  inversion  layer  carriers  is  shown  to  decrease  from 
source  to  drain,  but  the  layer  width  increases  in  this  direction. 

4.0  Effective  Carrier  Mobility  in  the  Inversion  Layer  of  an  MOSFET 
Next  we  discuss  the  mobility  of  mobile  carriers  in  an  MOSFET 
inversion  layer,  when  these  carriers  are  bounded  by  a potential  well 
thau  is  capable  of  producing  energy  quantization.  Vve  shall  review 
t.he  scattering  mechanisms  at  the  Si-Si02  interface  and,  in  addi- 

Ition,  review  a solution  of  t.his  mobility  problem  as  published  by 
J.  R.  Schrieffer  [11]  . Finally,  we  present  a solution  for  this 
problem  which  is  believed  an  improvement  over  presently  available 

I solutions. 

r 

I 4.1  Surface  Scattering  .Mechanisms 

I Two  types  of  scattering  mechanisms  are  believed  present  at 

I rhe  Si-SiO:  interface;  specular  (ideal)  scattering  and  diffuse 

I (random)  scattering.  Specular  scattering  implies  t.hat  the  normal 

I 

1 

[10]  Y.  ,H.  El-.Mansy,  Ph.D.  Thesis,  Carleton  Cniv.,  Canada  (1974). 
[11]  J.  R.  Schrieffer,  p.’jl-s.  Rev.,  97  , 641  (1955). 


Figure  2.5.  Inversion  layer  carrier  distributions  for  throe  locations 
between  the  source  and  drain  of  an  MOSFFT. 
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component  of  carrier  momentum  will  reverse  upon  collision  with  the 
silicon  surface,  while  the  parallel  component  of  momentum  remains 
constant.  Since  specular  scattering  produces  no  change  of  carrier 
velocity  parallel  to  the  Si-SiO;  interface,  this  mechanism  produces 
no  c.hange  of  inversion  layer  carrier  mobility.  Contrasting  wit.h 
specular  scattering,  diffuse  (or  random)  scattering  changes  the 
parallel  component  of  mobile  carrier  momentum  and,  as  a conse- 
quence, is  believed  to  reduce  the  inversion  layer  carrier  mobility 
in  an  MOSFET.  Diffuse  scattering  is  often  suggested  to  result  from 
mechanical  roughness  at  the  Si-SiOz  interface,  in  conjunction  with 
c..emical  conta.mination  at  t.his  location.  Thus,  it  is  diffuse 
scattering  at  this  Si-SiOa  interface  that  would  produce  a reduc- 
tion of  inversion  layer  carrier  mobility,  relative  to  the  bulk 
nobility  i.n  semiconductor  material. 

4 . 2 Available  Calculations  of  Inversion  Layer  Mobility 

The  first  published  solution  of  this  inversion  layer  mobility 
problem  [11]  was  based  upon  the  Boltzmann  transport  equation,  with 
an  assumed  diffuse  scattering  mechanism  at  the  Si-SiO-  interface. 

An  important  assumption  in  this  solution  is  i.mplied  by  the  use  of 
Boltzm.ann  statistics  — which  is  inapplicable  to  situations  where 
energy  qua.ntization  is  present.  Despite  this  assumption,  this 
solution  did,  indeed,  yield  results  showing  that  the  carrier  m.cbility 
in  an  .MCSFET  can  be  substantially  reduced  from  its  value  in  bulk 
semiconductor  material.  It  is  proposed  that  this  solutio.n  is 
applicanle  only  for  weak  inversion  operation  for  the  following 
reasons : 

A.  The  Boltzmann  transport  equation  is  rigorously  appli- 
cable only  for  situations  where  the  carrier  energy  is 
continuous.  In  an  MOSFET,  energy  quantization  exists  in 
a direction  normal  to  the  Si-Si02  interface  and,  there- 
fore, it  is  not  obvious  that  the  Boltzmann  transport 
equation  accurately  describes  all  governi.ng  physical 
mec.ha.nisms . From  Section  3.0  of  this  chapter,  in 
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weak  inversion  the  calculated  quantized  energy  levels 
are  separated  by  no  more  than  about  kT;  hence,  the 
consequences  of  quantization  should  be  negligible. 

It  was  also  shown  in  Section  3.0  that  strong  inversion 
produces  an  energy  level  separation  far  in  excess  of  kT. 
As  a consequence  of  this  situation  it  is  proposed  that 
under  conditions  of  weak  inversion,  solutions  of  the 
Boltzmann  transport  equation  are  applicable  to  this 
mobility  problem.  It  is  also  proposed  that  this  type 
of  solution  may  not  be  applicable  to  situations  where 
strong  inversion  exists  in  a MOSFET. 

3.  In  general,  Boltzmann  statistics  are  applicable  only 
for  non-degenerate  situations  --  when  the  conduction 
band  edge  lies  a minimum  of  about  2kT  above  the  Fermi 
level.  In  most  MOSFET  structures,  strong  inversion 
operation  produces  a conduction  band  to  Fermi  level 
separation  of  less  than  2kT.  As  a consequence,  Fermi- 
Dirac  statistics  must  be  used  in  t.he  analysis  of  such 
structures . 

4 . 3 A Modified  Theory  of  Inversion  Layer  Mobility 

The  Boltzmann  transport  equation  is  rigorously  inapplicable 
to  a Fermi  gas  of  electrons.  As  in  the  solution  of  Schrieffer  we 
utilize  this  equation  wirh  a correction  for  the  degeneracy  of 
the  electron  gas.  It  is  expected  that  this  approach  will  yield 
results  that  are  in  better  agreement  with  experiment  than  presently 
available . 

Throughout  this  calculation  we  assume  the  electric  field 
parallel  to  the  SiO;  interface  is  very  sm.all  when  compared  to  the 
electric  field  norm.al  to  t.his  interface.  As  a consequence,  this 
parallel  field  component  can  be  assumed  a small  perturbation  in 


the  Boltzmann  transport  equation,  and  we  solve  this  equation  for 
the  steady-state  carrier  distribution.  Thereafter,  the  electric 
current  along  this  inversion  layer  (and  the  carrier  mobility)  is 
determined  from  the  resulting  carrier  distribution.  In  solving 
this  equation  we  make  the  following  assumptions: 

(i)  Fermi-Dirac  statistics  apply  in  thermal  equi- 
librium situations; 

(ii)  surface  scattering  is  totally  random;  and 

(iii)  bulk  relaxation  time  is  constant. 

For  a location  between  the  source  and  drain  of  an  MOSFET,  we 

consider  an  electric  field  ^ parallel  to  the  surface  and  field  E 

y X 

normal  to  the  surface.  The  origin  of  x-axis  is  taken  at  the  sur- 
face. Under  steady  state  conditions  the  Boltzmann  transport  equa- 
tion for  the  electron  distribution  function  can  be  written  as 

+ a-V  = , (2.13) 

where  (i)  v and  a are  the  velocity  and  acceleration  of  the  car- 
rier, respectively; 

(ii)  ~ is  the  relaxation  time; 

(^^i)  i = ^o'*'"!'  “o  distribution  function  for  thermal 

equilibrium  situation  and  f^  being  a perturbing  term. 

In  Eq.  (2.13)  f^  is  given  by  the  Fermi-Dirac  distribution  tuncrion: 

fo(v,x)  = (2.14a) 

1 + exp  {-[mvV2  - qV(x)  - > 

where  V(x)  is  the  potential  associated  with  electric  field  and 
m is  the  effective  mass  of  mobile  carriers  (isotropic  effective  mass  is 
assumed).  In  Eq.  (2.14),  c is  a normalization  constant  such  that  after 
integrating  Eq.  (2.14)  we  obtain  the  nurrloer  of  mobile  carriers  per 
unit  area  in  the  x-direction,  N, : 

X 

= fdvdxf^  (v,x) 


(2.14b) 
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By  substituting  Eq.  (2.14)  into  Eq.  (2.13)  and  retaining  only 
the  first  order  perturbation  term,  is  found  to  satisfy  the 
equation; 


-q5  3fi 




(2.15) 


Equation  (2.1a)  can  be  reduced  to  a simoler  differential 
equation  by  the  following  substitution  [11] ; 


- - 1 2 
^ 2 X 


' q[V(x)-V^]  and 


(2.16) 


(2.17) 


where  is  the  surface  potential.  Equation  (2.16)  implicitly  con- 
tains the  boundary  condition  for  x,  i.e.,  V(x)  = V at  x = 0. 

s * 

After  substituting  Eq.  (2.16)  and  Eq.  (2.17)  into  Eq,  (2.15), 
Eq.  (2.15)  becomes 


^ X F 'P' 

-r — ^ + T = )av  5 AT 

m ov^  T o o y y 


(2.18) 


By  assuming  random  scattering  at  the  surface,  the  boundary  condi- 
tion for  Eq.  (2.18)  is 


F = 0 for  V = V , 

:<  xs 


(2.19) 


where  - v'2z^/u  is  t.he  positive  x component  of  carrier  velocity 

at  the  surface.  The  solution  of  Eq.  (2.19)  can  be  shown  to  be 

V..  


fo(l-fo)nv^,?,_^  K(v^,-i^) 


J ^ ) 


X X X 


(2.20) 


K (v  , £ ) 
X X 


X X A 


(2.21) 
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Also,  let 


+ v‘  = 

y 2 n 


= r cos9 


= r sine  ; 


y 2 y o ' o' 


_ ! <"  2kTct  ,,,  ^^o, 

- j rar  dr  — — cos^9  {-- ) 

J j Tti  oa 

o o 


Vm  2 3 f 

= 2-r(i^)  ; (-^)ada 

m J act 


IrTi  2 ^ 

= 2-(^^)  log^(l-e-) 


kT  ^ 

= 2r(— ) log„{l+exo[-(e  -qV  -E„  )/kT]'’- 
m -n  ' X ^ s Fn  ' ' 


Now,  Eq . (2.22)  can  be  written  as 


2rcC5  kT 

* ^ t r ‘ 


dv  f dxloa  '!l+exor-(£  -cV  -E  ) /kTl 
X J 'n  - ■ ' X ' 3 Fn' ' ^ • 

o 


e-'  / 

■y 


— dv' 
X 


3y  cnanging  the  integrating  variables  v^,  x to  v , and  notice 
that  K is  an  odd  function  of  v^,  Eq.  (2.28)  reduces  to 
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2:rq  = C?  JcTt^  -2K(c  ) 

ly  * I de  log^{l+exp[-(ej^-qVg-Ej,^)/kT]  } [l-2K(e^)-e  ], 


(2.29) 


where 


K(£_^) 


m r 

q-  j 
o 


dv’ 

X 


: (v’ ,£  ) 

X X X 


(2.30) 


The  reduction  of  carrier  nobility  in  the  inversion  layer  of 
an  MOSFET  due  to  random  surface  scattering  can  be  expressed  by  the 
following : 


Iy=  -g-^i’^^eff' 


(2.31) 


where  N^is  the  number  of  inversion  layer  carriers  per  unit  area  given  bv 

Eq.  (2.14b)  and  is  the  effective  mobility.  Equation  (2.14b) 

can  be  integrated  to  give 
00 
r 

M = - . d£  log  {l+ex?[- (£  -qV  -E  )/kT]  }K(£  ) (2.32) 

2 ^ xn  xsiii  X 

m o 

By  combining  Eq.  (2.29)  to  (2.32)  and  writing  the  bulk  mobility 
-V,  = g"/m,  we  obtain 


-eff 


-2K(£  ) 

j d£_^log^{l+exp[-(e^-qVg-Ep^)/kT]  } [l-2K(e^j-e  *''  ] 


(2.33) 


- iog„  •:  l^e.xp  [ - ( £ ) /kT ] :•  2K  ( £ „ ) 


k. 
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It  is  interesting  to  notice  in  Eq.  (2.33)  that  if  the  surface 

potential  is  taken  as  reference  (V  =0)  and  Fermi  energy  E_  lies 

s r n 

several  kT  below  zero,  i.e.,  if 


"x  - ^Fn 


then 


1+exp  [-  (£j,-qVg-Epj^)  /kT]  } = exp  [-  (s^x'^^^s'^Fn^  ' 


(2.34a) 

(2.34b) 


and  Eq.  (2.33)  reduces  to 


/ 


de^e.xp  [-  (£^^-qV^-Ej.^)/kTj  [1-2K  (e^)  -e 


-2K(e^) 


“b 


CO 

/ 


(2.35) 


de^exp  [■  (^x'^^^s'^Fn^  ^'x^ 


Equation  (2.35)  is  ide.ntical  to  that  expression  given  in  Schrieifer's 
japer  which  assumed  Boltzmann  statistics  for  the  carrier  distribu- 
tion function  in  thermal  equilibrium.  The  condition,  Eq.  (2.34a), 
for  reducing  Eq.  (2.33)  to  Eq.  (2.35)  is  consistent  v/ith  the  orci-- 
nary  criterion  for  determining  if  the  electron  gas  is  degenerate. 

Thus  we  have  extended  the  Schrieffer's  theory  from  non-degenerate 
gas  to  more  general  degenerate  gas.  We  ne.xt  use  Eq.  (2.33)  to 
calculate  the  effective  mobility  for  strong  inversion  operation, 
and  Eq.  (2.35)  to  calculate  the  effective  mobility  for  weak  inver- 
sion operation. 

4 . 4 Calculations  of  inversion  Layer  Mobility 

Numerical  calculations  based  upon  the  modified  Schrieffer's 
theory  outlined  abo%’’e  have  been  made;  first  for  strong  inversion 
(%  =9 . OxlQ-v/cm)  and,  second,  for  weak  inversion  (1  =2 . 72xl0'*v/cm)  . 

o ' S 

The  assumed  substrace  doping  was  4x10* ' cm" Under  strong  inver- 
sion condition,  the  ratio  of  surface  mobility  to  bulk  mobility  was 
fou.nd  to  be  0.26.  Under  conditions  of  weak  inversion,  this  ratio 
becomes  0.40.  These  results  agree  reasonably  well  (within  20%) 
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with  experimental  data  [13,14].  Since  both  this  theory  and  the 
measuring  techniques  for  surface  mobility  need  further  refinement, 
this  agreement  appears  satisfactory. 

5 . 0 Conclusion 

There  are  two  accomplishments  on  MOS  devices  presented  in  this 
report;  a quantum  mechanical  solution  of  the  inversion  layer  car- 
rier distribution  in  MOS  structure  and  an  extension  to  Schrieffer's 
theory  on  MOS  inversion  layer  carrier  mobility. 

The  quantum  mechanical  solution  for  the  inversion  layer  carrier 
distribution  was  obtained  by  solving  the  Schroedinger ' s wave  equa- 
tion and  Poisson's  equation  conjunctively.  The  results  deviate  from 
the  traditional  solution  (by  solving  Poisson’s  equation  alone)  in 
the  following  ways: 

(a)  the  inversion  layer  carrier  density  exhibits  a maximum 

O 

at  about  35A  from  the  Si-Si02  interface; 

(b)  there  is  a finite,  number  of  carriers  residing  at  the 
interface,  due  to  tunneling  through  the  gate  oxide;  and 

(c)  the  inversion  layer  is  much  narrower  than  predicted  by 
traditional  concepts,  and  this  width  increases  from 
source  to  drain  (as  opposed  to  decreasing  in  that 
direction,  as  predicted  by  traditional  solution) . 

A quantum  mechanical  solution  for  the  inversion  layer  carrier 
distribution  represents  the  basis  upon  which  the  carrier  mobility 
must  be  calculated.  Rigorously,  this  carrier  mobility  will  be 
obtained  from  a solution  of  the  von  Neumann  equation  [15]  con- 
taining a perturbation  term  for  the  electric  field  normal  to  the 
Si-SiOz  interface.  Thus  far,  such  a solution  has  not  been  under- 
ta)cen.  Instead,  we  have  solved  this  problem  using  the  approach 

[13]  R.  F.  Pierret  and  C.  T.  Sah,  Solid  state  Electronics , 11 , 

279  (1968). 

[14]  N.  St.  J.  Murphy,  F.  Berg,  and  I.  Flinn,  Solid  state  Elec- 
tronics, 1^,  775  (1969). 

[15]  A.  H.  Kahn  and  H.  P.  R.  Frederikse , Solid  state  Phusics,  9^, 

257  (1959)  . 
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previously  taken  by  Schrieffer.  His  calculation  of  mobility  is  based 
upon  the  solution  of  the  Boltzmann  transport  eouation.  Unlike  the 
Schrieffer  solution,  our  calculations  are  corrected  for  strong 
inversion  where  the  inversion  layer  carriers  become  a degenerate 
electron  gas.  This  technique  has  yielded  calculated  values  of 
inversion  layer  carrier  mobility  that  are  in  adequate  agreement 
with  experiment  for  the  design  and  development  of  MOSFET  struc- 
tures. 
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Chapter  III 

An  Integral  Equation-Relaxation  Procedure  for  the 
Determination  of  Equilibrium  Potentials  in  Semiconductor  Devices 

by 

U.  H.  Kurzweg,  M.  Zahn,  A.  Gregalot  and  R.  E.  Wyatt 


1 . 0 Introduction 

One  of  the  more  important  but  as  yet  incompletely  solved 
problems  in  microelectronics  is  the  determination  of  equilibrium 
potentials  and  carrier  densities  in  semiconductor  devices  of 
specified  geometry,  doping  distribution  and  applied  external 
voltage.  In  principal  these  properties  can  be  determined  by  a 
solution  of  the  governing  non-linear,  coupled,  partial  differ- 
ential equations,  however  in  practice,  this  is  often  economically 
unfeasible  because  of  the  large  computation  times  required  in  an 
application  of  the  standard  finite  difference  method.  Accordingly 
it  is  of  interest  to  explore  other  numerical  solution  techniques 
for  these  equations  with  the  hope  of  finding  approaches  requiring 
shorter  CPU  times.  It  has  been  our  group's  overall  objective  to 
e.xamine  such  alternate  solution  techniques  and  in  particular  to 
explore  the  possiblity  of  using  a.n  equivalent  integral  equation 
approach,  which  is  known  in  other  areas  such  as  mechanics  to  often 
simplify  the  solution  procedure  for  boundary  value  problems.  Our 
ultimate  objective  would  be  to  apply  such  an  integral  technique  to 
more  complicated  semiconductor  geometries  such  as  encountered  in 
.M03FET  and  BIPOLAR  devices.  In  order  to  simplify  our  problem  some- 
what we  have  concentrated  in  this  initial  phase  of  our  study  on  the 
case  of  a one-dimensional  situation  with  no  net  electron  and  hole 
current,  no  time  dependence,  and  no  recombination.  I.n  t.his  limit 
the  governi.ng  Ma.xwell  and  continuity  equations  uncouple  and  one  is 
left  with  solving  essentially  a single  non-linear  Poisson  equation 
with  a specified  doping  distribution  and  a given  set  of  boundary 
conditions . 
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Our  discussion  below  will  begin  with  a description  of  the 
equivalent  non-linear  Fredholm  integral  equation  for  the  problem. 

This  will  be  followed  by  a presentation  of  the  Picard  iteration 
technique  used  to  solve  the  integral  equation  and  the  introduction 
of  a relaxation  procedure  used  to  insure  convergence.  Finally, 
some  numerical  results  for  the  special  case  of  a linear  graded 
junction  are  presented  employing  both  constant  and  spatially 
dependent  relaxation  parameters.  A comparison  of  CPU  times  for 
our  integral  solution  approach  with  existing  finite  difference 
solutions  is  also  made. 

2 . 0 Integral  Solution  Method 

Within  the  framework  of  the  restrictions  mentioned,  the  equa- 
tion governing  the  normalized  potential  U(x)  in  a one-dimensional 
semiconductor  is  the  non-linear  Poisson  equation  [1] 

— = - 7^  [p(U)-n(U)+N^(x)-N  (X)]  = F(x,U)  (3-1) 

dx^  'o 

where  p(U)  and  n(U)  are  hole  and  electron  number  densities  which 
are  functions  of  the  potential  via  the  standard  Boltzmann  relations. 
Here  Nj^(x)-N^(x)  is  the  net  doping  distribution  and  the  remaining 
constants  have  their  standard  meaning.  The  corresponding  boundary 
conditions  for  the  case  of  a doping  distribution  of  odd  symmetry 
assume  the  form 

U(0)  = 0,  U(W)  = (3-2) 

where  is  a potential  determined  by  depletion  layer  arguments  and 
one  which  depends  on  the  particular  doping  distribution  Nj^(x)-N^(x) 
and  the  applied  external  bias  V . W represents  the  approximate  deple- 
tion  layer  half-width  and  is  typically  of  the  order  of  lOOOA. 

The  above  nonlinear  differential  equation  together  with  the 
given  boundary  conditions  can  be  converted  to  an  equivalent 

[1]  S.  M.  Sze,  Physics  of  Semicandactor  Devices , John  Wiley  and 
Sons,  Inc.,  N.Y.  (1969). 
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Fredholm  integral  equation  using  an  appropriate  Greens  function. 
This  equation  has  been  derived  in  our  previous  report  [2]  and  reads 
U„x  X . W 

w ~ w 


i:(x)  = ^ F(t,u)dt  - / F(t,a)dt  . (3-3) 

O X 


This  integral  equation  can  be  solved  numerically  by  Picard  itera- 
tion used  in  conjunction  with  an  under-relaxation  procedure. 
Specifically,  one  needs  to  evaluate  the  iterative  form 


^n+l^""’  = ^ ^ F(t,U^)dt  -/  F(t,U^)dt  (3-4) 

O X 

with  Ui,  Uzf  U3 forming  a convergent  sequence  provided  that 

the  error  e satisfies 


W 


U„(.x) 


for  n > N 


(3-5) 


In  the  present  study  we  consider  the  sequence  to  have  converged  ro 
the  sought  after  solution  U(x)  whenever  £<10~^  for  all  x in  [0,W] 
and  use  the  linear  form  U^x/W  for  the  zeroth  approximation  U3(x) . 

The  Picard  iteration  procedure  Eq . (3-4)  will  generally  con- 

verge only  for  small  F and  W [2] . As  this  is  often  not  the  case 
for  physically  realizable  conditions,  there  is  a need  to  introduce 
a relaxatio.n  procedure  such  as  discussed  by  Forsythe  and  Wasew  [3]. 
The  simplest  such  relaxation  procedure  which  will  slow  down  the 
rate  of  change  bef./een  successive  iterations  and  hence  avoid 
numerical  instabilities  has  the  form 


[2]  D.  P.  Kennedy,  Computer  Aided  Encineerir.c  cr  Semiconductor 
Integrated  Circuits,  EDRC  Tech.  Report  75-1344-1,  pc.  129, 
Jan.' 1976. 

[3]  G.  E.  Forsythe  and  K.  R.  Wasow  , Finite  Difference  .'■lezhads 
for  Partial  Differential  equations , p.  246,  John  Wiley  and 
Sons,  Inc.,  N.Y.  (1960). 
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where  K is  a constant  under-relaxation  parameter  greater  than  unitv 
and  the  starred  functions  represent  the  relaxed  iterates.  It  should 
be  pointed  out  that  when  this  relaxation  procedure  is  used,  the  U 

n 

in  the  term  F of  expression  Eq.  (3-4)  is  replaced  by  U*  and  also 
that  the  unrelaxed  solution  is  recovered  as  K goes  to  one. 

The  relaxation  procedure  Eq.  (3-6)  will  always  lead  to  convergence 
of  the  Picard  iteration  Eq.  (3-4)  provided  K is  large  enough.  This 
fact  can  be  shown  by  the  following  argument.  Consider  the  itera- 
tive form  of  a slightly  generalized  Fredholm  equation 


“n.l  - * <’<1  * / 

o 


w 


H [x,t,Uj^  (t)  ]dt 


(3-7) 


and  let  the  maximum  value  of  H for  x and  t in  [0,i-;]  be  M.  Mow 
introduce  the  infinite  series 


'J(x)  = L’o  + (U^-Uo)  + (uI-U*)  + .. 


(3-8) 


which  should  converge  if  the  iteration  is  numerically  stable. 
Starting  with  the  approximation  Uo=Uo=f(x)  we  find 


* * MW  n- 1 

(PW+.K-l)" 


(3-9) 


wnere 


P = 


Max 
in  X,  t 


[H(U*^l)-H(U*) ]/[U* 


n+1  ^’n^ 


(3-10) 


Upon  substituting  this  inequality  into  series  Eq.  (3-9)  we  obtain  a 
geometric  series  which  converges  provided  K is  large  enough. 

Although  expression  Eq.  (3-9)  does  not  yield  an  explicit  value  for  the 
value  of  K which  will  lead  to  the  most  rapid  convergence,  it  sug- 
gests that  this  might  occur  when  K=  1-PW. 
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3 . 0 Numerical  Results  for  the  Constant  Gradient  Junction 

Specific  numerical  results  have  been  obtained  using  the  above 
described  integral  equation-relaxation  procedure  for  the  special 
case  cf  a constant  gradient  p-n  junction  with  an  impurity  distri- 
bution (x) -N^  (x)  =Ax,  where  A is  the  grade  constant  taken  as 
10*  ^atoms/'cm'*  . Our  choice  of  this  relatively  simple  doping  dis- 
tribution was  that  it  represent  a first  approximation  for  the  more 
complicated  coerror  function  and  Gaussian  profiles  and  that  solu- 
tions to  this  problem  using  the  standard  finite  difference  approach 
are  known  (cf.  Kennedy  and  O'Brien  [41).  For  this  case,  as  already 
shown  earlier  by  Morgan  and  Smitz  [5] , Eq.  (3-1)  assumes  the 
form 


d-U 

dx* 


2n . q‘ 
1 


sinh  U(x) 


Ax 

n . 

1 


exp 


(3-11) 


and  is  still  subjected  to  the  boundary  conditions  Eq.  (3-2)  which  now 
assume  the  explicit  form 

U(0)  = 0;  U(X)  = Ir.  I (3-12) 

\ H 

where  A is  again  the  grade  constant,  n,.  the  intrinsic  number 

1. 

density,  and  V,  the  acolied  external  bias.  The  corresoonding 

.‘i  * * 

integral  equation  recast  into  its  Picard  iterative  form  is 


U_x  X . , 

C(X)  . -1 r 

n+1  o 


w 


X (W-t) 

w 


* At  '^^A 

sinh  U^_(t)  - _ exp  - ^ 


* a ► a 

sinh  L'  (t)  - exp  - 


in. 


2kT 


dt 


dt  (3-13) 


:4I  D.  P.  Kennedy  and  R.  R.  O'Brien,  :b>!  jou 
May  1967. 


r . Res . Dey  . , 11 , 


15T3’(1?60K 
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where  y = exp  qV^/2kT] /xe^kT.  The  integration  interval 

[0,W]  here  extends  into  the  n type  region  and  the  resultant  solu- 
tion U(x)  will  have  odd  symmetry  about  x=0. 

Equation  (3-13)  together  with  the  relaxation  procedure  Eq.  (3-6) 
were  programmed  for  solution  using  an  IBM  370/65  computer  with  inter- 
active APLSV*PLUS  routines  and  a graphics  terminal.  .Also  the  solu- 
tion development  was  examined  using  a graphics  equipped  PDP-11/40 
minicom.puter . The  first  phase  of  this  numerical  analysis  was  con- 
cerned with  finding  the  value  of  the  constant  relaxation  parameter 
K in  expression  Eq.  (3-6)  which  requires  the  minimum  number  of  itera- 

tives  for  convercence.  The  results  of  this  study  for  V =0  are 

A 

summarized  in  Fig.  3.1.  We  see  here  that  for  an  error  £<10~^ 
the  best  value  of  the  relaxation  parameter  increases  with  increasing 
width  W such  that  at  W=1200A  the  value  is  K=2  while  at  W=4000A  this 
value  has  risen  to  K=100.  The  best  value  of  constant  K in  the 
interation-relaxation  procedure  is  seen  to  increase  as  the  third 
power  of  the  width  showing  that  the  expected  CPU  time  will  increase 
rapidly  for  large  integration  ranges  [0,W].  In  Fig.  3.2  we  show 
the  relation  between  the  number  of  iterations  n required  for  con- 
vergence i.n  the  Picard  procedure  and  the  size  of  the  under-relaxa- 
tion parameter  K used.  Note  that  for  fixed  W,  stable  solutions 
ge.nerally  do  not  exist  until  K exceeds  a certain  value  and  that  the 
best  value  of  K producing  the  must  rapid  convergence  is  only 
slightly  larger  than  this.  Convergence  for  very  large  K is  always 
possible,  as  expected,  but  note  that  at  the  same  time  the  number 
of  iterations  required  becomes  very  large.  The  corresponding 
equilibrium  potential  distributions  obtained  by  using  the  optimum 
value  of  K give.n  in  Fig.  3.1  are  shown  in  Figs.  3. 3-3.  6 and 

0 5 0 

represent  the  results  for  the  half-widths  W=1000A,  2000A,  3000A 

O 

and  4000A,  respectively.  We  have  also  recorded  the  values  of  the 

* 

relaxed  iterates  U (x)  in  these  fiaures  to  show  how  the  final 

n 

stable  solution  is  approached.  Mote  that  in  all  four  cases  the 

O 

most  rapid  variation  occurs  in  the  range  0<x<1000A.  This  is  what 
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0 500  1000  1500  2000 

DISTANCE  FROM  JUNCTION,  X (ANGSTROM) 

Fig.  3.4.  Calculated  potential  distribution  for  a zero  biased, 
constant  gradient,  P-N  junction.  Integration  width 
of  2000A. 
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DISTANCE  FROM  JUNCTION,  X (ANGSTROM) 


Calculated  potential  distribution  for  a zero  biased, 
constant  Gradient,  P-N  junction.  I.ntegration  width 
of  3000h.' 


g . 3.5. 


NORMALIZED  POTENTIAL,  U(x) 


156 


is  expected  as  the  potential  changes  are  large  only  within  the 
classical  depletion  layer.  The  CPU  time  per  iteration  in  these 
calculations  when  the  integral  in  Eq.  (3-13)  was  approximated  by  a 
fifty-one  point  trapezoidal  approximation  amounted  to  0.014  sec 
per  iteration.  We  also  made  a calculation  using  the  finite  dif- 
ference method  on  Eq.  (3-11)  to  obtain  a CPU  comparison. 

Both  the  best  value  for  K and  the  CPU  time  per  iteration  were 
found  to  be  comparable  for  the  two  solution  methods.  Our  earlier 
contention  that  the  integral  approach  is  faster  was  based  on  a 
comparison  with  the  CPU  time  required  for  this  problem  using 
finite  differences  on  a much  slower  machine.  It  may>  however,  be 
that  for  higher  dimensional  problems  the  integral  approach  will 
have  definite  time  advantages  over  the  standard  finite  difference 
approach.  In  Fig.  3.7  we  indicate  the  spatially  dependent  poten- 
tial obtained  under  forward  and  reverse  bias  for  the  case  of 

O 

W=1200A.  Note  the  increase  and  decrease  in  potential  relative  to 

V =0  as  the  potentials  are  reversed. 

A 

Having  obtained  equilibrium  potentials  for  several  different 
W's  using  a constant  relaxation  parameter  K,  we  next  investigated 
the  possibility  of  employing  a spatially  and  iteration  dependent 
K^(x)  to  aid  in  solution  convergence  and  hence  in  reducing  the 
computer  time.  An  indication  of  the  type  of  variable  under- 
relaxation parameter  which  can  accomplish  this  was  suggested  to  us 
from  our  interactive  graphic  display  studies.  These  showed  that 
large  values  of  the  relaxation  parameter  are  necessary  only  near 
the  middle  of  the  integration  region  where  the  integrand  in  the 
governing  integral  equation  becomes  large.  One  such  function 

suggested  by  inequality  Eq.  (3-9)  is 


NORMALIZED  POTENTIAL,  U(x) 


’,.7. 


Potential  distribution  in  a forward  and  reverse  biased, 
constant  gradient,  P-N  junction  for  W = 1200A. 
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Kj^(x)  = 1 + 


(K-1)/ 


TCt 


H(Un^l)-H  (U_^) 


★ •* 

U -u 
n+1  n 


(3-14) 


where  K is  the  constant  value  of  the  relaxation  parameter  shown  in 

Fig.  3.1,  P is  the  quantity  defined  by  Eq.  (3-10),  and  i a constant 

suggested  by  our  interactive  graphic  display  studies  to  have  the 

value  0.2.  This  variable  K (x)  was  used  in  conjunction  with  the 

n 

extended  relaxation  procedure 

1 


(3-15) 


to  evaluate  Sq.  (3-13)  for  the  case  W=3000A  and  V =0 . Here  Ci  and  C; 

A 

are  adjustable  constants  and  were  taken  to  have  the  value  1 and 
0.4,  respectively.  Results  of  this  calculation  are  shown  in 
Figs.  3.8  and  3.9.  The  first  of  these  figures  indicates  the 
variation  i.n  the  spatially  dependent  relaxation  parameter  with 
iteration  number  and  how  this  parameter  rapidly  reaches  a final 
steady  form.  The  other  figure  represents  the  potential  iterates 
including  the  final  converged  value.  It  is  found  in  this  case 
that  the  total  number  of  iterations  required  for  an  error  s<10"^ 

IS  60  compared  to  a value  of  n=240  when  t.he  best  constant  relaxa- 

O 

tion  parameter  is  used  for  this  W=3000A  width.  Thus,  a considerable 
time  savings  is  accomplished  using  such  a variable  rela.xation  para- 
m.eter.  We  have  also  considered  the  use  of  a multiple  sequence  of 
constant  relaxation  parameters  such  as  used  by  Mock  (61  in  our 
calculations.  However,  this  has  not  as  yet  led  to  any  definitive 
numerical  results  and  m.ay  not  have  the  advantage  of  the  type  of 
spatially-dependent  variable  relaxation  parameter  used  above. 


[6] 


M.  S.  Mock,  Solid  Stata  Electronics,  16,  601  (1973). 


A 
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Equilibrium  potential  for  a constant  gradient 
P-N  junction  using  a variable  relaxation  parameter. 
Here  W = 3000.^  and  = 0. 


Fig.  3.9. 
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4 . 0 Concluding  Remarks 

We  have  shown  that  the  non-linear  Poisson  equation  governing 
the  potential  in  a one-dimensional  semiconductor  for  specified 
doping  distribution  and  under  conditions  where  this  equation 
decouples  from  the  rem.aining  equations  can  be  converted  to  an 
equivalent  integral  equation.  This  integral  equation  has  been 
solved  using  a Picard  iteration  procedure  in  conjunction  with  two 
different  relaxation  procedures.  Explicit  values  for  both  the 
optimum  relaxation  parameter  and  the  corresponding  equilibrium 
pote.ntial  are  obtained  for  the  case  of  a linear  graded  junction 
mainly  for  zero  applied  external  voltage.  The  method  is  found  to 
converge  for  all  depletion  half-widths  W considered  with  the  number 
of  iterations  required  for  convergence  increasing  with  increasing 
W.  CPU  times  for  the  integral  solution  method  used  here  are 
comparable  to  those  required  by  the  finite  difference  method  for 
the  same  number  of  interval  subdivisions,  but  the  method  becomes 
somewhat  faster  when  a spatially  dependent  relaxation  parameter  is 
used.  No  additional  difficulties  are  expected  in  carrying  out 
similar  calculations  as  the  above  for  other  doping  profiles 
including  the  Gaussian  and  error  function  diffusion  profiles. 
Extension  of  the  integral  approach  to  higher  dimensions  is  also 
a possibility  and  it  is  in  this  later  area  where  the  real  advantage 
of  the  integral  technique  can  be  expected  to  be  demonstrated.  Some 
preliminary  work  has  been  done  along  these  lines  by  generating 
Greens  functions  for  some  simple  two-dimensional  geometries  but 
numerical  results  have  not  yet  been  obtained  for  this  case.  It 
seem.s  likely  in  view  of  the  above  results  obtained  during  the  first 
year  of  the  project  that  perhaps  the  most  profitable  approach  for 
reduci.ng  CPU  time  in  numerical  solution  of  t.he  equation  governing 
semiconductor  characteristics  will  be  the  use  of  improved  spatially 
dependent  relaxation  parameters  and  not  so  much  whether  t.he  fi.nite 
difference  or  integral  approach  is  employed. 
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5.0  List  of  Symbols 

< Relative  dielectric  constant 

Permittivity  of  free  space  (8.854x10  Farad/cm) 

k Boltzmann  constant 

T Terrperature  in  degrees  Kelvin 

p Ifole  ccnoentration  (cm  ) 

n Electron  concentration  (cm  ) 

1 ® 

q Charge  on  electron  (1.6xl0~  ") 

n^  Intrinsic  carrier  concentration 

_3 

Njj  Conor  concentration  (cm  ) 

_3 

Acceptor  concentration  (cm  ) 

U Normalized  potential  (U=^V/kT) 

V 

A i^lied  bias  voltage  in  volts 

O 

W Width  of  integration  interval  in  Angstroms  A 

K Constant  relaxation  parameter 

Kn(3<)  Variable  relaxation  parameter 

_4 

A Grade  constant  (cm  ) 
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CHAPTER  IV 

Test  Pattern  Model  Using  Monte  Carlo  Methods  of  Analysis 

by 

S.  C.  Taylor  and  D.  P.  Kennedy 
1.0  Introduction 

Semiconductor  device  fabrication  techniques  frequently 
exhibit  reproducibility  problems,  due  to  inadvertent  variations 
in  each  processing  step.  This  problem  is  readily  observed  in 
the  electrical  characteristics  of  devices  fabricated  by  methods 
involving  thermal  diffusion  of  impurity  atoms  into  silicon  [1,2]. 
For  example,  in  large  volume  manufacturing  a given  diffusion 
furnace  can  be  shown  to  introduce  processing  variations  across 
any  given  slice  of  silicon,  and  from  one  slice  to  the  next  in  a 
given  diffusion  run.  Similarly,  in  any  given  manufacturing 
facility  it  can  be  shown  that  no  two  diffusion  furnaces  produce 
identical  results.  It  is  for  this  reason  that  sheet  resistance 
test  patterns  are  frequently  used  to  monitor  the  properties  of 
a given  thermal  diffusion  process;  any  change  of  measured  sheet 
resistance  implies  a change  (either  inadvertent  or  intentional) 
in  the  given  diffusion  process. 

As  a consequence  of  this  situation,  for  process  evaluation 
a large  number  of  sheet  resistance  measurements  are  routinely 
taken  during  semiconductor  device  manufacturing.  Frequently 
these  data  are  evaluated  on  a statistical  basis,  establishing 
the  mean  sheet  resistance  and  a standard  deviation  arising  from 
inadvertent  processing  changes.  To  date,  little  information  is 
available  on  how  to  relate  observed  statistical  variations  of 
sheet  resistance  to  changes  occurring  in  the  numerous  processing 
parameters  associated  with  thermal  diffusion.  Presented  here  is 
a technique  whereby  such  information  can  be  inferred  through 
Monte  Carlo  techniques  of  analysis,  using  a computer. 


[1]  D.  P.  Kennedy,  I3M  Jour.,  331  (1961). 

[2]  D.  P.  Kennedy,  P.  C.  Murley,  and  R.  R.  O'Brien,  ibm  Jour., 
8,  482  (1964). 
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This  proposed  computational  technique  involves  a one- 
dimensional mathematical  model  for  the  sheet  resistance  test 
pattern,  in  conjunction  with  a pseudo  random  number  generator. 
Such  a computational  tool  offers  a means  whereby  the  test  site 
fabrication  process  can  be  simulated  on  a computer  and,  hence, 
experiments  can  be  performed  that  would  be  exceedingly  difficult 
to  accomplish  on  a production  line.  It  will  be  shown  that  this 
method  of  analysis  yields  quantitative  information  concerning 
the  relative  sensitivity  of  sheet  resistance  measurements  to 
variations  in  each  important  process  parameter.  It  will  also  be 
shown  that  this  method  of  analysis  can  be  used  to  infer  for  a 
two-step  diffusion  process,  a statistical  frequency  distribution 
for  the  predeposition  impurity  atom  surface  concentration,  and 
similar  information  about  the  resulting  oxide  thickness. 


2 . 0 The  Mathematical  Model 

The  mathematical  model  used  in  this  analysis  is  one-dimensional 
in  nature,  and  it  approximates  the  impurity  distribution  produced 
by  a two-step  diffusion  process  [3].  After  the  predeposition 
step,  this  impurity  atom  distribution  is  approximated  by  the 
relation  r 


(x,  t) 


Coerfc 


X 


(4.1) 


Similarly,  after  the  oxidation  step  we  use  the  approximation 


^2 


2 


1-1/2 


(x-x* 1 
4D2 (t2“t^) J 


exp  - 


(x+x' ) 


2 n 


4D. 


(t2~ti)j 


j-C^  (x'  ,tj^)dx'  , (4.2) 


where  t^  and  t2 , respectively,  represent  the  predeposition  and 
oxidation  diffusion  times. 


[3]  D.  P.  Kennedy  and  P.  C.  Murley,  Proc.  IEEE,  620  (1964). 
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It  has  been  shown  that  oxide  growth  on  silicon  produces 
a redistribution  of  impurity  atoms,  due  to  differences  of 
solubility  between  silicon  and  Si02-  Thus,  after  this  oxidation 
step  Eq.  4.2  is  modified  by  the  following  relation  [4], 

C3(y/t^,t2)  = C2(y,t^,t2) 


- (0.475)C2  (0,tj^,t2 


erf  c 


2 v'D2  t2 


erfc 


^.44W  •, 

ox' 


(4.3) 


2/D^tJ 


where  y is  the  distance  from  the  Si02  and  silicon  interface, 
and  is  the  oxide  thickness. 

Thus,  two  basically  different  equations  are  used  to  model 
the  sheet  resistance  arising  during  a two-step  diffusion  process. 
The  first  expression  represents  this  resistance  immediately 
after  the  predeposition  of  impurity  atoms. 


and 


= q 


0-1  = q 
s 


X . 

( ^ f 

U (x)  j (x,  t^)  - Cg}-dx, 


0 

0 


u (x) (y,t^, t2)  - Cgldx 


(4.4) 


(4.5) 


represents  this  resistance  after  the  oxidation  step.  In  both 
Eqs.  4.4  and  4.5  the  mobility  is  dependent  upon  the  total  im- 
purity atom  concentration  [5]. 


3 . 0 The  Number  Generator 

As  previously  stated,  a two-step  diffusion  cannot  be 
considered  an  invariant  process  Experimental  variations  exist 
within  any  given  diffusion  run,  and  from  one  diffusion  run  to 
the  next.  Thus,  in  a computer  simulation  of  this  diffusion 


[4]  A.  S.  Grove,  O.  Leistiko,  and  C.  T.  Sah,  Jour,  of  Appl. 
Phys.,  9,  2695  (1964). 

J.  C.  Irvin,  Bell  Syst.  Tech.  Jour.,  41,  387  (1962). 


[5] 
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process  the  following  variables  must  be  assigned  a mean  value 

and  an  experimental  tolerance; 

impurity  source  concentration  during  pre- 
deposition , 

Cg  uniform  background  doping  of  semiconductor 
material , 

temperature  of  predeposition, 

T2  temperature  of  drive-in, 

resulting  thickness  of  oxide  layer. 

The  experimental  variations  of  these  process  parameters  are 
approximated  by  a random  number  generator  that  simultaneously 
and  independently  modifies  each  parameter  throughout  its 
specified  tolerance  limits.  Two  different  statistical  filters 
are  used  to  modify  the  generator's  output,  one  to  produce  a 
normal  distribution  with  specified  mean  and  variance,  and  another 
to  produce  a logarithmic  normal  [6]  distribution  with  specified 
mean,  variance  and  degree  of  skewness. 

The  random  number  generator  used  in  this  computer  simula- 
tion is  from  the  Harwell  Subroutine  Library  (Program  FAOlAS) . 

This  generator  uses  the  linear  congruential  method  to  generate 
a sequence  of  uniformly  distributed  random  numbers  on  the  in- 
terval (0,1).  These  numbers  are  obtained  by  applying  the 

recursion  relation 


U ,1  = (aU  +c) mod  m 
n+i  n 


n>0. 


where 


a = 
c = 
m = 
U_  = 


.15 


3' 

0 
2 

21645. 


.32 


Since  the  validity  of  the  statistical  results  obtained  in 
this  analysis  depends  on  the  effectiveness  of  this  random  number 
generator,  a study  was  undertaken  to  determine  the  randomness  of 


[6]  H.  Cramer,  The  Elements  of  Probability  Theory,  Hilev,  o. 
118,  1955. 
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any  sequence  of  numbers  produced  by  this  generator.  The  field 
of  statistics  provides  many  quantitative  testing  procedures  for 
determining  the  randomness  of  a particular  sequence.  The  fact 
that  a particular  sequence  passes  an  arbitrary  number  of  these 
tests  is  no  guarantee  that  it  will  pass  all  such  tests.  How- 
ever, in  practice  several  tests  are  carried  out,  and  with  each 
successful  test  our  confidence  in  the  generator  increases. 

After  several  such  tests  have  been  applied  with  good  results, 
the  generator  is  assumed  to  produce  a suitably  random  sequence 
of  numbers. 

The  following  statistical  evaluation  methods  were  selected 
(from  Knuth  [7])  to  test  the  Harwell  generator  sequence: 

a.  The  Equidistribution  (Frequency)  Test 

b.  The  Gap  Test 

c.  The  Permutation  Test 

d.  The  Maximum  of  t Test 

e.  The  Serial  Correlation  Test 

Two  general  procedures  are  employed  by  these  evaluation  methods: 
(1)  The  Chi-Square  Test,  and  (2)  The  Kolmogorov-Smirnov  Test. 


The  Chi-Square  Test 


Assume  that  every  observation  from  this  generator  falls 
into  one  of  k categories.  A fairly  large  number  of  independent 
observations  is  made.  Let  p^  be  the  probability  that  each  ob- 
servation falls  into  category  s,  and  let  be  the  number  of 
observations  which  actually  do  fall  into  category  s.  The 
following  statistic  is  formed  from  n observations: 


V 


s=l  ^Ps 


(4.6) 


Assuming  k categories  in  Eq.  (4-6),  it  can  be  shown  that 
the  parameter  V has  < degrees  of  freedom,  where  < = k-1.  Thus, 
from  Chi-Square  tables  we  can  establish  the  probability  that  V 


[7]  D.  E.  Knuth,  The  Art  of  Computer  Programming, 
Algorithms,"  Addison-Wesley  (1971). 


Semi-numerical 
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will  assume  a particular  value.  Suitably  applied,  this  evalua- 
tion method  is  used  to  test  a random  number  generator  in  several 
of  the  above  listed  categories. 

The  Kolmogorov-Smirnov  (KS)  Test 

The  distribution  of  a random  quantity  U can  be  specified 
in  terms  of  a distribution  function,  F(x),  where 

F(x)  = probability  that  U < x. 

For  a uniformly  distributed  random  number  within  the  interval 
(0,1),  this  distribution  function  assumes  the  ideal  form: 

F(x)  = x 0<x<l 

F(x)  = 1 l<x<» 


This  KS  test  involves  the  generation  of  such  a distribution 
from  the  number  generator  under  investigation,  and  comparing 
this  distribution  with  the  ideal. 

This  test  is  accomplished  by  acquiring  a large  sequence 
of  numbers  from  the  generator  (U^.'  ^2'  ^3'  •••' 
developing  the  distribution  function  where 


F„(x)  = 


Quantity  in  sequence  < x 


(4.7) 


Thereafter,  F^(x)  - F(x)  establishes  the  deviation  of  this 
sequence  from  an  ideal  type  of  random  distribution.  Specif- 
ically, a maximum  value  is  established  for  both  positive  and 
negative  deviations  of  F^(x)  from  the  ideal: 


= /n  Max{F  (x)-F(x)}  where  -oo<x<» 

""  (4.8) 

K~  = v'n  Max{F(x)-F  (x)  } where  -oo<x<<jo 
n n 

As  in  the  Chi-Square  test,  statistical  tables  have  been 

developed  to  establish  the  level  of  significance  for  and  K_ . 

■ n n 

The  five  previously  mentioned  tests  are  now  described. 
Each  test  is  applied  to  a sequence: 
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of  real  numbers,  supposedly  uniformly  distributed,  where  0<U^<1. 

a.  The  Equidistribution  (Frequency)  Test 

This  test  determines  if  the  numbers  of  a sequence  are 
uniformly  distributed  on  the  interval  of  definition.  There  are 
two  ways  to  perform  this  test,  one  employing  the  Chi-Square 
test,  the  other  the  KS  test. 

For  the  Chi-Square  test  we  generate  from  the  sequence  <U^> 
a new  sequence  where 


<Y  > = 
n 


■1' 


(4.9) 


and  where  d,  a constant,  is  selected  from  other  con- 

siderations. Thereafter,  a frequency  distribution  is  generated 
from  the  sequence  for  an  interval  division  r where  0<r<d. 

Next,  the  Chi-Square  test  is  applied  to  this  distribution 
assuming  K = d and  the  probability  p^  = 1/d  for  each  category. 

This  testing  technique  was  applied  to  two  different 
sequences  of  numbers  from  the  Harwell  Generator: 


Number  Sequence 
1-1000 
3821-4821 


Value  of  (4-6) 

V = 75.88 

V = 68.93 


From  the  Chi-Square  tables,  the  probability  of  exceeding 

V = 75.58  is  about  25%  whereas  the  probability  of  exceeding 

V = 68.93  is  about  35%. 

A similar  evaluation  was  conducted  using  the  Kolmogorcv- 
Smirnov  (KS)  test.  This  is  accomplished  by  generating  a dis- 
tribution for  Eq.  (4.7)  and  thereafter  determining  the  mag- 
nitudes of  k"*”  and  K in  Eq.  (4.8).  This  test  was  made  for 
n n 

three  sequences  of  numbers  from  the  Harwell  generator: 


L 


F 


T 


1 
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Probability 

Number  Sequence Max exceeding 


0-1000 

k" 

n 

= 

0.6261 

29% 

k" 

n 

= 

0.2566 

78% 

1001-2000 

< 

= 

0.6893 

39% 

k" 

n 

= 

0.356 

78% 

1191-2911 

n 

= 

0.8197 

25% 

k“ 

= 

1.074 

12% 

of 


Although  evaluating  a random  sequence  is  subjective,  at 
best,  it  is  suggested  that  the  Harwell  generator  properties 
are  adequate  to  assure  that  its  frequency  distribution  is 
satisfactorily  uniform  [7]. 


b.  Gap  Test 

This  test  is  used  to  examine  the  length  of  "gaps"  between 
occurrences  of  specific  numbers.  We  want  to  establish  the 
lengths  of  consecutive  sequences  of  numbers  from  the  output  of 
this  generator,  Uj^_2'  •••'  ^j+r'  which  Uj+j.  lies 

within  the  range  a<Uj^^<6  but  the  others  do  not.  This  sub- 
sequence represents  a gap  of  length  r. 

This  test  is  performed  by  setting  up  an  output  "bucket" 
for  the  random  number  generator  of  size  B-ot,  and  evaluating  the 
lengths  of  gaps  in  the  output  distribution.  Thereby,  we  can 
tabulate  the  number  of  gaps  n of  lengths  0,  1,  2,  ...,  t-1, 
and  the  number  of  gaps  >t.  Thereafter,  the  Chi-Square  test  is 
applied  to  this  distribution  of  gap  lengths,  with  suitable 
probabilities : 

Pq  = P»  = p(l-p),  P2  = p(l-p)^  ... 

Pt-i  p(l-p)^“^,  p^  = (1-p)^ 

where  p = 2-a,  the  probability  that  a U will  fall  v/ithin  the 
.i.interval  (:i,  3)  . 
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This  gap  test  was  applied  to  the  Harwell  generator  for 
different  sequences  of  numbers.  For  all  sequences,  evaluations 
were  made  for  gaps  (3-'r)  "above  the  mean,"  (.5,1),  and  "below 
r he  mean,"  ( 0 , . 5 ) : 

Probability 

Nu.mxier  Sequence (S-ct) Value  of  (4-6)  of  Exceedina 


1-1901 

Above 

mean 

3 . 068 

69% 

Below 

mean 

5.468 

38% 

1911-3820 

Above 

mean 

7.86 

19% 

Below 

mean 

5.104 

42% 

1-3600 

Above 

mean 

3.432 

75% 

Below 

mean 

4.168 

63% 

It  is  suggested  [7]  that  these  Chi-Square  probabilities  are 
indicative  of  a satisfactory  generator. 


c . Permutation  Test 

In  this  test,  a sequenoe  of  numbers  from  the  Harwell 
generator  <U>  is  tested  to  assure  that  it  does  not  contain 
ordered  subsequences.  For  example,  if  we  divide  the  sequence 
into  n subsequences  of  3 numbers,  there  are  2!  possible  com- 
binations for  these  numbers.  Because  each  combination  has 
the  probability  1/3!  we  can  apply  the  Chi-Square  test  to 
determine  whether  the  different  orderings  are  uniformly  dis- 
tributed. 

This  permutation  test  was  applied  to  the  Harwell  genera- 
tor wirh  the  following  results: 

Probability 

Number  Sequence Value  of  (4.6) of  Exceeding 

1-1500  7.384  22% 

1501-3000  6.016  32% 

4501-6000  1.648  38% 

1-3600  20.907  59% 

Again,  it  .nas  been  suggested  [7]  that  this  number  generator  is 
adequate  for  our  needs. 
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d.  Maximum  of  t Test 

In  this  test  we  generate  sequences  of  numbers  from  the 
generator 


V. 

3 


= max { U 


tj'  ^t(j+l)  ' ^’t(j+2) 


^t(j+t-l) ^ 


and  apply  the  Kolmogorov-Smirnov  test  to  the  resulting  sequence 
Vo»  V^,  V2  ...  with  the  distribution  function  F(x)  = x^. 

In  this  test,  we  must  show  that  the  distribution  function  for 
Vj  is  F(x)  = x^.  This  test  is  based  upon  the  fact  that  the 
probability  of  .Max(U^,  U2 , ••.  U^)  < x is  the  probability 

that  < X and  U2  < x . . . , and  this  is  the  product  of  each 
individual  probability  — x.x.x  = x^. 

This  test  was  performed  for  several  different  sequences 
of  numbers  from  the  Harwell  generator: 


Probability  of 

Number  Sequence Max Exceeding 


1-1500 

n 

= 

1.103 

11% 

^n 

= 

0.278 

84% 

1911-3410 

n 

= 

0.9110 

21% 

^n 

= 

0.3853 

74% 

1-3500 

0.8154 

26% 

n 

k‘ 

n 

= 

0.3399 

79% 

As  berore,  it  is  suggested  [7]  the  resulting  probability, 
indicate  satisfactory  randomness  in  the  number  generator. 

e . Serial  Correlation  Test 

The  intent  of  this  test  is  to  evaluate  the  degree  of 
correlation  at  the  output  of  this  generator  between  two 
sequential  numbers,  (U- , L%.,).  This  correlation  test  is 
performed  by  calculating  the  following  correlation  coefficients: 


1 
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c = 


n(UoUi  ^ U^U2 


+ U ■ -U  1 + u -U  ) 
n-2  n-1  n-1  o 


(U  +U, +. 
o l 


n(U^  + + ...  + ,)  - (L’  + U,  + .. 

o i n-i  o 1 


(4.10) 


This  coefficient  always  lies  between  -1  and  +1.  When  c is 
zero  (or  very  small)  it  indicates  U ^ are  relatively 
independent  of  each  other.  When  the  correlation  is  near  ±1  it 
represents  a complete  linear  dependence. 

A good  value  of  c is  conjectured  to  be  between  tn  - 2c  and 
tn  + 2c  [3]  where 


•_n  = - 


(n-1) 


-n  - ^ n (n-3) 

n-1  n+1 


(4.11) 


It  has  been  found  that  when  a normal  distribution  is  assumed  for 
Eq.  (4.10),  these  are  the  values  for  Eq.  (4.11). 

Applying  this  test  to  the  Harwell  number  generator,  we 
obtain  the  followi.na  results: 


dumber  Sequence 


Values  of  (4.11) 


1-1000 

1911-3820 


c = -0.0573 
c = -0.0120 


For  adequate  lack  of  serial  correlation,  the  first  run  (1-1000) 
should  lie  between  (c  = -0.0642)  and  (c  = 0.0622),  and  the 
second  run  (1911-3820)  should  lie  between  (c  = -0.0463)  and 
(c  = 0.0452).  Clearly,  this  test  indicates  little  serial 
correlation  at  the  output  cf  this  number  generator. 

Wone  of  the  above  tests  disqualify  the  Harwell  random,  num- 
ber generator,  but  i.n  .no  v/ay  does  this  imply  that  the  numbers 
from,  this  generator  are  truly  random.  Instead  it  is  inferred 
from  these  results  t.hat  the  generator  produces  a suf f icie.ntly 
ra.ndcm  sequence  of  numbers  which  are  adequate  for  t.he  purposes 
of  this  study. 
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4 . 0 Analysis 

Figure  4.1  shows  the  manner  in  which  this  mathematical 
model  is  used  for  resistance  calculations.  A mean  value  is 
selected  for  each  individual  process  parameter  and,  in  addi- 
tion, a variability  is  assigned  to  these  parameters.  There- 
after, the  number  generator  produces  sets  of  process  para- 
meters that  statistically  approximate  a practical  situation 
involving  a large  number  of  individual  diffusion  runs.  Each 
set  of  diffusion  parameters  is  introduced  into  the  appropriate 
model  for  sheet  resistance  [Eq.  4.4  or  Eg.  4.5]  and,  thereby, 
we  obtain  calculated  values  of  sheet  resistance  that  approx- 
imate those  obtained  from  large  volume  manufacturing. 

It  is  emphasized  that  one  cannot  adequately  characterize 
the  impurity  atom  distribution  by  assigning  only  process 
parameters  to  the  variables  in  Eqs.  4.4  and  4.5.  Inpurity 
atom  diffusion  into  silicon  is  seldom  accurately  described  by 
the  classical  theory  of  thermal  diffusion.  For  this  reason, 
published  values  are  used  for  the  impurity  atom  diffusion  co- 
efficient, and  an  iterative  procedure  is  used  to  approximate 
the  total  diffusion  time  required  to  attain  a given  mean  junc- 
tion depth  Xj.  Thereafter,  the  influence  of  small  process 
changes  upon  this  junction  location  are  determined  by  the  rela- 
tion 

D = D^exp (-AH/RT) . (4.12) 


Throughout  this  study,  the  following  parameters  were  used 


to  approximate  a fabrication  process  for  which  experimental  data 


is  available, 


3.5x10^^ 

(atoms/cm^) 

±15% 

5.43x10^^ 

(atoms/cm^) 

= ±7% 

3630A 

«±7% 

1100°C 

±1.5°C 

llOO^C 

±1.5°C 

A sequence  of  calculations  was  first  underta)cen  to  determine  the 
relative  influence  of  these  parameters  upon  the  calculated  sheet 
resistance . 
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Fig.  4.1  Flowchart  of  cor.puter  crogran  for  sheet  resistance 
calculations . 
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For  the  predeposition  step. 

the  following 

represents  our 

calculated  results: 

Calculated 

Sheet  Resistance 

Variable 

mean  (fi/n) 

Std.  Deviation 

^o'S'^1 

89.31 

3.03 

89.4 

0.82 

^o 

89.3 

2.90 

Here  we  find  a sheet  resistance  standard  deviation  of  3.03 
assuming  all  process  parameters  change  simultaneously.  If, 
instead,  only  the  background  doping  (Cg)  and  temperature  (T^) 
are  permitted  to  vary  this  standard  deviation  is  reduced  to 
0.82,  -which  is  exceedingly  small.  Implied  by  this  series  of 
calculations  is  the  fact  that  in  a typical  fabrication  process, 
variations  of  impurity  atom  surface  concentration  (C^)  produce 
most  of  the  variation  observed  in  measured  sheet  resistance. 

Similar  calculations  were  performed  for  the  oxidation 
phase  of  this  two-step  diffusion  process.  First,  we  assume 
all  process  parameters  associated  with  the  predeposition  step 
are  subject  to  variation,  while  no  process  variation  is  attriout- 
able  to  the  oxidation  step;  these  assumptions  yield  a mean  sheet 
resistance  of  140.3  (H/o) / with  a standard  deviation  of  4.01. 

If,  instead,  we  assume  the  same  variabilities  in  the  predeposi- 
tion step  and,  in  addition,  varies  by  the  specified  magni- 

tude, this  standard  deviation  increases  to  4.3. 

A sequence  of  such  calculations  readily  establishes  that 
there  are  two  process  variables  producing  most  of  the  measured 
sheet  resistance  variations  observed  after  oxidation:  the  pre- 

deposition surface  concentration  (C^)  and  the  oxide  thickness 
(W  ) . This  particular  situation  provides  a means  whereby  we 
can  draw  from  measured  sheet  resistance  calculations  the  frequency 

distributions  of  both  C and  W 

o ox 

To  illustrate  this  procedure.  Fig.  4.2  shows  a comparison 
between  the  measured  and  calculated  sheet  resistance  after  pre- 
deposition. This  measured  frequency  distribution  is  based  upon 
several  thousand  measurements,  whereas  the  calculated  distribution 
is  based  upon  a statistical  sample  of  one  thousand. 
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Sheet  Resistance  (12/ □) 
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As  previously  stated,  our  calculations  indicate  that  in 
this  particular  diffusion  process  the  variation  of  measured 
sheet  resistance  is  attributable  primarily  to  variations  of 
impurity  atom  surface  concentration.  For  this  reason,  the 
available  experimental  sheet  resistance  measurements,  in 
conjunction  with  our  calculated  results,  can  be  used  to  infer 
the  experimental  distribution  of  surface  concentration . This 
is  accomplished  by  adjusting  in  this  mathematical  model  the 
frequency  distribution  to  yield  calculated  sheet  resistances 
that  arc  in  substantial  agreement  with  experiment.  Using  this 
procedure.  Fig.  4.2  presents  a direct  comparison  between  the 
calculated  and  measured  sheet  resistance  frequency  distributions 
after  such  an  adjustment.  Further,  Fig.  4.3  presents  the 
frequency  distribution  implied  by  this  calculation  to  exist 
within  the  particular  diffusion  process  under  consideration. 

It  has  been  shown  that  in  the  absence  of  oxidation,  the 
impurity  atom  surface  concentration  after  "drive-in"  is  directly 
related  to  this  concentration  after  predeposition  in  [3].  Thus, 
Cq  variabilities  associated  with  predeposition  will  influence 
the  sheet  resistance  produced  by  all  subsequent  processing 
steps.  It  is  presumed  that, for  this  reason, our  calculations 
show  the  variations, associated  with  impurity  atom  predeposi- 
tion contribute  significantly  to  the  standard  deviation  of  sheet 
resistance  after  oxidation. 

Computational  experiments  also  indicate  that, in  a two-step 
diffusion,  oxide  thickness  has  an  important  influence  upon  the 
final  distribution  of  sheet  resistance.  Thus,  with  knowledge  of 
the  distribution  (see  Fig.  4.3)  this  model  can  be  used  to 
infer  the  distribution  of  oxide  thickness.  Figure  4.4  shows  the 
frequency  distribution  of  measured  sheet  resistance  from  this 
diffusion  process  and,  in  addition,  the  calculated  distribution. 
This  particular  calculation  was  accomplished  by  assuming  in  our 
model  (Eq.  4.3)  the  distribution  inferred  from  previous  cal- 
culations (Fig.  4.3)  and  also  adjusting  the  W distribution  to 

ox 

attain  satisfactory  agreement  with  experiment.  Thereby,  from 
this  final  calculation  we  infer  the  frequency  distribution  of 
oxide  thickness  produced  by  this  particular  diffusion  process. 
Fig.  4.5. 
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Summary  and  Conclusions 

A computer  program  has  been  developed  simulating  a two 
step  diffusion  of  impurity  atoms  into  silicon.  Random 
process  variations  are  introduced  by  a random  number  genera- 
tor which  has  been  tested  and  found  to  be  statistically 
suitable.  Results  of  a sensitivity  analysis  suggest  that 
two  parameters,  and  dominate  the  diffusion  process. 

Finally,  a simple  method  is  used  to  infer  the  variability 

in  C and  W from  experimentally  measured  sheet  resistance 
o ox 

distributions . 
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Chapter  V 

Equivalent  Circuit  Studies 
Professor  F.  A.  Lindholm; 

Graduate  Student,  J.  I.  Arreola 

The  transient  computer  simulation  of  large-signal  MOSFET 
circuits  can  disagree  sharply  with  observed  behavior.  Hence  the 
equivalent-circuit  models  used  to  represent  MOS  transistors  in 
network  form  deserve  scrutiny  for  possible  inadequacies.  In  the 
present  effort,  we  are  examining  three  defects  of  present-day 
models  in  the  representation  of  the  internal  device  physics, 
seeking  to  set  down  a basis  for  removing  these  defects. 

We  identify  the  three  defects  in  present-day  models  as  follows: 

(a)  inadequate  representation  of  the  MOSFET  as  a four-terminal 
device; 

(b)  inadequate  inclusion  of  the  effects  of  the  two-dimensional 
(and  three-dimensional)  configuration  of  flux  lines  present, 
particularly  in  short-channel  structures;  and 

(c)  inadequacy  of  the  quasi-static  approximation,  which  under- 
lies all  models  in  common  use  for  computer  circuit  simula- 
tion. 

In  relation  to  the  defect  labeled  (c)  above,  we  have  developed 
a test  for  the  self-consistent  validity  of  the  quasi-static  approxi- 
mation that  is  easily  implemented  in  circuit-analysis  programs. 

A description  of  this  work  appeared  in  Chapter  III  of  the  Interim 
Report  for  the  period  — 1 July  1975  to  31  December  1975. 

In  relation  to  defects  (a)  and  (b) , we  have  developed  a 
methodology  yielding  network  representations  that  include  elements 
to  account  for  four-terminal  behavior  and  for  multi-dimensional 
effects  during  transients.  Because  of  basic  asymmetries  in  the 
device  structure,  "capacitive"  currents  associated  with  the  accu- 
mulation of  mobile  carriers  within  the  MOSFET  require  in  the  net- 
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work  representation  circuit  elements  in  addition  to  capacitors. 

By  applying  the  methodology  to  a particular  physical  model  of  the 
MOSFET,  we  have  shown  that  appreciable  errors  can  potentially 
result  from  use  of  an  all-capacitor  model.  This  work  is  described 
in  this  final  report. 

The  presentation  that  follows  begins  in  Section  I with  the 
methodology.  The  approach  described  in  Section  I yields  equiva- 
lent-circuit models  for  the  large-signal  transient  response  of  all 
electronic  devices  described  by  charge  control.  Its  relation  to 
the  indefinite  admittance  matrix  of  circuit  theory  offers  advan- 
tages in  the  modeling  of  devices  having  more  than  three  terminals. 
In  Sections  II  and  III  these  advantages  are  demonstrated  for  the 
four-terminal  MOSFET. 

I.  A NONLINEAR  INDEFINITE  ADMITTANCE  MATRIX  FOR  MODELING  ELEC- 
TRONIC DEVICES 

This  section  describes  a new  approach  for  developing  equiva- 
lent-circuit models  of  electronic  devices.  The  models  developed 
by  this  approach  represent  the  large-signal,  hence  nonlinear, 
response  to  transient  excitation.  The  approach  applies  to  all 
devices  whose  operation  is  described  by  the  principles  of  charge 
control  [1-3] , including  therefore  field-effect  transistors  of 
various  kinds,  bipolar  transistors,  and  certain  electron  tubes. 

The  models  yielded  by  the  approach  are  compact,  composed  of 
few  circuit  elements.  As  a result  of  their  compactness,  the  models 
are  meant  to  be  useful  in  the  computer-aided  analysis  of  electronic 

[1]  E.  O.  Johnson  and  A.  Rose,  "Simple  General  Analysis  of  Ampli- 
fier Devices  with  Emitter,  Control,  and  Collector  Functions," 
Proc.  IRE,  Vol.  47,  pp.  407-418,  March  1959. 

[2]  R.  D.  Middlebrook,  "A  Modern  Approach  to  Semiconductor  and 
Vacuum  Device  Theory,"  iee  Proc.,  Vol.  106B,  suppl.  17, 
pp.  887-902,  March  1960. 

[3]  P.  E.  Gray,  D.  DeWitt,  A.  R.  Boothroyd,  and  J.  F.  Gibbons, 
Physical  Electronics  and  Circuit  Models  of  Transistors , 

Wiley,  New  York,  1964. 
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circuits.  This  intended  use  contrasts  with  that  intended  for 
equivalent-circuit  models  [4]  containing  many  circuit  elements, 
which  pertain  chiefly  to  detailed  studies  of  the  physics  underlying 
electronic  device  behavior. 

The  approach  to  be  described  applies  independently  of  the 
number  of  device  terminals.  Indeed,  the  greater  is  that  number, 
the  more  the  power  of  the  approach  is  disclosed.  The  approach 
applies  also  independently  of  multi-dimensional  spatial  dependence 
that  may  be  present  in  the  boundary-value  problem  describing  the 
device.  This  generality  is  needed,  for  example,  in  modeling  the 
MOS  field-effect  transistor  (MOSFET) , because  the  substrate  terminal 
constitutes  a fourth  terminal  through  which  sizable  transient  cur- 
rents flow  in  some  circuit  applications,  and  because  short-channel 
devices  give  rise  to  multi-dimensional  effects. 

Models  of  four-terminal  devices  [5,6]  and  models  that  include 
multi-dimensional  effects  [7]  have  beei  ^posed  earlier.  But  this 
previous  work  has  not  focussed  on  lay  own  systematic  procedures 

for  developing  models,  which  is  the  aim  the  present  section. 

Systematic  procedures  exist  for  modeling  the  linear  response 
of  multi-terminal  circuits  subjected  to  small-signal  excitation. 
These  procedures  are  linked  to  the  indefinite  admittance  matrix 
(i.a.m.),  which  vie  first  shall  review  and  then  exploit  to  model 
the  nonlinear  response  of  multi-terminal  electronic  devices  to 
large-signal  excitation. 


[4]  C.  T.  Sah,  "Equivalent  Circuit  Models  in  Semiconductor  Trans- 
port for  Thermal,  Optical,  Auger- Impact , and  Tunneling  Recom- 
bination-Generation-Trapping Processes,"  Phys.  Stat.  Sol.  (a), 
Vol.  7,  pp.  541-559,  1971. 

[5]  F.  A.  Lindholm  and  P.  R.  Gray,  "Large-Signal  and  Small-Signal 
Models  for  Arbitrarily-Doped  Four-Terminal  Field-Effect 
Transistors,"  zees  Trans.  Elec.  Dev.,  Vol.  ED-13,  pp.  819-829, 
December  1966. 

[6]  R.S.C.  Cobbold,  Theory  and  Applications  of  Field-Effect  Tran- 
sistors, Chapter  8,  Wiley-Interscience , New  York,  1970. 

[7]  H.  C.  Poon,  L.  D.  Yau,  R.  L.  Johnson,  and  P.  Beecham,  "D.C. 
Model  for  Short-Channel  IGFET's,"  1973  iedm  Digest,  p.  156, 
1973;  L,  D.  Yau,  "A  Simple  Theory  to  Predict  the  Threshold 
Voltage  of  Short  Channel  IGFET's,"  Solid-State  Electron., 

Vol.  17,  p.  1059,  1974;  Y.  A.  El-Mansy  and  A.  R.  Boothroyd, 

"A  Simple  Two-Dimensional  Saturation  Model  for  Short  Channel 
IGFETs  for  CAD  Applications,"  1974  iedm  Digest,  p,  35,  1974. 
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I • 1 indefinite  Admittance  Matrix 

Consider  a lumped  electrical  network  which  has  n terminals. 

Let  an  additional  external  node  be  the  common  reference.  From  the 
standpoint  of  its  behavior  at  the  terminals,  the  network,  if 
linear,  may  be  described  by  a set  of  equations  as  follows: 

i = Z Y • (5.1) 

The  required  linearity  is  assured  for  any  network  operating  under 
small-signal  conditions.  The  matrix  elements  of  y. 

^jk  " = 0,  (5.2) 

where  ^ and  V correspond  to  the  current  and  voltage  at  the  termi- 
nals. 

The  matrix  y <iefined  in  (6,1)  and  (6.2)  is  called  the  indefi- 
nite admittance  matrix  [8,9],  and  its  elements  satisfy  the  following 
property  imposed  by  Kirchhoff's  laws: 

pjk  * I ''jk  * “ ■ 

that  is,  the  elements  in  any  row  or  any  column  sum  to  zero. 

As  will  be  seen,  our  development  of  large-signal  models  for 
electronic  devices  will  make  use  of  two  special  cases  of  the  i.a.m. 
In  the  first  case,  the  matrix  y is  symmetric  and  has  one  of  the 
following  forms: 

Z " S'  Z ~ ^ Z “ £ ■ (5.4) 

Here  a,  b,  and  c are  real  symmetric  matrices,  and  each  matrix 
element  corresponds  to  a single  lumped  resistor  or  capacitor  or 
inductor  connected  between  each  pair  of  the  n terminals . In  the 
second  case,  the  matrix  y is  nonsymmetric  but  is  the  sum  of  two 
indefinite  admittance  matrices;  a symmetric  matrix,  like  (5.4), 
a.nd  a residual  nonsymmetric  matrix,  each  element  of  which  corre- 
sponds to  a controlled  current  source  placed  between  each  pair  of 

[8]  J.  Shekel,  "Matrix  Analysis  of  Multi-Terminal  Transducers," 
Proc.  rP.E,  Vol.  £2,  pp.  840-847,  May  1954. 

[9]  L.  A.  Zadeh,  "Multipole  Analysis  of  Active  Networks,"  IRE 
Trans,  on  Circuit  Theory,  Vol.  CT-4 , pp . 97-105,  September 
1957. 


terminals.  In  this  second  case,  then,  the  circuit  representation 
of  the  i.a.m.  results  from  connecting  the  network  corresponding 
to  the  symmetric  matrix  in  parallel  with  that  corresponding  to  the 
nonsymmetric  matrix.  In  general,  summing  of  indefinite  admittance 
matrices  corresponds  to  connecting  their  circuit  representations  in 
parallel. 


I . 2 Extension  for  Nonlinear  Electronic  Devices 

Consider  an  electronic  device  having  n terminals.  The  modeling 
begins  by  specifying  the  physical  mechanisms  relevant  to  the  opera- 
tion of  the  device.  For  many  devices,  only  three  such  mechanisms, 
at  most,  are  relevant:  the  transport  of  charged  carriers  between 

terminals;  the  net  recombination  of  charged  carriers  within  the 
device;  the  accumulation  of  these  carriers  within  the  device. 

Thus,  the  current  i flowing  at  any  terminal  J is  the  sum  of  three 

U 

components:  a transport  current  (i  ) , a recombination  current 

J 1 

(iT.)„,  and  a charging  current  (i^.)^.  That  is, 

J K J L. 

^ ^^J^T  ^ ' (5.5) 


We  now  characterize  these  components. 

The  transport  mechanism  consists  of  the  injection  of  a charged 
carrier  in  one  terminal,  followed  by  its  transport  across  the  device 
until  it  reaches  any  of  the  other  terminals,  where  it  recombines  at 
a surface  with  a carrier  of  opposite  charge.  The  recombination 
mechanism  differs  from  the  transport  mechanism  only  in  that  the 
carriers  recombine  within  the  bulk  of  the  device  instead  of  at  the 
terminals.  Therefore,  both  mechanisms  can  be  characterized  by  the 
same  form: 


^^JK^T,R 


Here  i „ represents  the  current  due  to  the  charged  carriers  injec- 
J I\ 

ted  from  terminal  J,  which  recombine,  at  a surface  or  in  the  bulk, 


with  opposite-charged  carriers  injected  from  terminal  K.  From  this 


characterization  it  follows  that 
properties : 


^^JK^T,R 


satisfies 


the 


following 
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^JK  ”^KJ' 


^JJ  = ° 


(5.7) 


These  properties  allow  transport  and  net  recombination  to  be  repre- 
sented by  controlled  current  sources  connected  between  pairs  of 
terminals.  The  value  of  the  current  source  between  terminals  J 

and  K is  i,„. 

J 

The  last  mechanism  to  be  considered  is  the  accumulation  of 
mobile  carriers  within  the  device,  which  requires  the  charging 
current, 


dt 


(5.8) 


As  Fig.  5.1  illustrates,  dq^.  is  the:  part  of  the  total  charge  accu- 
mulated within  the  device  in  time  dt  that  is  supplied  from  terminal 
J.  The  charge  accumulation  expressed  in  (^>.8)  is  a mechanism  basic 
to  any  electronic  device  that  operates  by  charge  control  [1-3 J . 

Now,  using  (5.6)  and  (5.8),  we  may  rewrite  (5.5)  as 


= I 

KfiJ 


^^JK^T,R 


dt 


(5.9) 


Although  (5.9)  is  valid,  it  does  not  correspond  to  a convenient 
network.  To  get  a convenient  network  representation,  we  apply  one 
additional  constraint  which  costs  small  loss  in  generality  in  that 
it  holds  for  all  charge-control  devices  [1-3] . We  apply  the  con- 
straint that  the  overall  device  under  study  is  charge  neutral.  Or, 
more  exactly  and  less  demanding,  we  assume  the  device  accumulates 
no  net  overall  charge  as  time  passes.  This  constraint  of  overall 
charge  neutrality  requires  a communication  of  the  flux  lines  amongst 
the  terminals  to  occur  that  maintains  charge  neutrality  by  coulomb 
forces  and  by  drift  and  diffusion  currents.  The  requisite  overall 
neutrality  may  result  either  from  neutrality  occurring  at  each 
macroscopic  point,  as  in  a transistor  base,  or  from  a balancing 
of  charges  that  are  separated,  as  on  the  gate  and  in  the  channel 
of  a MOSFET. 
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As  a result  of  overall  neutrality,  the  current  at  any  terminal 
J becomes  the  sum  of  the  currents  flowing  out  of  all  of  the  other 
terminals : 


= - I 

Kt^J 


(5.10) 


This  global  counterpart  of  the  Kirchhoff  current-node  law  implies 
for  the  charging  currents  of  (5.8)  that 


<"j>c  ■ 


- I 

K^J 


^Vc 


(5.11) 


which  means  that  a charging  current  entering  one  terminal  flows, 
in  its  entirity,  out  of  all  of  the  other  terminals.  Hence,  as  is 
true  also  for  the  transport  and  recombination  mechanisms,  charge 
accumulation  can  be  represented  by  a controlled  current  source 
connected  between  each  pair  of  terminals. 

For  a model  to  be  useful  in  circuit  analysis  requires  that  the 
elements  of  the  model  all  be  specified  as  functions  of  the  terminal 
currents  and  voltages.  To  do  this,  we  now  make  use  of  the  princi- 
ples of  charge  control  11-3]  and  of  the  closely  allied  quasi-static 
approximation  [5,6,10].  For  the  transport  and  recombination 
mechanisms,  charge  control  gives  directly 


^^JK^T,R  ' (5.12) 

Here  q^^  is  the  charge  of  the  carriers  that  contribute  to  the  cur- 
rent flowing  between  terminals  J and  K.  The  recombination  time 
tjj^  is  the  time  constant  associated  with  that  current;  a transit 
time  if  the  mechanism  being  described  is  transport,  a lifetime  if 
it  is  recombination.  Then,  to  produce  the  desired  functional 
dependence,  a quasi- static  approximation  [5,6,10]  is  used  that 

specifies  each  (i_„)_  „ as  a function  of  the  instantaneous  voltages 

J i\  r / K 

at  the  device  terminals. 


[10]  F.  A.  Lindholm,  "Unified  Modeling  of  Field-Effect  Devices," 
IEEE  Journal  of  Solid-State  Circuits,  Vol.  SC-6,  August 
1971. 


193 


This  characterization  of  (i  , combined  with  the  properties 

expressed  in  (5.7)  can  be  manipulated  to  describe  transport  and 
recombination  by  a matrix  like  a in  (5.4).  The  matrix  is  symmetric, 
and,  as  one  can  verify,  it  satisfies  the  key  properties,  given  in 
(5.3),  that  belong  to  the  indefinite  admittance  matrix. 

Similar  procedures  are  applied  to  model  charge  accumulation. 

To  the  charging  current  defined  in  (5.8)  a quasi-static  approxi- 
mation is  applied  [5,6,10],  specifying  the  functional  dependence 
of  on  the  terminal  voltages  and  enabling  thereby  the  employment 
of  the  chain  rule  of  differentiation.  The  resulting  characteriza- 
tion of  (i,),^  describes  charge  accumulation  by  a matrix  that  has 
the  form  of  b in  (5.4),  a matrix  whose  elements  are 


'JK 


3q. 

^ 

3v 


K 


dv^  = 0, 


(5  .13) 


b also  satisfies  the  key  properties  of  the  indefinite 
-ance  matrix  that  are  given  in  (5.3).  For  a general  n-terminal 
exectronic  device,  this  matrix  describing  charge  accumulation  is 
nonsymmetric , and  is  therefore  the  sum  of  a symmetric  and  a residual 
nonsymmetric  part.  The  symmetric  part  corresponds  to  an  all-capaci- 
tor network;  the  network  representation  of  the  residual  nonsymmetric 
matrix  consists  of  controlled  current  sources. 


I . 3 Conclusions 

From  the  properties  of  the  i.a.m.  it  follows  that  the  three- 
branch  circuit  of  Fig.  5.2  serves  as  a building  block  for  model 
generation.  Connecting  a circuit  of  this  form  between  each  termi- 
nal pair  yields  the  general  network  representation  for  an  n-termi- 
nal electronic  device.  For  any  particular  device  of  interest, 
certain  of  the  circuit  elements  may  vanish.  In  a MOSFET,  for 
instance,  no  transport  or  recombination  currents  flow  to  the  gate, 
and  the  corresponding  circuit  elements  will  be  absent. 

Any  equivalent-circuit  model  generated  by  this  approach  can  be 
regarded  in  two  ways:  either  as  a product  of  the  building  block 
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of  Fig.  5.2  or  as  a circuit  described  by  a matrix  which  obeys  the 
key  properties  of  the  i.a.m.  Description  by  the  i.a.m.  treats  all 
terminals  equally  in  that  none  is  singled  out  as  the  reference 
node;  the  advantages  of  this  show  up  plainly  in  the  modeling  of  a 
four-terminal  device,  such  as  the  MOSFET  [11] . 

From  Fig.  5.2  notice  that  the  mobile  charge  accumulation  within 
a general  n-terminal  electronic  device  is  not  represented  by  the 
flow  of  displacement  currents  in  an  all-capacitor  model.  The 
residual  nonsymmetric  matrix,  and  the  corresponding  transcapacitance 
current  source  of  Fig.  5.2  provides  the  needed  correction.  This 
correction  has  practical  engineering  consequences  in  certain  MOSFET 
circuits  [11] , though  a discussion  of  that  lies  beyond  the  intent 
of  the  present  section. 

To  use  the  approach  set  forth  here  in  modeling  any  particular 
device  requires  that  the  static  dependence  on  the  terminal  voltages 
be  specified  for  the  currents  and  charges  defined  in  (5.12)  and 
(5.13).  This  requires  that  a physical  model  for  the  device  be 
chosen  to  describe  the  dc  steady  state.  For  the  MOSFET  this  has 
been  done.  The  corresponding  equivalent-circuit  model  is  derived 
in  the  following  sections. 

II . Special  Considerations  for  the  MOSFET 

The  previous  section  gives  a lumped  network  representation 
of  all  electronic  devices  obeying  the  principles  of  charge  control 
whose  large-signal  transient  behavior  depends  on  three  physical 
mechanisms:  mobile-charge  transport,  net  recombination  within  the 

device,  and  mobile-charge  accumulation.  The  result  is  the  equiva- 
lent circuit  of  Fig.  5.2,  which  applies  between  any  pair  of  termi- 
nals and  is  the  basic  building  block  from  which  an  equivalent  cir- 
cuit is  constructed  for  the  overall  n-terminal  device.  The  currents 
representing  transport  and  net  recombination  flow  in  the  current 

[11]  W.  Shockley,  "A  Unipolar  ' Field-Effect ' trensistor , " Proc.  IRE, 

Vol.  40,  pp . 1365-1376,  November  1952. 
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source  ijj^.  The  charging  current  representing  mobile-charge 
accumulation  flow  through  the  capacitor 


oq 


K 


'JK 


aV  . 


(5  .14) 


and  through  the  controlled  current  source  characterized  by 

3q, 


JK 


3v 


K 


3v, 


(5  .15) 


To  develop  an  equivalent-circuit  model  for  any  charge-control 
device,  therefore,  one  needs  only  to  describe  the  circuit  elements 
o-  (5.14)  and  (5.15)  by  compact  analytical  expressions  consistent 
with  the  physics  underlying  the  device  behavior.  In  Section  III 
we  do  this  for  a particular  model  of  the  f our-termi,'al  MOSFET. 

To  provide  the  baclcground  for  this  modeling,  however,  it  is  instruc- 
tive to  consider  first  in  general  terms  the  physical  mechanisms 
underlying  the  transport  and  the  charging  currents  in  a MOSFET. 

Consider  the  intrinsic  portion  of  the  enhancement-mode  MOSFET 
shown  in  Figure  5,3.  Let  terminals  1 and  2 represent  the  intrinsic 
source  and  drain  contacts.  Let  terminals  3 and  4 represent  the 
contacts  of  the  gate  and  t.he  substrate.  If  the  gate  and  substrate 
voltages  are  controlled  to  induce  a conduction  channel  between  the 
source  and  drain  regions,  it  is  common  to  adopt  the  following 
approximation:  neglect  net  recombination/generation  in  both  the 

inversion  and  depletion  regions,  and  neglect  leakage  currents  in 
the  insulator.  These  approximations,  together  with  others  in 
common  use  that  will  be  specified  in  Section  III,  will  lead  to  the 
functional  dependencies  of  the  circuit  elements  in  the  model. 
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II . 1 Transport  Current 

Because  net  recombination  within  the  device  is  neglected  and 
the  transport  of  mobile  charge  is  assumed  to  occur  only  between 
the  source  and  drain  terminals,  the  only  transport  element  existing 
in  the  network  representation  is  iiz.  This  current  source  represents 
the  total  current  flowing  in  the  conduction  channel.  The  main 
approximation  needed  to  specify  its  functional  dependence  on  the 
device  make-up  and  the  terminal  voltages  is  a quasi-static  approxi- 
mation [5,6,10]  that  is  commonly  used  in  charge  control  analysis. 

The  functional  dependence  of  ii2  will  be  given  in  Section  III. 


II . 2 Charging  Currents 

Consider  first  the  charging  currents  flowing  into  the  gate  and 
substrate.  Because  we  assume  no  transport  mechanisms  influence 
these  currents,  their  only  function  is  charging,  that  is,  they  cause 
the  accumulation  of  mobile  charge  within  the  device  in  accordance 
with. 


dq3 

(^^’c  ■ = dt 

dt 

S .16) 

dq4 

(i^^c  = ^B  = -dt 

= ^ 
dt 

• 

(5.17) 

Thus  dq3  is  the  incremental  change  in  the  total  charge  accumulated 
at  the  metal  of  the  gate,  and  dq4  is  the  incremental  change  in  the 
total  charge  accumulated  in  the  substrate  region. 

JIow  consider  the  induced  conduction  channel,  which,  for  con- 

Here,  a charge  q^^  is 


creteness,  we  assume  is  an  electron  channel, 
induced  by  the  charge  accumulated  in  the  gate  and  substrate  regions. 

This  induced 

c 

flowing  at  the  source  and  drain  terminals.  Hence, 


Overall  charge  neutrality  requires:  q.^  = -(qa  + q4). 

charge  has  to  be  supplied  by  the  charging  currents  and 


dqi  dqz 

(ii)„  + (iz)^  = — rr-  + 


dc 

*N 


(5.18) 


c ' c dt  dt  dt 

Here  the  charge  dqi  is  the  part  of  the  total  induced  charge  in  the 
conduction  that  flows  in  at  the  source;  dq2  is  the  part  that  flows 
in  at  the  drain. 
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For  the  network  representation,  we  require  to  know  what  part 
of  dq^  is  supplied  by  dqi  and  what  part  by  dq2.  In  other  words, 
we  need  to  account  for  the  apporrionment  of  the  charge  between  the 
source  and  drain  terminals.  This  important  requirement  has 
apparently  been  overlooked  by  previous  workers. 

The  correct  apportionment  of  the  charge  for  the  MOSFET  channel 
must  take  account  that  the  apportionment  depends  on  the  terminal 
voltages.  Consider  two  limiting  cases.  First  consider  the  device 
operating  with  an  inversion  channel  but  with  no  current  flow 
(Vj^g=0)  . T.hen  the  distribution  at  the  inversion  charge  is 
entirely  symmetric;  it  is  asiTiimetric  when  current  flows  because 
of  the  potential  drop  in  the  channel.  For  resulting 

symmetric  distribution  requires  that  both  charging  currents  contri- 
bute equally  to  <^qjj-  As  a secona  limiting  case,  consider  the  device 
operating  in  saturation  defined  in  Eq.  (5.40)].  Then 

practically  no  displacement  current  flows  between  the  channel 
termination  point  and  the  drain,  and  thus  dq.^  is  mainly  supplied 
by  dCi,  t.he  ti.me  integral  of  the  charging  current  flowing  at  the 
source . 


From  the  two  limiting  conditio.ns  just  considered,  the  drain 
and  source  charging  currents  can  be  expressed,  as  a first  approxi- 
mation, in  the  form.: 


dq  1 
“dt 

dqz 

dt 


da 

*N 

' dt 


= (1-X) 


da 

'N 

dt 


Here  X is  a function  that  has  the  following  properties 


S .19) 

(5.20) 


1 in  saturation 

^2  UwO 


(5.21) 


see  Eq . 6.40)] 
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A suitable  approximation  for  the  voltage  dependence  of  \ for 
intermediate  values  of  v^^^  is  considered  in  Section  III.  Previous 
works  [5,6]  have  assumed  implicitly  that  dc2  = 0,  which  is  unjusti- 
fied for  non-saturated  operation  (see  Eq.  5.20). 

II .  3 Network  Representation  of  the  Intrinsic  MCSFET 

In  this  section  we  have  described  two  important  considerations 
that  underlie  the  modeling  of  the  four- terminal  MOSFET: 

(a)  that  transport  current  occurs  only  between  the  drain  and 
the  source  (terminals  1 and  2) ; and 

(b)  that  the  charging  of  the  inversion  channel  with  mobile 
carriers  for  non-saturated  operation  is  apportioned 
between  the  source  and  the  drain  - that  is,  part  comes  by 
an  influx  of  electrons  from  the  source  and  part  by  an 
influx  from  the  drain. 

These  considerations,  joined  with  the  building  block  of  Fig.  5.4, 
lead  directly  to  the  form  of  the  equivalent-circuit  model  for 
the  intrinsic  MOSFET,  which  is  shown  in  Fig.  5.4. 

III.  FUNCTIONAL  DEPENDENCE  OF  CHARGE,  CURRENT,  AND  MODEL  CIRCUIT 
ELEMENTS 

The  modeling  procedures  and  considerations  of  Section  I apply, 
in  principle,  to  many  kinds  of  electronic  devices.  Their  applica- 
tion in  Section  II  to  the  intrinsic  four-terminal  MOSFET  lead  to 
the  form  of  the  equivalent  circuit  model  shown  in  Fig.  5.4,  for  the 
transient  response  of  the  MOSFET.  It  remains  now  to  determine  the 
functional  dependencies  of  each  capacitor,  transcapacitor,  and  con- 
trolled source  in  that  model.  Upon  the  complexity  of  these  func- 
tional dependencies  depends  whether  the  circuit  model  will  be  simple 
enough  for  use  in  circuit-analyses  programs.  The  purpose  of  this 
section  is  to  develop  these  functional  dependencies  for  a specific 
physical  model  of  static  MOSFET  behavior. 
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The  physical  model  we  choose  to  illustrate  the  modeling  proced- 
ures and  to  examine  the  suitability  of  the  resulting  circuit  model 
is  based  on  approximations  that  have  been  used  widely  in  the  past. 

The  physical  model  restricts  attention  to  the  intrinsic  MOSFET. 

It  assumes  that  two  mechanisms,  transport  and  accumulation  of  charge 
within  the  device,  dominate  in  determining  its  behavior.  Other 
mechanisms,  such  as  net  recombination  in  the  inversion  channel  and 
net  generation  in  the  depletion  region  of  the  substrate,  are  neglected. 
Current  in  the  channel  is  assumed  to  arise  mainly  from  the  drift  of 
carriers.  The  Shockley  gradual  case  [11]  is  assumed.  The  voltage 
dependence  of  the  depletion  charge  is  included. 

The  modeling  principles  described  in  the  preceding  sections 
can  be  applied  to  static  physical  models  of  the  MOSFET  other  than 
the  one  whose  main  elements  we  have  just  outlined.  This  particular 
physical  model  has  been  chosen  for  illustration  because  it  is  widely 
familiar  and  because  experimental  evidence  attests  that  it  provides 
a first-order  description  of  the  static  behavior  in  strong  inver- 
sion of  all  but  short-channel  devices.  By  application  of  the 
modeling  procedures  developed  here  to  this  physical  model,  the 
static  characterization  will  be  converted  into  an  equivalent- 
circuit  description  of  the  transient  response. 

Previous  equivalent  circuits  for  the  MOSFET  transient  response 
suffer  two  major  shortcomings.  First,  they  failed  to  account  for 
the  non-reciprocity  in  circuit  representation  required  in  properly 
characterizing  the  charging  currents  that  flow  during  transients 
in  a four-terminal  MOSFET.  This  non-reciprocity  manifests  itself 
in  the  circuit  of  Fig.  5.4  by  the  presence  of  the  transcapacitors 
djj^.  Second,  the  complexity  of  the  most  complete  of  the  previous 
circuit  models  for  the  four-terminal  behavior  [5,6]  diminishes  its 
utility  in  computer-aided  circuit  analysis.  The  complexity  results 
from  the  characterizations  used  for  the  inversion  and  depletion 
charges  and  the  channel  current  under  static  (dc)  conditions.  As 
we  have  noted  before,  the  development  of  suitable  descriptions  for 
the  static  charges  and  current  is  a key  to  the  modeling  of  the 
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transient  response*  A main  element  underlying  all  compact  equiva- 
lent circuits  for  the  transient  response  is  the  quasi-static  approxi 
mation,  in  which  the  dynamic  response  is  viewed  as  a succession  of 
steady-state  responses. 

Thus,  in  what  follows,  we  consider  first  the  development  of  a 
better  static  characterization  than  has  previously  been  available. 

III.l  New  Expressions  for  the  Inversion  and  Depletion  Charges 

The  main  elements  of  the  physical  model  we  will  use  have  been 
noted  above.  It  is  a four-terminal  model  that  includes  the  volt- 
age dependence  of  the  depletion  charge  Q_  in  the  bulk.  This 
dependence  was  first  included  by  Sah  and  Pao  [12]  and  then  extended 
by  Cobbold  [13]  to  the  four-terminal  MOSFET. 

In  Cobbold 's  derivation,  for  strong  inversion  in  the  channel, 
the  principal  charge  components  per  unit  area  in  the  intrinsic 
portion  are  written  in  teirms  of  the  physical  make-up  of  the  device 
and  the  voltages  at  its  terminals  as  follows:  for  the  gate  charge 

Qg  (coulombs/cm^ ) , 

- *MS  - 

for  the  substrate  charge  Qj^  (coulombs/cm“ ) , 

Ob  - -kc^(v(y)  - V33  * ^ 

The  expression  for  the  induced  charge  in  the  channel  follows  from 
the  condition  of  overall  charge  neutrality  joined  with  the  one- 
dimensional approximation  imbedded  in  the  Shockley  gradual  case  [11] 

On  ■ -<0g  + Ob  * . (5.24) 

In  these  expressions  is  the  oxide  capacitance  per  unit  area, 

({!  is  the  metal  to  semiconductor  work  function  difference,  Q 

S S 

is  the  oxide  charge  expressed  as  an  effective  interface  charge, 

[12]  C.  T.  Sah  and  H.  C.  Pao,  "The  Effects  of  Fixed  Bulk  Charge  on 
the  Characteristics  of  Metal-Oxide  Semiconductor  Transistors," 
IEEE  Trans.  Electron  Devices , Vol.  ED-13,  pp.  393-409, 

April  1966. 

[13]  R.S.C.  Cobbold,  "M.O.S.  Transistor  as  a 4-Terminal  Device," 

ZEE  Electronic  Letters , Vol.  2,  No.  6,  June  1966. 


(5.22) 

(5.23) 


204 


and  k = (2qN^  ^ ^ ^ constant  that  depends  in  the 

ionized  doping  concentration  N^,  the  dielectric  permittivities  of 
the  oxide  and  the  semiconductor,  and  the  oxide  thickness.  The 
potential  V(y)  is  the  voltage  at  the  surface  of  the  channel  measured 
at  a distance  y from  the  intrinsic  source  terminal. 

The  handling  of  the  expressions  in  the  derivation  that  follows 
is  simplified  by  defining  the  following  potentials: 


^GS 


^MS  ■ ^ 


ss 


(5  .25) 


BS 


= V 


BS 


- 2$, 


(5.26) 


All  quantities  appearing  in  the  right-hand  sides  of  these  defini- 
tions, except  for  V_„  and  V_„,  are  assumed  to  be  constant  inde- 

OO  DO 

pendent  of  the  voltages. 

The  use  of  the  previous  definitions  simplifies  the  expres- 
sions for  the  charges; 


Ugs  - 


-k(V(y) 


1/2 


BS' 


(5.27) 


Bn 

C 

o 


The  total  charges  in  the  channel  and  the  bulk  depletion  regions 
are  found  by  integration.  As  is  done  by  Sah  and  Pao  [12]  and  by 
Cobbold  [6] , the  integration  is  accomplished  by  transforming  the 
variable  of  integration  into  y the  potential  V(y).  This  involves 
using  the  relation  between  the  drain  current  and  the  channel 
charge  Q^.  Since  only 
be  written  as 

Bd 

L 


drift  flow  is  assumed,  this  relation  can 


= -K 


Bn  ^ 

Co  dy 


(5  .28) 
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with 


where  y is  an  effective  (average)  mobility  and  L is  the  effective 
channel  length.  Both  u and  L depend  on  the  applied  bias  conditions 
Various  dependencies  have  been  proposed  by  several  authors  [14} , 
however,  for  the  purposes  of  this  derivation  we  will  assume  u and  L 
to  be  constant. 

The  procedure  just  indicated  yields  for  the  total  charges: 


(5.29) 


Here  C^*  - LZC^  is  the  total  oxide  capacitance. 

The  condition  of  overall  charge  neutrality  allows  rewriting 

(5.29)  as 

K 

^ ^ (A  + B + 2D) 

o ■‘•D 


^ (A  + D) 
D 


(5.30) 


Qn  V 

^ ^ (B  + D) 

o -^D 


[14]  R.  H.  Crawford,  MOSFEt  in  circuit  Design,  McGraw-Hill,  New  York 
1967;  W.  E.  Armstrong,  "Effective  Surface  Mobility  Theory, 

M.S.  Thesis,  Arizona  State  Univ. , Tempe , June  1971. 
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where  we  are  using  the  following  definitions: 


A 


B 


dV 


D 


C 

o 


dV 


(5  .31) 


Substituting  expressions  (5.27)  into  (5.31)  and  evaluating 
the  integrals,  we  obtain; 


A 

B 


3 


2 

-F  <''ds  - “bs> 


(5.32) 


D = - I3  )c 


3/2 


(5U 


GS 


2Ubs  - 


Expressions  for  the  partial  derivatives  of  the  total  charge 
components  are  evaluated  by  applying  chain-rule  differentiation 


to  (5.30)  . 

1 

This 

_ 

yields , 

- —(A  +B 

+ 2D, 

) _ 1 °N 
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(5.33) 
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where 


A = 3A. 
J 3V, 


R - 


D = ^ 
J 3V. 


(5.34) 


'J  “ “’J  - 

In  writing  (5.33)  and  (5.34),  we  have  used  a condensed  notation  in 

which  Vj  with  J = S,D,G,B  represents  successively  the  source,  drain, 

gate,  and  substrate  voltages.  The  partial  derivatives  in  (5.33) 

give  expressions  pertaining  to  the  capacitors  and  transcapacitors 

of  the  circuit  model  of  Fig.  5.4. 

Substituting  (5.32)  into  (5.33),  and  evaluating  the  partial 

derivatives  we  obtain 

" ~^GS 

^G  = - V^g) 


Ab  = 0 

^ ^BS 


(5.35) 


- ^BS^ 

Bg  = 0 
®B  = 


°S  = ^ '-Gs(-Ss) 
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“g  - -f  " <<''ds-“bs''''"  - ‘-"bs'"''' 


'>B  - i I'  !<''dS-“bs/^"  <’“gs-2“bS-''dS> 
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III. 2 Merit  of  the  Expressions 

The  quantities  A,  B,  D and  A_,  B , D_,  are  continuously 

J *J  J 

repeated  in  the  expression.  Hence  the  equations  for  the  twelve 
storage  elements  indicated  in  (5.33)  are  reduced  to  simple  multi- 
plications and  additions  of  these  quantities.  This  is  convenient 
for  use  in  computer-aided  circuit  analysis.  The  result  is  a cir- 
cuit representation  of  the  charging  current  during  transients  which 
is  both  simpler  and  more  accurate  than  that  of  representations 
proposed  previously. 


III. 3 Drain  Current 

To  complete  the  model  we  need  expressions  for  the  current 
flowing  in  the  inversion  channel.  The  drain  current  is  found  by 
integrating  both  sides  in  equation  (5.28)  and  the  result  is 


I 


D 


(5.36) 


Evaluation  of  the  integral  yields 

2 


K 


1 “gs''ds 


V 


DS 


(5.37) 


By  the  quasi-static  approximation,  this  expression  gives  the 
controlled  source  i^2  the  model  of  Fig.  5.4.  In  terms  of  the 
quantities  defined  in  (5,35),  Eq,  (5.37)  can  be  simplified  as 
follows : 

Iq  = K (-|  + C^)  . (5.38) 

For  use  in  (5.33),  we  note  that  the  evaluation  of  the  partial 
derivatives  of  the  drain  current  is  straightforward,  and  the 
result  is 
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-k[Ugs  - M-u 


1/2, 


BS' 


K [U 


GS 
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DS 


- k(V 


DS 


-u 


KV 


DS 


(5.39) 


^ ^D  1/2 

^ = K k[(V^3-U^3)  - (-U33) 

15 


1/2, 


These  partial  derivatives  also  have  meaning  in  a circuit  model  for 
small-signal  excitation. 


I I I . 4 Saturation 

All  the  e.xpressions  just  derived  apply  under  non-saturation 
conditions.  To  extend  these  expressions  so  that  they  hold  for 
saturated  conditions  requires  only  the  substituting  for  V of 
its  value  Vj^33  at  saturation, 
reaches  a maximum: 


This  is  the  voltage  at  which  I 


V = u + — ’1  = 
^DSS  GS  2 / 


[1  + 


;4  <"gs-"bs>/''"  ■ 


Since  is  no  longer  an  independent  variable,  note  that  all  the 

partial  derivatives  with  respect  to  are  equal  to  zero. 


III. 5 Charge  Apportionment 

As  was  discussed  in  Section  II,  the  evaluation  of  the  equiva- 
lent-circuit elements  indicated  in  Fig.  5.4  requires  not  only 
knowledge  of  the  current,  the  charges  and  the  charge  derivatives. 

It  requires  also  knowledge  of  how  the  charging  currents  are  appor- 
tioned among  the  four  terminals  to  change  the  charges  in  the  inver- 
sion and  bulk-depletion  regions.  The  function  X,  a charge-appor- 
tionment  function,  characterizes  this  apportioning.  To  complete 
the  modeling,  a suitable  approximation  must  be  found  for  the  func- 
tional dependence  of  on  the  voltages  at  the  terminals.  Here  we 
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use  an  approximation  which,  although  first-order,  offers  an  improve- 
ment over  the  approximation  implicitly  used  in  the  past.  We  will 
assume  that  A is  a linearly  increasing  function  of  V in  the  non- 
saturated  region.  When  = 0,  A = 1/2,  which  represents  equal 

charging  of  the  inversion  charge  by  the  source  and  the  drain. 

In  saturation,  A=l,  which  represents  that  all  charging  of  comes 
from  current  at  the  drain.  Thus: 


I when  = 0 

^ ^ in  non-saturation  (5.41) 

i ^DSS 

^ 1 in  saturation  (Vj5g>VjjSg) 


Past  works  [5,6]  have  implicitly  assumed  \=1.  Plots  of  the  circuit 
elements  calculated  from  combining  this  approximation  with  the 
expressions  shown  in  Fig.  5.4  are  given  in  Fig.  5.5  and  each  is 
defined  in  Table  5.1. 


III. 6 Illustrative  Circuit  Example 

To  illustrate  the  practical  importance  of  the  new  model 

developed  here,  consider  the  MOS  circuit  of  Fig.  5.6,  which  employs 

a substrate  bias  of  volts.  In  this  figure  are  shown  qualita- 

cb 

tive  sketches  of  the  waveforms  of  the  output  and  input  voltages 
and  of  certain  other  voltages  of  interest.  The  new  model  developed 
here  makes  several  contributions , as  follows,  to  the  analysis  of 
this  circuit  that  appear  to  have  practical  significance. 

For  MOS  transistor  T2 , the  new  model  provides  an  expression 
for  the  capacitance  between  the  drain  and  the  substrate  which 

apparently  was  not  available  before  in  a form  convenient  for 
computer-aided  circuit  analysis.  Thus  the  new  model  provides  for 
an  accurate  calculation  of  the  transient  current  flowing  between 
the  drain  and  the  substrate  of  T2 . This  current  flows  through  the 
substrate  power  supply  and  in  a large  circuit  could  influence  the 
current-handling  capability  of  this  power  supply. 
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Figure  5 . 5 (b) . 
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A,  3,  C are  defined  in  the  text. 


Table  5.1.  Functional  dependence  of  each  circuit  element  in  the 
model  for  the  intrinsic  MOSFET. 


igure  5.6. 


In  a similar  way,  for  MOS  transistor  Ti  the  model  provides 
new  and  convenient  expressions  for  C14  and  C2 4 that  enable  an 
accurate  calculation  of  components  of  the  current  through  the  sub- 
strate power  supply.  These  currents  have  the  engineering  importance 
described  directly  above.  For  calculating  the  rise  times  and  other 
related  behavior  while  the  gate  voltage  is  changing  rapidly 
(v^2  large),  the  transcapacitors  dj 3 and  d2 3 need  to  be  included. 

An  examination  of  the  dependencies  of  the  capacitors  and  trans- 
capacitors in  Fig.  5.5  shows  that  neglect  of  the  transcapacitors 
can  introduce  errors  of  about  25%  in  the  calculation  of  the 
charging  currents  to  the  gate.  This  emphasizes  for  this  particular 
example  the  inaccuracies  in  calculation  that  could  result  from 
neglect  in  the  MOSFET  network  representation  of  the  circuit  elements 
required  by  the  non-reciprocity  of  the  device. 
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CHAPTER  VI 

A Two-Dimensional  Model  for  MOSFET  Operation 
A.  D.  Sutherland 


1 . 0 Introduction 

The  one-dimensional  model  of  the  MOSFET  described  in 
Chapter  I could  not  have  been  developed  v/ithout  a detailed 
understanding  of  the  two-dimensional  physical  processes  occurring 
in  this  semiconductor  device.  Those  mechanisms,  discussed  in 
detail  in  that  chapter,  were  studied  through  extensive  use  of  a 
two-dimensional  computer  model  of  the  MOSFET  developed  for  IBM 
by  M.  S.  Mock  [1-3].  This  useful  analytic  tool,  which  has  produced 
results  in  good  agreement  with  experiment  [4] , was  provided  to 
us  by  IBM  with  the  understanding  that  it  would  be  regarded  as 
their  proprietary  property. 

In  order  to  make  such  a two-dimensional  analytic  tool  avail- 
able to  government  laboratories  and  the  semiconductor  industry, 
we  have  undertaken  the  development  of  such  a computer  model  under 
this  contract.  It  is  our  intention  to  disseminate  this  computer 
program  to  those  desiring  it,  together  with  a complete  USER'S 
MANUAL  which  will  be  published  as  a separate  report. 

It  should  be  emphasized  that  the  proprietary  nature  of  the 
IBM  -program  has  been  scrupulously  observed  during  this  develop- 
ment. Some  of  the  algorithms  implemented  in  our  model  are  due  to 
Mock,  but  only  those  which  he  has  described  in  the  literature  [1-3] . 
No  attempt  has  been  made  to  copy  the  IBM  program.  We  have,  of 

course,  made  liberal  use  of  that  program  as  a means  of  providing 
numerical  checks  of  the  performance  of  our  model.  The  avail- 
ability of  that  program  for  this  purpose  is  gratefully  acknowledged. 


[1]  M.  S.  Mock,  Solid  State  Electronics,  601  (1973). 

[2]  D.  ?.  Kennedy,  Mathematical  Simulation  of  the  Effects  of 
Ionizing  Radiation  on  Semiconductors,  Scientific  Report  No. 
1,  AFCRL-71-0272  (1971). 

[3]  D.  P.  Kennedy,  Mathematical  Simulation  of  the  Effects  of 
Ionizing  Radiation  on  Semiconductors,  Final  Report,  AFCRL- 
72-0257  (1972). 

[4]  D.  P.  Kennedy,  Private  Communication. 
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2 . 0 Description  of  the  Model 

The  computer  model  treats  an  n-channel  enhancement  mode 
MOSFET  in  which  the  conducting  channel  is  formed  by  a gate-induced 
inversion  layer  just  below  the  interface  between  a uniformly  doped 
p-type  substrate  and  the  Si02  layer  (hereinafter  named  the  oxide) 
upon  which  the  gate  metallization  is  deposited.  The  inherent 
thinness  of  the  inversion  layer  justifies  the  assumptions  made 
that  the  net  electron-hole  recombination  rate  and  the  hole  current 
are  negligible  in  the  steady  state  operation  of  this  device. 

Details  are  given  in  the  following  subsections. 

2.01  Basic  Geometry 

Figure  6.1(a)  depicts  such  an  n-channel  device  in  which  the 
source  and  drain  consist  of  n^  islands  diffused  into  the  p-sub- 
strate.  The  thinness  of  the  gate-induced  inversion  layer  of  mobile 
electrons  formed  just  below  the  oxide-silicon  interface  ma)ces 
possible  the  adoption  of  the  simplified  rectangular  geometry  of 
Figure  6.1(b),  wherein  the  vertical  metallurgical  p-n  junctions 
(assumed  to  be  abrupt  transitions  between  p and  n^  regions)  are 
located  at  the  left  and  right  borders  of  the  rectangular  region 
treated.  Large  gradients  in  electric  potential  and,  consequently, 
in  the  electron  and  hole  densities  are  expected  in  the  immediate 
vicinity  of  those  junctions,  requiring  a rather  dense  array  of 
the  geometric  points  at  which  those  variables  are  calculated  with 
the  finite-difference  equations  employed.  The  same  is  true  in 
the  region  just  below  the  oxide-silicon  interface  where  the  in- 
version layer  forms.  On  the  other  hand,  the  density  of  such 
points  in  regions  remote  from  those  surfaces  can  be  relatively 
sparse.  By  placing  the  source  and  drain  junctions  at  the  borders 
of  the  rectangular  region  treated,  such  a graded  lattice  of  points 
is  readily  defined.  Figure  6.2  illustrates  the  graded  lattice 
employed  by  the  model  with  a 41  (horizontal)  by  25  (vertical) 
array  overlayed  on  the  rectangle.  The  prescription  adopted  for 
generating  this  graded  lattice  is  precisely  that  suggested  by 
Mock  [1] . 


SOURCE 


OXIDES 


DRAIN 


p- SUBSTRATE 


^ CHANNEL  LENGTH 

^CHANNEL 


ia)  Cross-secticr.  of  an  n-channel  MOSFET. 

(b)  Sectancrular  region  mcdeied.  The  abrupt  nietallur 
junctions  between  source-substrate  and  drain- 
subsrrate  are  regarded  as  planar  and  at  the 
lett  and  right  borders  of  the  reaion  ncdeled. 


GRADED  LATTICE 


OXIDE 


SOURCE 


CHARGE- NEUTRAL  REGION 


DRAIN 


Figure  6.  2 Graded  Lattice  of  points  used  in  the  finite- 

difference  equations  dealt  with  in  the  computer 
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2.02  Dimensionless  Variables 

For  computational  purposes,  the  adoption  of  dimensionless 
(normalized)  variables  at  the  outset  results  in  two  benefits: 

(1)  unnecessary  multiplications  by  redundant  constants  such  as 
q,  kT/q,  n , etc.  can  be  precluded,  and  (2)  numerical 
scaling  causing  most  variables  to  lie  within  reasonable  numer- 
ical ranges  can  be  achieved. 

Understanding  that  such  dimensionless  variables  will  be 
utilized  in  all  of  which  follows  (with  few  exceptions  which  will  be 
clearly  flagged),  we  shall  designate  physical  variables  (i.e., 
those  which  possess  dimensions)  in  this  subsection  by  means  of 
primed  symbols,  using  corresponding  unprimed  symbols  for  their 
dimensionless  counterparts.  This  convention  provides  the  ad- 
vantage of  utilizing  conventional  symbols  such  as  J for  current 
density,  n and  p for  electron  and  hole  densities,  for  electric 
potential,  etc.  even  though  those  variables  are  normalized. 

In  this  vein,  the  dimensionless  variables  employed  in  our  model 
are  defined  in  Table  I. 

2.03  Basic  Equations 

Having  adopted  the  assumptions  of  negligible  hole  current 
and  electron-hole  recombination,  the  dimensionless  equations 
describing  the  physical  mechanisms  within  this  semiconductor 
device  are: 


v^'J; 

= + n - p , 

(6.01) 

n = 

exp  (^i;-'4)^)  , 

(6.02) 

P = 

exp(({)  -i);)  , 

(6.03) 

j = 

-’jnV(i)  , 

n 

(6.04) 

0 = 

(6. 05) 

7*  J 

= 0 . 

(6.06) 

Equation  (6.01)  is  Poisson's  equation  for  the  electric  potential 
i' , (6.02)  and  (6.03)  express  the  use  of  Boltzmann  statistics 


. 
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TABLE  I — DEFINITION  OF  DIMENSIONLESS  VARIABLES 

(<g  is  the  relative  permittivity  of  silicon) 


Define : 


fK-^e^(k'T'/q' 


q'n| 


Intrinsic  Debye  length 
of  silicon 


Then  Let: 


Low  field  electron  mobility 


= {k'T'/q')4^  1 

(J,^  = (k'T'/q' • 
= (k'T'/q')4>p 


Electric  potential,  and 
electron  and  hole  quasi- 
Fermi  potentials 


"i^D 

"l^A 


Donor,  acceptor,  electron, 
and  hole  number  densities 


X'  = 

y’  = L’y 


, Cartesian  coordinates 


(k  ' T'  /q ' ) ■ '5'  "I  _ 

J'  = TT — |j  , Electron  current  density 


r (k'T'/q'  )<  e ' "I 

Qgg  = jT — *2gg  ’ Surface  charge  density 

L D J 


U-  = U'U 


, Electron  mobility 
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for  the  electron  and  hole  number  densities  n and  p (i.e.,  non- 
degenerate doping  of  the  p-substrate  is  implied),  (6.04)  relates 
the  electron  current  density  vector  J to  the  electron  quasi- 
Fermi  potential  number  density  n in  the  usual  manner  [5], 

(6.05)  enforces  zero  hole  current  density,  while  (6.06)  assures 
conservation  of  charge  under  the  assumed  condition  of  zero  net 
recombination  of  electron-hole  pairs. 

The  above  equations  apply  only  in  the  rectangular  p-substrate 
region.  The  conditions  in  the  oxide  are  described  by: 

= 0 , (6.07) 

and  n = p = J e 0,  with  appropriate  boundary  conditions  to  match 
the  tangential  and  normal  electric  fields  at  the  oxide-silicon 
interface . 

The  divergence-free  flow  of  electron  current  expressed  by 

(6.06)  can  be  enforced  by  introducing  a stream  function  9 (x,y) , 
as  did  Mock,  such  that  the  x and  y components  of  J are  given  by: 


J..  = J 


'o  oy 


J . = -J 


ii 

o 3x  ' 


(6.08) 

(6.09) 


thereby  assuring  that  7*J  = 0.  Here,  is  a scalar  constant 
whose  determination  will  be  discussed  later.  We  next  seek  the 
differential  equation  which  must  be  satisfied  by  this  stream 
function . 

Solving  (6.02)  for  the  electron  quasi-Fermi  potential 
and  substituting  the  result  into  (6.04),  we  obtain: 


J = te'^V  (ne"'^)  . (6.10) 

Identifying  the  x and  y components  of  (6.10)  with  the  correspoding 
expressions  in  (6.08)  and  (6.09),  we  have: 


J 


o 


ay 


■je' 


±_ 

3 X 


(ne 


(6.11) 


[5]  S.  M.  Sze,  Physics  of  Semiconductor  Devices,  p.  96,  VJiley, 
N.Y.  (1969). 
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T 99  _ 9 


(6.12) 


Divide  both  sides  of  these  intermediate  equations  by  ye'^,  then 
differentiate  the  first  partially  with  respect  to  y,  the  second 
partially  with  respect  to  x,  and  add  the  two,  obtaining: 


J_  i§.l 

3x  3x_ 


5y, 


0 . (6,13) 


Eq.  (6.13)  is  a second  order  differential  equation  in  9,  given 
u(x,y)  and  \p{x,y).  Given  its  solution,  the  electron  current 
density  vector  J is  then  known,  from  (6.08)  and  (6.09). 

The  manner  in  which  the  current  density  scale  factor  J 

o 

is  determined  is  best  deferred  until  after  a discussion  of  the 
boundary  conditions  which  must  be  satisfied  by  the  solutions  of 
these  basic  equations. 


2.04  Boundary  Conditions 

We  regard  the  left  and  right  borders  of  the  rectangular 

region  dealt  with  by  the  model  as  symmetry  planes  such  that  \p , 

0,  n,  p,  and  J are  even  functions  of  x,  while  J is  an  odd 
y X 

function.  Image  theory  then  requires  that  these  functions  all 
be  periodic  in  x,  the  periodicity  being  twice  the  channel  length 
•'^channel  Figure  6.1(b).  A consequence  of  this  implied 
periodicity  is  that  the  source  and  drain  islands  shown  dotted  in 
Figure  6.1(a)  are  "squeezed  out  of  the  picture,"  being  replaced 
by  infinitesimally  thin  source  and  drain  "contacts"  which  serve 
as  sources  or  sinks  for  current  and  electric  flux  lines.  The 
assignment  of  boundary  conditions  on  ip  and  n to  these  "contacts" 
bears  careful  scrutiny. 

2,04,1  Boundary  Conditions  on  ^ and  n — We  select  the  charge- 
neutral  source  island  as  the  zero  reference  for  electric  poten- 
tial, j = 0 (even  though  that  region  has  been  "squeezed  out  of 
the  picture"  in  the  model) , and  assume  that  the  contact  poten- 
tials of  all  metal-semiconductor  and  metal-oxide  contacts  are 
identical  and,  therefore,  can  be  ignored.  The  p-substrate,  in 
the  absence  of  any  external  bias  voltages,  assumes  the  normalized 
"built-in"  potential: 


225 


^EQ  = 


(6.14) 


which  is  also  assumed  by  the  gate.  If  the  substrate  and  gate 
are  then  biased  positively*  with  respect  to  the  source  at  poten- 
tials Vgyg  and  Vq,  respectively,  the  boundary  conditions  stipulated 
along  the  two  horizontal  borders  in  Figure  6.3(a)  are  obtained. 

Consider  next  the  source  and  drain  "contacts"  which,  as 
stated  above,  are  assumed  to  coincide  with  the  metallurgical 
junction  planes.  Letting  U be  the  normalized  potential  with 
zero  reference  redefined  (for  the  present  discussion)  to  be  that 
of  the  charge-neutral  p-region,  Kennedy  [6]  shows  rigorously  that 
the  potential  Uj  resulting  in  the  plane  of  the  metallurgical  junc- 
tion defining  an  abrupt  p-n  junction  is: 


”n,  -N  ~ 

1 

r 

D 

X 

A D 

1 - exD  (-U,p) 

N,+N,., 

N„+N^ 

_ A D_ 

_ A D_ 

L 

(6.15) 


where  is  the  total  potential  appearing  across  the  p-n  junction: 

Ut  = . (6.16) 

(Note  that  positive  in  (6.16)  results  in  a reverse- 

biased  junction,  consistent  with  Kennedy's  convention.) 


Consider  some  typical  numerical  values  in  (6.15)  and  (6.16) 

the 


With  n|  = 1.5x10^^  cm  ^ 


N'  = 10^^  cm~^,  n;  = 10^^  cm  ^ 
D A 


primes  flag  unnormalized  constants),  £n(Nj^N^)  assumes  the  numer- 
ical value  33.7,  and  the  exponential  term  in  (6.15)  is  entirely 
negligible  except  for  negative  values  of  (i.e.,  forward 

bias)  approaching  that  numerical  magnitude.  Furthermore,  since 
Nq  >>  N^,  (6.15)  simplifies  tremendously,  becoming: 

- 1 . 


(6.17) 

Since  the  drain  junction  is  always  operated  reverse-biased,  with 
Vq  > 0,  (6.17)  is  valid  at  the  drain  "contact." 


*Later  in  this  development,  we  tacitly  assure  that  V_,.„  will 

O Uo 


always  be  a negative  numeric. 


[6]  D.  P.  Kennedy,  IEEE  Trans.  Electron  Devices,  LD-22,  988  (1975). 
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Consider  the  source  "contact,"  which  does  become  forward- 

biased  due  to  band  bending  near  the  oxide-silicon  interface  as 

the  applied  gate  potential  V_  is  made  positive  with  respect  to 

the  source.  At  the  onset  of  strong  inversion,  the  total 

normalized  potential  drop  across  the  n^p  source  junction  rir-Ht 

at  the  oxide-silicon  interface  will  be  reduced  to  = 2.n(Nj^/N^), 

which  assumes  the  value  = 6.9,  using  the  same  numerical 

values  for  and  assumed  above.  Again,  che  exponential 

term  in  (6.15)  is  negligible.  We  conclude  that  (6.17)  is  still 

a valid  approximation  for  the  source  contact,  at  least  for  Nj^/N^ 

ratios  of  10^  or  higher.  The  approximation  begins  to  become 

2 

questionable  only  when  < 10  , but  at  the  source  "contact" 

only . 

Reverting  to  our  convention  of  selecting  the  charge-neutral 
source  island  for  zero  reference  potential,  we  conclude  from 
(6.17)  that  the  appropriate  boundary  conditions  on  at  the  source 
and  drain  "contacts"  are  ip  = -1,  and  - 1,  respectively, 

as  shown  in  Figure  6.3(a). 

The  remaining  boundary  conditions  on  ^ shown  in  that  figure 
assure  the  symmetry  assumed  at  the  left  and  right  borders  of  the 
region,  and  assure  proper  matching  of  the  solutions  of  (6.01)  and 
(6.07)  at  the  oxide-silicon  interface.  Note  that  the  condition 
imposed  upon  the  normal  derivatives  of  1'  at  that  interface  allows 
for  the  inclusion  of  surface  charge  Qggf  a feature  not  included 
by  Mock.  (The  condition  stated  in  the  figure  for  the  normal 
derivatives  assumes  an  unfamiliar  form  because  of  the  normalized 
variables  employed. ) 

The  numerical  method  later  to  be  described  for  determining 
the  electron  number  density  n(x,y)  requires  that  n be  specified 
along  the  borders  of  the  rectangular  region  only  at  the  source 
and  drain  "contacts."  The  fact  that  those  "contacts"  have 
potentials  one  normalized  unit  lower  than  those  of  the  corresponding 
charge-neutral  source  and  drain  islands  (where  n = N^^)  leads  to 
the  boundary  conditions  on  n depicted  in  Figure  6.3(c). 
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2.04.2  Boundary  Conditions  on  9 — Referring  to  (6.08)  and  (6.09), 

we  note  that  0 is  defined  only  in  terms  of  its  spatial  derivatives. 

This  means  that  its  magnitude  can  be  arbitrarily  bounded.  A 

convenient  choice  for  those  bounds  is  0 < 9 < 1,  with  0 specified 

to  be  zero  along  the  oxide-silicon  interface  as  in  Figure  6.3(b). 

Tacitly  assuming  that  the  substrate  (back-gate)  will  always  be 

biased  negatively  with  respect  to  the  source  (V„„„  < 0) , so  that 

no  back-gate  current  flows,  the  appropriate  boundary  conditions  on 

9 along  the  remaining  borders  in  the  figure  are  those  shown. 

3 9 

The  stipulation  •5—  = 0 along  the  source  and  drain  "contacts" 

o X 

assures  zero  tangential  current  at  those  "contacts,"  and  is 
consistent  with  the  implied  symmetry  conditions  discussed  earlier. 

Bounding  the  stream  function  between  zero  and  unity  has  a 
useful  consequence.  The  numerical  value  of  9(x,y)  at  any  arbitrary 
point  (x,y)  within  the  p-substrate  gives,  by  inspection,  the 
decimal  fraction  of  the  total  drain  current  crossing  a vertical 
plane  erected  between  the  point  (x,y)  and  the  point  (x,0)  at  the 
oxide-silicon  interface.  This  interpretation  follows  immediately 
from  (6.08) . 


2.05  Determination  of  the  Current  Scale  Factor 

The  constant  appearing  in  (6.08)  and  (6.09),  which  relates 
the  current  density  vector  J to  the  stream  function  3,  is  obtained 
in  the  following  manner.  Eq.  (6.11)  gives: 


a 

3x 


(ne~'^) 


u-^e-^J  . 

o 3y 


(6.18) 


Integrating  with  respect  to  x along  a horizontal  line  (y  = constant) 
which  intersects  the  source  and  drain  "contacts,"  one  obtains: 


Solving  for  J^: 


' ^channel 
0 


-1  -\p 
\i  e ^ 


de 

dy 


dx  . 
(6.19) 


J = 
o 


-Np[l-e  °] 


channel 


-1^-’^  09 


^ dx 

5y 


(6.20) 


This  is  the  same  result  used  by  Moc}^  for  calculating  J^,  except 
for  the  factor  appearing  in  (6.20),  which  is  absent  in  Mock's 
result  ([1],  eq.  (10)).  The  reason  for  this  difference  is  seated 
in  the  fact  that  Mock  chose  to  set  the  electron  quasi-Fermi  poten- 
tial equal  to  zero  in  the  charge-neutral  source  region,  which 

makes  \p  = In(N^)  in  that  region,  whereas  we  have  chosen  to  set 
ij;  = 0 there.  Note  that  the  sign  of  changes  if  one  were  to 
perform  the  integration  from  x = 0 to  the  "image"  drain  contact 

at  X = -X  . Thus,  is  an  odd  function  of  x,  as  it  must 

channel  o 

be  in  order  to  satisfy  the  symmetry  conditions  on  and  Jy 
described  in  Section  2.04. 

3 . 0 Finite-Difference  Algorithms 

Figure  6.4  defines  the  indices  (I,J),  and  their  bounds, 
used  to  identify  each  lattice  point  involved  in  implementing 
finite-difference  algorithms  for  determining  , 6,  and  n. 

(The  figure  does  not  attempt  to  convey  the  graded  nature  of  the 
lattice  actually  used.)  As  shown,  two  "interlaced"  lattices  are 
employed.  The  first,  depicted  by  circles,  represents  the  set 
of  points  at  which  the  electrostatic  potential  i(;  and  the  cor- 
responding electron  and  hole  densities  n and  p are  numerically 
determined  while  the  second,  depicted  by  squares,  represents  the 
set  of  points  at  which  the  stream  function  0 is  evaluated. 

This  choice,  although  complicating  the  satisfaction  of  the 
boundary  conditions  on  0,  allows  the  use  of  simple  differencing 
between  adjacent  lattice  points  in  evaluating  90/3x  and  99/9y.* 
Mock  also  employed  such  an  interlaced  pair  of  lattices. 


*In  an  earlier  version  of  the  model,  the  author  chose  to  deal 
with  a single  lattice  of  points,  rather  than  the  interlaced 
lattices  presently  employed.  In  the  development  of  the  com- 
puter code  for  that  choice,  it  was  soon  discovered  that  the 
nonuniform  point  spacings  of  the  lattice  precluded  the  use  of 
simple  differencing  for  evaluating  derivatives.  It  was  found 
necessary  to  fit  parabolas  through  sets  of  three  adjacent 
points  in  a row  or  column  in  order  to  evaluate  the  partial 
derivatives  needed.  While  this  was  easily  accomplished  with 
a single  subroutine  for  that  purpose,  nonetheless  each  such 
operation  required  7 multiplications  and  7 additions  each  time 
the  subroutine  was  called.  This  imposed  an  unacceptable  cost 
in  computation  time,  and  the  approach  was  abandoned. 


230 


O SYMBOLIZES  A 

/ 

■ SYMBOLIZES  A 


\j/  LATTICE  POINT 
6 LATTICE  POINT 


Layout  of  the  interlaced  j and  9 lattices 
used  in  the  finite-difference  equations. 
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Note  that  the  oxide-silicon  interface  coincides  with  the 
upper  border,  J = JTHMAX,  of  the  9 lattice.  Although  not  shown 
in  Figure  6.4,  the  ip  lattice  extends  vertically  an  additional 
four  rows  (uniformly  spaced)  beyond  the  row  J = JMAX  + 1 shown, 
to  model  the  electrostatic  potential  within  the  oxide  region. 
Note,  also,  the  convention  adopted  for  the  indices  of  the  P 
lattice  with  respect  to  those  of  the  9 lattice.  (Given  the 
ordered  pair  (I,J),  the  point  of  the  9 lattice  so  identified 
is  "northeast"  of  the  corresponding  point  of  the  ip  lattice.) 


3.01  Finite-Difference  Algorithms  for  p 

Consider  the  five  point  "star"  of  points  in  the  ip  lattice 
shown  in  Figure  6.5.  The  dotted  rectangle  shown  in  that  figure, 
having  dimensions  Ax(I)  by  Ay(J),  is  bounded  at  its  four  corners 
by  the  corresponding  9 lattice  points  "NE,  NW,  SE  and  SVJ"  of 
the  central  point  P.  (We  shall  adopt  "points  of  the  compass" 
notation,  using  subscripts  in  the  difference  equations  to  follow, 
to  avoid  repeated  use  of  the  index  pairs  (I,J),  (I+1,J),  etc., 

which  are  used  in  their  FORTRAN  counterparts  in  the  computer 
program.)  The  lengths  Ax (I),  Ay(J),  abbreviated  AXp  and  Ayp  in 
the  difference  equations,  are  defined  to  be: 


Ax  = (AXg  + Ax^^)/2  , 1 
Ay  = (Ayj^  + Ayg)/2  . | 


(6.21) 


This  locates  the  0 lattice  points  always  midway  between  their 
neighboring  lattice  points. 

Applying  Gauss's  law  to  the  rectangular  region  surrounding 
the  point  (I,J)  in  Figure  6.5,  one  obtains: 


°p'^w  ^p’^p  ^p^w  + ^p’^N  " ^P  ' 


where : 


(6.22) 


4 
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Bp  = ' 

Dp  = AVp/Ax^  , 


Ep  = -(Bp+Dp+Fp+Hp)  , 

Fp  = Ayp/AXg  , 


Qr 


I 


AXp/AYj^  , 

[ (N.+n-p)dxdy  . . 

J - ^ 

BOX 


(6.23) 


With  a lattice  whose  dimensions  are  by  (JMAX+5)  , 

the  set  of  equations  represented  by  (6.22)  can  be  expressed  in 
the  matrix  form; 


[L]  • [’^]  = [Q]  , 


(6.24) 


where  [i^]  and  [Q]  are  rectangular  matrices  having  the  same 
dimensions  as  those  of  the  ’p  lattice,  while  [L]  is  a square 
matrix  of  dimensions  (IMAX) (JMAX+5)  by  (IMAX) (JMAX+5) . This 
matrix  is  sparse,  having  only  five  nonzero  symmetrically  posi- 
tioned diagonal  elements.  Stone's  iterative  matrix  factoriza- 
tion method  [7]  is  employed  in  our  model  to  solve  (6.24)  for 
the  array  'p , given  the  array  Q. 


3.01.1  Implementation  of  the  Boundary  Conditions  on  'p 

The  boundary  conditions  on  ip  depicted  in  Figure  6.3(a)  are 
enforced  by  appropriate  modifications  of  the  factors  Bp,  Dp,  Ep, 
Fp,  Hp,  and  Qp  in  (6.22)  at  those  \p  lattice  points  coinciding 
with  the  borders  of  the  rectangular  region  modeled.  These  are 
next  discussed. 

3.01.1(a)  Border  Segments  where  'b  is  Specified — For  p lattice 
points  at  which  is  fixed,  the  coefficients  Bp,  Dp,  Fp,  and  Hp 
are  set  to  zero,  while  Ep  is  set  to  unity.  Then  the  term  Qp  in 
(6.22)  is  set  equal  to  the  known  value  of  p at  the  point  in 
question.  In  accordance  with  (6.22),  this  forces  ;|ip  to  assume 
that  known  v’alue  at  such  border  points. 


[7]  H.  L.  Stone,  SIAM  Jour.  Numer.  Anal.,  5,  530  (1968). 
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3.01.1(b)  Border  Segments  along  Symmetry  Planes — The  boundary 
condition  d^/dx  = 0 is  enforced  at  the  symmetry  planes  in  the 
following  manner.  At  the  left  border,  the  coefficient  Dp  in 
(6.22)  is  set  to  zero,  while  Fp  is  doubled.  The  converse  is 
applied  at  the  right  border.  This  assures  the  required  symmetry 
of  at  those  border  segments. 


3.01.1(c)  The  Oxide-Silicon  Interface — Since  the  lattice  has 
no  points  coinciding  with  the  interface,  the  enforcement  of  the 
proper  boundary  conditions  on  there  is  somewhat  more  involved. 

We  develop  special  forms  of  the  finite-difference  equation  for 
tp,  which  apply  for  the  two  rows  of  the  ’p  lattice,  viz.  J = JflAX 
and  J = ( JMAX+1) , which  bracket  that  interface.  Figure  6.6 
shows  one  set  of  points  in  those  rows  of  the  p lattice,  and 
defines  spacings  and  An^j^  which  locate  the  interface. 

Through  an  appropriate  choice  of  the  ratio  ( An^^^/Arig^)  , we 
develop  an  expression  for  the  potential  at  the  interface, 

in  terms  of  the  known  potentials  \p  and  ip  ■ of  the  p lattice 
points  north  and  south  of  it,  such  that  the  required  dis- 
continuity in  dp/dy  is  automatically  satisfied.  Then,  an  applica- 
tion of  Gauss's  law  to  the  two  rectangular  regions  shown  cross- 
hatched  in  the  figure  leads  to  the  required  special  forms  of  the 
finite-difference  equation  in  p for  the  two  rows  in  question. 

The  boundary  condition  on  op/dy  at  the  interface  is: 


f K -1 

OX 

f 

Li  ^ ' 

1C  . J 
SI'' 

[9yJ 

(6.25) 


which  comes  from  applying  Gauss's  law  to  an  infinitesimally 

thin  gaussian  "pillbox"  bracketing  the  interface,  with  the  result 

expressed  in  terms  of  the  normalized  variables  employed  in  our 

model.  Here,  < and  < . are  the  relative  oermittivity  of  the 
ox  SI 

oxide  and  silicon  regions,  respectively,  while  Q is  the  sur- 

s s 

face  charge  density  (if  any)  residing  at  the  interface.  In  addi- 
tion to  this  condition,  we  have: 

^si  = ^ox  ^-^OX  ^ (|y)  . ^^si  ' 

-‘ox  -'si 


(6.26) 
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(Ml 

'^surf  ^ox 

l3y) 

ox 

^^ox 

fil' 

_ 

'^si  *^surf 

Uyj 

31 

*''si 

(6.27) 

(6.28) 


with  positive  y defined  to  be  vertically  downward  from  the  inter- 
face. These  four  equations  relate  five  unknowns — An  , An  ■ , 

^ ox  SI 


sur 


(3tp/3y)  Q^r  (9^/dy)  — which  means  that  the  ratio 


^'^'^ox^'^'^si^  specified  at  our  convenience. 

To  find  (and  discover  a convenient  choice  for 

An„„/An^^)/  substitute  (6.25)  for  (3ilj/3y)„^  and  (6.27)  for 


0>|j/3y)_„  into  (6.26),  obtaining: 

OX 


surf 


+ flox 


si  (An 


ox 


iL  + Q An  • 

^ox  '^ss  SI 


1 + 


ox 


si 


rAn 


SI 


An 


ox 


(6.29) 


Choosing: 


An 


ox 


< ^ 
ox' 


SI 


An  • , 

SI 


(6.30) 


we  obtain  the  simple  relationship: 


'I'  c = 
surf  I 


ip  + ip  . 

ox  S'" 


i ~ 


An 


+ Q 


SI 


ss 


Furthermore,  since  (An^^^  + ^"^si^  “ Ay(JMAX+l),  we  find: 
Angi  = Ay  (JMAX+D/U  + (<ox/^si^  ^ ' 


(6.31) 


(6.32) 


An 


ox 


Ay ( JMAX+1) 


(k 


ox 


/K 


(< 


OX 


si 

/< 


(6.33) 


The  result  of  the  above  procedure  is  that  the  potential  at 
the  interface,  'i^gy^£»  is  now  known  in  terms  of  the  potential  at 
its  north  and  south  i{/  lattice  neighbors,  with  the  simple 
relationship  expressed  by  (6.31)  resulting  from  locating  the 
interface  as  prescribed  by  (6.32)  and  (6.33).  These  three 
equations  assure  that  the  boundary  condition  on  (dip/dy)  at  the 
interface  is  automatically  satisfied. 
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Now  apply  Gauss's  law  to  the  rectangular  region  shown  in 
Figure  6.6  which  encompasses  the  ip  lattice  point  (I,JMAX)  just 
below  the  interface.  Again,  adopting  "points  of  the  compass" 
notation,  the  electrostatic  flux  entering  the  upper  surface  of 
that  rectangle  is  -AXp  /An  . Using  (6.31)  to  relate 

i'sur-=  ■'i'p'  resulting  finite-difference  equation 

still  assumes  the  form  given  by  (6.22).  However,  the  terms  Hp 
and  Qp  appearing  in  (6.23),  (and  only  those)  are  now  modified, 
becoming: 


AXp/2Angi  , 

I (N^+n-p)dxdy  - QggAXp/2 
BOX 


I (6.34) 


which  apply  for  any  tp  lattice  point  in  the  row  J = UMAX. 

An  identical  procedure,  applied  to  the  rectangular  region 
encompassing  the  point  (I,JMAX+1)  in  Figure  6.6  shows  the  terms 
Bp  and  Qp  to  be: 

(6.35) 


which  apply  for  any  ? lattice  point  in  the  row  J = JMAX+1. 

As  a check  of  these  results,  it  is  satisfying  to  find 

that  if  there  were  no  interface  (i.e.,  if  < H < . , and  Q = 0), 
ox  SI  ss 

then  (6.32)  and  (6.33)  result  in  An  • = A:^  = Ay  (JMAX+1) /2 , 

SI  ox 

so  that  both  (6.34)  and  (5.35)  reduce  to  the  corresponding  ex- 
pressions for  Bp,  Hp,  and  Qp  given  in  (6.23),  which  apply  for 
all  rows  of  the  ip  lattice  except  the  two  which  bracket  the 
oxide-silicon  interface. 

Mock  did  not  use  the  above  procedure  for  dealing  with  the 
interface.  Instead,  he  defined  a transformation  of  coordinate 
variable  y -*  z in  the  oxide  region,  chosen  so  that 
(j-p/3z)  = 0‘p/3y)  . at  the  interface,  even  though  0’>|)/9y)  is 

discontinuous  there.  (This  is  equivalent  to  defining  a modified 


= 


AXp/2An^^ 


= -f!sii 


l<  I ss 
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oxide  thickness.)  While  this  approach  possesses  the  advantage 
of  requiring  no  special  forms  of  the  finite-difference  equations 
at  the  interface,  it  precludes  the  inclusion  of  surface  charge 
Qgg  in  the  model.  Since  we  wish  to  include  such,  we  choose  not 
to  follow  Mock's  approach,  and  implement  the  above  described 
procedure  instead. 


3.01.2  Numerical  Algorithm  for  the  Charge  Term 

The  charge  term  Qp  in  (6.23)  represents  the  net  bulk  charge 
enclosed  by  the  rectangular  region  surrounding  each  ip  lattice 
point  P.  A simple  approximation  for  Qp  is  obtained  from  (6.23) 
by: 


Qp  = (N^+n-p) AXpAyp  , 


(6.36) 


which  assumes  that  n and  p can  be  regarded  as  constant  through- 
out the  rectangle  AXpAyp.  This  assumption  is  a poor  one, 
particularly  in  regions  within  the  inversion  layer,  and  adjacent 
to  the  source  and  drain  "contacts."  Examination  of  the 
numerical  results  obtained  with  the  IBM  program  reveals  that, 
in  spite  of  the  high  density  of  lattice  points  in  those  regions 
(see  Figure  6.2),  the  electron  number  density  can  change  by  an 
order  of  magnitude  between  neighboring  points  of  the  ip  lattice, 
particularly  under  conditions  of  strong  inversion,*  We  seek, 
therefore,  a better  numerical  algorithm  for  evaluating  Qp  in 
regions  where  (6.36)  is  inadequate. 

Semilogarithmic  plots  of  n(x,y)  versus  x and  y in  the 
regions  where  n is  found  to  vary  rapidly  reveal  that  its  func- 
tional variation  between  adjacent  lattice  points  is  well  re- 
presented by  fitting  an  exponential  function  to  the  known  values 
of  n at  those  points.  Since  exponential  functions  are  readily 
integrated  analytically,  this  proves  to  be  a convenient  choice 
for  accounting  for  the  variation  of  n in  such  regions,  to 
achieve  a better  estimate  for  Qp. 


*Similar  steep  gradients  in  the  hole  density  are  also  found,  but 
only  in  regions  where  p <<  N^.  Thus,  the  use  of  (6.36),  inso- 
far as  the  holes  are  concerned,  causes  negligible  errors. 
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Figure  6.7  shows  a y'  lattice  point  P and  its  four  nearest 
neighbors.  The  figure  defines  a cartesian  coordinate  system 
(5,n)  whose  origin  coincides  with  P.  VJe  subdivide  the  rectan- 
gular region  centered  on  P into  four  quadrants,  in  each  of 
which  n(C,n)  is  approximated  by  a function  of  the  form; 


n(5,n)  = n_e  ^e 


aC„6n 


The  constants  a and  S appearing  in  (6.37)  are  then  evaluated 
by  equating  n(C,n)  to  the  known  values  n^,  n^,  n^^  and  n^  at 
the  four  neighboring  points,  with  C and  n assigned  the  appro- 
priate Ax  and  Ay  values  for  those  points.  One  obtains; 

“e  ^ AXg  *^^(ng/np)  , ^ 


= a3^  ^n(nynp) 
w 


Ay 


= A^  en(ng/np)  . j 

Given  (6.37),  with  a and  3 appropriately  defined  for  each 
of  the  four  quadrants,  the  electron  density  is  integrated 
analytically  to  find  its  contribution  to  the  total  charge  Qp 
in  the  rectangle.  One  obtains; 

I I n(C,n)dCd-  = np|'(F^+Fg)  (F^+F,^)l  , (6.3f 


with  the  functions  F being  defined  by; 
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gure  6.7  The  charge  terni  Qp  in  the  finite-difference 
equation  for  i is  obtained  by  integrating 
the  electron  density  n(5,'-)  over  the  four 
cuadrants  shown. 
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This  procedure  is  followed  only  for  the  electron  charge, 

and  only  in  regions  where  the  electron  density  assumes  values 

in  excess  of  1%  of  the  background  acceptor  density.  In  either 

event,  (6.36)  is  utilized  to  find  the  contributions  to  0 due 

'P 

to  the  acceptor  and  hole  densities. 

In  addition  to  Qp,  the  Gummel  algorithm  to  be  discussed 
later  requires  the  evaluation  of  the  following  integral: 

[ [ n(C,n)i|^  (C,n)dCdn  . (6.4] 


For  this  purpose,  we  express  'i'(?,n)  as: 

«(C,n)  . + (||)5  + . 

. d’p  , dip 

wnere  and  are  evaluated  by  simple  differencing: 


^ r ~ 1 

■ L Ay^  J ' 

L Ayg  _ ' 

'^1  _ ~ "^'p  1 

L AXg  J ' I 

[34-]  ^ ! 

l^iw  - Ax  J • i 


- ^P 


Then,  using  appropriate  pairs  of  (6.43)  in  (6.42)  for  each  of 
the  four  quadrants  of  Figure  6.7,  together  with  (6.37),  the 
desired  integral  is  again  obtained  analytically. 

The  result  of  this  integration  is: 
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n(Cfn)4'(C»n)dCdn  = np 


BOX 
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Ax, 
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+ G^,(F^+Fs) 
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^ L J 


* s"-E*^H>  b?d 


(6.44) 


where  the  functions  Gg,  G^,  and  G^  are: 


s = 


s = - 


s = 


Gr,  = - 

W 


/n^/np[iln{n^/np-l)  + 1 


1 + /Ug/np [£n (Ug/Up)  - 1] 


/ng/Hp [£n (ng/Up)  + 1] 


1 + /nynp[£n(nynp)  - II  1 


W 


(6.45; 


Again,  this  procedure  for  evaluating  (6.42)  is  implemented 
only  in  regions  where  the  electron  density  assumes  values  in 
excess  of  1%  of  the  background  acceptor  density. 

Since  this  procedure  for  evaluating  integrals  of  the  elec- 
tron density  requires  a significant  increase  in  the  number  of 
numerical  operations  per  lattice  point  where  it  is  implemented, 
it  is  computationally  less  efficient  than  the  simple  algorithm 
for  Q given  by  (6.36)  and  its  counterpart  for  (6.39).  For 
this  reason,  the  computer  program  allows  the  viser  to  circumvent 
the  procedure,  if  he  deems  it  unnecessary  for  his  purposes, 
by  means  of  an  input  data  parameter. 

3.02  Finite-Difference  Algorithm  for  the  Stream  Function 

The  partial  differential  equation  in  9,  eq.  (6.13),  is 
repeated  here  for  convenience  of  reference: 
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The  numerical  value  of  e ^ at  each  of  those  four  points  is 
determined  in  the  manner  next  to  be  described. 

Consider  the  four  -p  lattice  points  located  NE,  SE,  SW, 
and  NW  of  the  lattice  point  P.  Assume  a linear  dependence 
of  p along  the  borders  of  the  rectangle  defined  by  those  four 
points,  then  evaluate  an  average  value  of  e along  each  of 
those  four  borders,  as  did  Mock  [1],  assigning  the  four 
averaged  values  to  the  respective  coints  indicated  bv  the 
crosses  in  the  figure.  (Mock  describes  this  aporoach  as  a 
critical  factor  in  achieving  accuracy.)  The  result  is: 
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Five  point  "star"  of  6-lattice  points  use 
in  the  finite-difference  equation  for  6. 
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VJith  the  e values  thus  determined  at  the  four  points 
midway  between  the  N,  E,  S,  and  W points  of  the  9 lattice, 
the  finite-difference  form  of  (6.13)  becomes  (assuming  constant 
miObility  p)  ; 


(6.47) 


('9-0  1 , 

E P . <e“^> 

r®p‘^vi 

- 

7 I 

Ax„ 

Ax,, 

+ Ax, 


~lb 

<e 


S P 


- <e  ’^> 


W 

= 0 , (6.48) 


where  AXp  and  Ayp  have  been  introduced  as  shorthand  notation 
for  Ax(I+l),  Ay(J+l)  in  Figure  6.3.  (See  Figure  6.5  for  the 
geometric  definitions  of  the  Ax  and  Ay  factors  in  the  above 
equation. ) 

As  was  the  case  with  the  finite-difference  equation  for 
discussed  earlier,  the  set  of  equations  (6.48)  can  be  represented 
in  matrix  form.  The  resulting  sparse  matrix  contains  only  five 
nonzero  symmetrically  positioned  diagonal  elements.  The  matrix 
equation  is  solved  for  9,  given  , using  the  block-line  iterative 
procedure  described  by  Varga  [8] . 


[8]  R.  S.  Varga,  Matrix  Iterative  Analysis,  p.  194,  Prentice- 
Hall,  New  York  (1962) . 
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This  iterative  method  requires  an  initial  "guess"  for 
the  stream  fxinction  9.  V7ith  the  aid  of  the  IBM  program  dis- 
cussed in  the  introductory  section  of  this  chapter,  0(x,y) 
was  examined  for  several  cases.  It  was  found  that  9 ceases 
to  vary  with  x and  y,  becoming  essentially  unity,  at  about 
the  point  where  the  electron  density  equals  the  intrinsic 
value  n=l  in  our  normalized  units.  Furthermore,  0 was 
observed  to  be  predominantly  a function  of  y,  with  x playing 
a minor  role  except  in  the  immediate  vicinity  of  the  source 
and  drain  "contacts."  Based  on  this,  our  initial  "guess"  for 

9 is  quite  simple.  Choosing  the  plane  midway  between  source 
and  drain,  we  locate  the  particular  y coordinate  where  n=l. 

(The  initial  value  of  n(x,y)  depends  upon  the  initial  "guess" 
of  the  electrostatic  potential  to  be  described  later.) 

A parabola  is  then  fitted  to  match  the  conditions  0=1,  39/3y  = 0 
at  that  point,  and  the  boundary  condition  0=0  at  y=0.  The 
resultant  parabolic  fit  at  mid-channel  is  then  applied  at  all 
other  planes  of  constant  x,  resulting  in  a one-dimensional 
initial  "guess." 

The  finite-difference  equation  for  0 expressed  by  (6.48) 
is  deceptively  simple.  Its  implementation  produces  nontrivial 
challenges  because  of  the  exponential  dependence  upon  ip  evident 
in  (6.47).  To  illustrate,  consider  a modest  drain  voltage  of 

10  volts.  In  our  normalized  variables,  this  translates  to  a 
numerical  value  on  the  order  of  400.  But  the  IBM  370/165  used 

in  this  development  oroduces  overflow  and  underflow  with  the 

I T I I 

operation  e"'  ' when  |x|  exceeds  approximately  175.  Not  only 

is  this  limit  obviously  violated  in  regions  near  the  drain,  in 
the  example  cited,  but  along  the  entire  channel  as  well  when 
the  gate  voltage  exceeds  about  4.5  volts. 

The  modus  operand!  developed  for  dealing  with  this  problem 
is  the  following.  One  never  deals  with  positive  x values  in 
the  operation  e . One  always  alters  the  equation  being  treated 
so  that  only  negative  exponents  are  encountered.  Furthermore, 
one  endeavors  always  to  reformulate  that  equation  so  that  x 
represents  differences  in  the  potential  between  adjacent  'P 
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lattice  points,  rather  than  the  magnitude  of  ij;  itself.  Finally, 
one  always  tests  the  magnitude  of  the  negative  exponent  before 
attempting  the  operation  of  exponentiation,  avoiding  "underflow" 
messages  by  use  of  the  approximation  e ^ = 0 when  x is  found 
sufficiently  large. 

The  details  of  the  manner  in  which  this  procedure  is  im- 
plemented in  the  evaluation  of  0 will  be  described  in  the  Users 
Manual  to  be  published  later.  In  brief,  the  average  e”*^  func- 
tions in  (6.47)  are  first  reexpressed  by  factoring  the  exponen- 
tial term  whose  exponent  is  least  negative.  This  leaves  within 
the  brackets  an  exponential  term  whose  negative  exponent  re- 
presents differences  in  between  adjacent  lattice  points. 
Following  this,  the  four  terms  in  (6.47)  are  again  factored 
by  the  exponential  term  outside  of  the  brackets  whose  exponent 
is  least  negative.  Since  the  right  hand  side  of  (6.48)  is  zero, 
the  latter  factor  can  be  cancelled  from  the  equation.  Again, 
this  results  in  exponential  terms  whose  negative  exponents 
represent  differences  in  between  adjacent  lattice  points. 

The  subprogram  which  implements  this  procedure  selects  one  of 
16  possible  cases  in  the  process  of  determining  which  exponents 
are  least  negative. 


3.02.1  Implementation  of  the  Boundary  Conditions  on  0 

The  finite-difference  equation  in  0,  equation  (6.48),  can 
be  reexpressed  to  read; 


2p®S 


Dp0,,  + Ep0p  + Fp0^  + 


»P^N 


= 0 


(6.49) 


which  then  takes  on  the  same  form  as  the  finite-difference  equa- 
tion in  V,  equation  (6.22).  As  was  the  case  with  ijj , the  boundary 
conditions  on  0 shown  in  Figure  6.3(b)  are  established  by  means 
of  appropriate  modifications  in  the  coefficients  Bp,  Dp,  Ep,  Fp, 
and  Hp  in  (6.49). 

3.02.1(a)  Border  Segments  where  9=1 — The  fact  that  the  0 lattice 
interlaces  the  lattice  (Figure  6.4)  means  that  the  boundary 
condition  0=1  cannot  strictly  be  enforced  at  the  borders  where 
that  condition  applies  (Figure  6.3).  However,  those  borders 
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are  remote  from  the  region  under  the  oxide-silicon  interface 
where  "the  action"  occurs,  so  this  is  not  considered  to  be  a 
serious  drawback.  What  is  done  is  to  enforce  6=1  along  the 
column  (or  row)  of  9 lattice  points  imagined  to  be  present 
just  outside  of  the  rectangular  region  modeled.  Thus,  for 
example,  at  the  left  border  in  Figure  6.3(b)  the  coefficient 
Dp  is  calculated  in  the  usual  manner.  Then  the  right  hand 
side  of  (6.49)  is  set  equal  to  the  negative  of  Dp,  which  is 
equivalent  to  enforcing  to  be  unity.  Similar  procedures 
are  applied  at  the  right  border  and  along  the  lower  border  of 
the  substrate. 

3.02.1(b)  Border  Segments  where  39/9x  = 0 — Again,  we  imagine 
two  columns  of  the  6 lattice  just  outside  of  the  rectangular 
region  modeled  in  Figure  6.4.  At  the  left  border,  therefore, 
we  wish  to  enforce  9^  = 9p.  This  is  achieved  by  calculating 
Dp  and  Ep  in  the  usual  manner,  then  summing  them  to  obtain  a 
revised  value  for  Ep.  The  coefficient  Dp  in  (6.49)  is  then 
set  to  zero.  A similar  procedure  is  applied  at  the  right 
border. 

3.02.1(c)  The  Oxide-Silicon  Interface  where  9=0 — Here,  the 
row  J = JTHMAX  of  the  9 lattice  coincides  with  the  interface. 

The  condition  0=0  is  enforced  along  that  row  by  setting  Bp,  Dp, 
Fp,  and  Hp  to  zero,  while  setting  Ep  to  unity  in  (6.49). 

3.03  Finite-Difference  Algorithm  for  the  Current  Scale  Factor 

The  row  of  the  ^ lattice  just  below  the  oxide-silicon  inter- 
face is  selected  for  the  line  integral  contained  in  (6.20), 
to  evaluate  the  current  scale  factor  J^.  The  trapezoidal  rule 
is  applied  to  evaluate  the  integral.  Simple  differencing  of  9 
on  the  interlaced  9 lattice  provides  39/3y  at  the  centroid  of 
each  interval  Ax.  The  value  of  e at  that  centroid  is  again 
specified  to  be  an  average  obtained  by  assuming  a linear  varia- 
tion of  V between  adjacent  4>  lattice  points  along  the  row: 
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As  in  the  case  of  evaluating  6 discussed  earlier,  special 
procedures  are  employed  to  avoid  overflow  and  underflow  due 
to  machine  limitations. 

3.04  Finite-Difference  Algorithm  for  the  Electron  Number 
Density  n 

Equation  (6.10),  when  separated  into  its  x and  y com- 
ponents, gives: 


9 (ne-'^)  = ^ e-'^  , 

9x  U 

3 , “^y  -ti 

(ne  ^ ^ e ■ . 

3y  U 

Expressing  (6.51)  in  finite-difference  form; 


n (I+l, J)e 


-i|^(I+l,J) 


- n(I,J)e 


-V (IfJ) 


x(I+l) 


(6.51) 

(6.52) 


• u 

(6.53) 


(Here  we  resort  to  the  use  of  the  indices  (I,J)  identifying 
V lattice  points  because  the  "points  of  the  compass"  notation 
employed  earlier  becomes  awkward.)  Note  that  an  average  value 
for  e is  assigned  to  the  point  midway  between  the  points  1+1 
and  I of  the  row  J.  That  is: 


j c c; 

L tp(I,J)  - i|;(I+l,J) 


(6.54) 


Equations  (6.53)  and  (6.54),  when  combined,  can  be  reexpressed 
so  as  to  involve  only  differences  in  'p : 

-[<P(I,J)-’P(I+1,J)  ] - 


n ( I+l , J)  = n (I , J) e 


Alternatively ; 


-[’^(I,J)-i(;(I+l,J)  ] 


J I-  , 

X I 1 - e 


X 

'►J  L 


’^(I,J)  - V(I  + 1,J) 

Ax(I+l)  . (6.55) 


n(I,J)  = n(I+l,J)e"^'^^^'^^''^’"'^^^''^^  ^ T 7 


-[•-!;( I+l,  J)-'^( I, J)  ] 1 


i_  (I+l,  J)  - 1 (I,  J) 

Ax(I+l)  . (6.56) 


Equations  (6.55)  and  (6.56),  together  with  the  vertical 
counterpart  of  (6.55)  derived  in  the  same  manner  from  (6.52),  form 
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the  basis  for  the  finite-difference  algorithm  for  the  elec- 
tron density  n,  which  proceeds  as  follows.  Consider  any  row 
J > JUNCTN  (see  Figure  6.4)  which  intersects  the  vertical 
source  and  drain  "contacts"  at  the  left  and  right  borders 
where  n is  known.  Starting  at  the  left  border,  (6.55)  is 
applied  recursively  to  "march"  along  that  row,  toward  the 
right  border,  until  a potential  minimum  is  encountered. 

When  this  occurs,  then  one  switches  to  the  right  border  and 
applies  (6.56),  recursively,  to  "march"  to  the  left  toward 
the  last  point  at  which  n was  previously  calculated.  In 
this  manner,  the  electron  mmeber  density  is  filled  in  row  by 
row,  for  all  rows  of  the  ip  lattice  which  intersect  the  source 
and  drain  "contacts."  Note  that  the  exponentials  encountered 
with  this  procedure  always  involve  negative  exponents. 

The  next  step  in  the  procedure  then  utilizes  the  vertical 
counterpart  of  (6.55),  derived  from  (6.52).  In  this  case, 
one  starts  at  the  row  J = JUNCTN,  where  n is  now  known,  and 
"marches"  vertically  downward  to  the  substrate  contact,  column 
by  column.  Again,  only  negative  exponents  are  encountered  in 
any  exponentiation  operations  required. 

To  avoid  underflow,  appropriate  approximations  are  involved 
in  the  subprogram  which  implements  this  procedure  when  the  nega- 
tive exponents  encountered  become  sufficiently  large.  Similarly, 
appropriate  approximations  are  applied  when  the  denominators  in 
(6.55),  (6.56),  and  the  vertical  counterpart  of  (6.55)  approach 

zero,  to  avoid  overflow. 

The  "marching"  algorithm  described  above  is  precisely  the 
one  suggested  by  Mock  [1] , who  states  that  the  procedure  of 
switching  directions  at  the  point  where  p passes  through  a 
minimum  suppresses  the  buildup  of  roundoff  errors.  In  spite  of 
this  assertion,  one  intuitively  feels  uneasy  about  any  numerical 
method  which  only  makes  use  of  information  about  the  solution  at 
one  border  without  "pumping  into"  the  solution  some  information 
about  the  boundary  condition  at  the  other  border  as  well.  The 
"marching"  method  fails  to  do  so,  and  blithely  assumes  that, 
where  the  two  solutions  meet,  continuity  in  n will  not  be  violated. 
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The  author  felt  sufficiently  uneasy  about  this  to  try  a 
different  approach.  Combining  pairs  of  equations  of  the  form 
of  (6.55)  by  summing  them,  so  as  to  couple  the  points  I-l,  I, 
and  I+l  in  a common  row  J,  a tridiagonal  matrix  results  from 
the  set  of  equations  relating  n along  that  row.  Given  J„  and 
as  knowns,  Gaussian  elimination  is  then  implemented  to 
obtain  n along  such  a row.  This  approach  achieves  the  goal  of 
"pumping  into"  the  equations  simultaneous  information  about  the 
boundary  conditions  at  both  ends  of  the  row  in  question. 
Interestingly,  the  two  methods  are  found  to  give  identical  re- 
sults (within  the  three  significant  figures  printed  out)  in 
regions  where  the  electron  density  is  numerically  important, 
i.e.,  in  the  inversion  layer.  Both  approaches  produce  negative 
electron  densities  in  regions  v/here  the  numerical  magnitude  of 
n is  negligible  in  comparison  with  the  acceptor  density  N^. 

(These  nonphysical  negative  densities  are  believed  due  to  the 
approximate  forms  of  (6.55)  and  its  vertical  counterpart,  and 
(6.56),  discussed  above  to  avoid  underflow  and  overflow.) 

Insofar  as  these  negative  densities  are  concerned,  the  "marching" 
method  is  found  superior.  With  it,  they  occur  with  values  of  n 
an  order  of  magnitude  lower  than  observed  with  the  more  sophis- 
ticated tridiagonal  matrix  approach. 

4 . 0 The  Iterative  Procedure 

The  basic  equations  defined  in  Section  2,  and  their  finite- 
difference  counterparts  developed  in  Section  3,  constitute  a set 
of  coupled  nonlinear  equations  for  which  a self-consistent  solu- 
tion is  obtained  by  means  of  an  iterative  procedure.  The  one 
followed  is  basically  the  same  as  that  adopted  by  Mock  [1]. 

Given  the  geometric  parameters  of  Figure  6.1(b),  and  given 
'^D'  ^A'  '^G'  ^SUB'  iterati-i^e  procedure  requires  an 

initial  "guess"  of  and  9(I,J)  at  their  respective  lattice 

points.  The  initial  "guess"  employed  for  9 has  been  discussed 
in  Section  3.02.  We  describe,  next,  that  which  has  been 
developed  for  '1j  . 


r 


t 
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The  initial  estimate  for  ip  utilizes  the  one-dimensional 
Kennedy-Motta  theory  described  in  Chapter  I to  provide  an 
estimate  for  ijj(x,0)  along  the  oxide-silicon  interface,  which 
is  then  used  to  establish  the  boundary  conditions  at  y=0  for 
a set  of  one-dimensional  solutions  of  Poisson's  equation  (one 
per  column,  with  y as  the  geometric  variable) . These  give  an 
estimate  for  ip(x,y)  throughout  the  substrate  region  which  fails 
to  meet  the  boundary  conditions  along  the  source  and  drain 
"contacts."  This  defect  is  overcome  by  introducing  matching 
space-charge  sheaths  along  these  "contacts,"  using  abrupt 
junction  depletion  theory.  The  potential  within  the  oxide 
region  is  assumed  to  vary  linearly  with  y,  connecting  the  known 
constant  potential  of  the  gate  electrode  with  the  estimate  of 
the  potential  along  the  interface  obtained  from  the  1-D  Kennedy- 
Motta  theory.  In  this  manner,  a reasonable  first  "guess"  of 
\p(x,y)  is  achieved. 

With  ijj  and  6 thus  "known,"  the  corresponding  estimates  of 
the  electron  and  hole  densities  n and  p throughout  the  substrate 
region  are  next  obtained.  The  evaluation  of  n utilizes  the 
"marching"  algorithm  described  in  the  preceding  subsection. 

The  evaluation  of  p utilizes  the  Boltzmann  relation,  equation 
(6.03),  since  the  hole  quasi-Fermi  potential  is  known  not  to 
vary  (equation  6.05)),  as  a consequence  of  the  assumption  of 
negligible  hole  current  employed  in  our  model. 

The  iterative  process  then  proceeds  as  follows.  Given  n 
and  p,  the  charge  Qp  associated  with  each  ip  lattice  point  P is 
then  known  (Subsection  3.01.2).  Equation  (6.22)  is  then  solved, 
using  Stone's  method,  to  provide  a new  estimate  for  Tp  . A new 
estimate  for  9 is  then  generated,  followed  by  new  estimates  for 
n and  p consistent  with  the  new 'j;  and  9 distributions.  The 
procedure  is  then  repeated  until  convergence  is  achieved,  as 
determined  by  convergence  criteria  specified  as  input  data  by 
the  user.  Two  differing  procedures — PICARD  iteration,  and 
GU.MMEL's  algorithm--are  employed  in  the  implementation  of  this 
iterative  sequence.  These  will  next  be  discussed. 
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4.01  Picard  Iteration 

The  Picard  iteration  procedure  utilizes  only  "past 
history"  to  predict  the  next  iterate  for  and  is  employed 
to  achieve  "coarse"  convergence.  Consider  the  iteration 

step  to  have  just  been  completed,  so  that  , n , 

and  p have  been  determined.  (Values  for  step  (m-1)  are 
also  availa±)le,  as  needed,  except  when  m=0,  which  corresponds 
to  the  initial  "guess.")  Given  these,  (6.22)  is  solved, 
yielding  a new  solution  for  the  potential  distribution,  which 
we  designate  With  it,  the  improved  approximation 

for  the  correct  potential  i>(x,y)  is  obtained  from: 

^(m+1)  ^ ^(m)  ^ ^ ^^(m+1)  (m)^  ^ ^ (m)_  (m-1)^ 

m m 


where  and  are  underrelaxation  parameters,  adjusted  for  each 

iteration  step  m in  the  manner  to  be  described  next.  VJith 

,^(m+l)  specified,  the  corresponding  new  estimates  for 

9 , n , and  p ar‘-  then  determined. 

As  was  done  by  Mock  [1] , we  adopt  the  Chebyscheff  sequence 

of  relaxation  parameters  a and  B discussed  by  Forsythe  and 

ram 

Wasow  [9]  for  estimating  appropriate  values  of  those  parameters 
at  each  iteration  step  m and,  as  did  Mock,  we  reinitiate  the 
sequence  whenever  the  new  residual  I v -'i  | turns  out 

to  be  greater  than  the  residual  found  in  step  m.  (Mock  inter- 
prets this  as  an  indicator  that  the  nonlinearity  of  the  problem 
is  becoming  evident.)  This  sequence  of  relaxation  parameters 
is  given  by,  [9] : 


4cosh  (mcj) 

m (b-a)  cosh  ( [m+1]  cj)  ' 


(6.58) 


m 


cosh ( [m-1] w) 
cosh  ( [m+1  ] ) 


where 


, -1 rb+a, 
to  = cosh  [r — ] 

D“3 


(6.59) 


(6.60) 


[9]  G.  E.  Forsythe  and  \'l . R.  Wasow,  Finite-Difference  Equations 
for  Partial  Differential  Eauations,  dd.  226-235.  Wiley, 

New  York  (1960) . 
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The  parameters  b and  a in  (6.60)  are  the  upper  and  lower 
bounds,  respectively,  of  the  eigenvalues  of  the  matrix  [L] 
in  equation  (6.24).  The  initial  values  of  this  Chebyscheff 
sequence,  as  prescribed  by  Forsythe  and  Wasow,  are  determined 
by : 

= 2/(b+a)  , (6.61) 

= 0 . (6.62) 

The  implementation  of  this  procedure  requires  an  estimate 
for  the  upper  and  lower  bounds  h and  a of  the  finite-difference 
Laplacian  operator  matrix  [L] . The  estimate  for  a is  not 
critical,  but  that  of  b is.  Too  small  an  estimate  for  b leads 
to  failure  of  the  relaxation  procedure  to  converge,  while  too 

large  an  estimate  leads  to  extremely  slow  convergence.  We  have 

★ 

adopted  the  estimate  for  b suggested  by  Mock  ([1],  eq.  (21))  : 


channex 


(n+p)dxdy  , 


the  double  integral  being  evaluated  over  the  entire  rectangular 
substrate  region  by  application  of  the  trapezoidal  rule  in  two 
dimensions.  The  parameter  b is  initially  evaluated  using  the 
initial  estimates  for  n and  p described  above.  But,  each  time 
the  Chebyscheff  sequence  is  reinitiated  due  to  the  detection  of 
a growing  residual,  the  value  of  b is  reassessed,  using  (6.63), 
on  the  basis  that  the  estimates  for  n and  p at  that  stage  of 
the  computation  should  be  better  than  the  previous  estimates 
employed  for  that  purpose. 

Mock  [1]  points  out  that  since  large  values  of  b lead  to 
slow  rates  of  convergence,  and  since  its  magnitude  is  propor- 
tional to  the  total  number  of  free  carriers  in  the  substrate 
region,  a savings  in  computation  time  can  be  achieved  by 
applying  the  Picard  iteration  process,  initially,  with  a re- 


*Mock's  eq.  (2T)  contains  a factor  which  is  missing  in 
(6.63).  This  is  because  of  differences  in  "lock's  choice  of 
normalized  variables  and  the  choice  which  we  have  adopted. 
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duced  donor  density  assigned  to  the  source  and  drain,  until 
coarse  convergence  criteria  are  satisfied.  Having  achieved 
this,  he  then  assigns  the  correct  donor  density  to  those 
regions  and  switches  to  Gununel's  iterative  algorithm  for  the 
remainder  of  the  computation,  with  tightened  convergence 
criteria  applied.  Our  model  adopts  the  same  procedure. 


4.02  Gummel's  Algorithm 

Unlike  the  Picard  iteration  method  just  described,  which 
uses  only  "past  history,"  Gummel's  algorithm  [10]  incorporates 
a new  prediction  for  p and  n at  each  iterative  step.  Because 
this  prediction  is  based  upon  a linear  approximation  of  the 
exponential  functions  appearing  in  the  Boltzmann  relations  for 
those  densities,  it  is  efficient  in  terms  of  computation  speed 
only  when  the  estimates  of  \p , p,  and  n are  close  to  the  "correct" 
values  when  it  is  initiated. 

Let  , n and  p be  the  values  obtained  at  iteration 

step  m.  Let  and  assume  that 

(m) 


= V 
Then : 


(m+1) 


(m+1) 


(m+1) 


~ P 


(6.64) 

1 (6.02)  and  (6.03), 

one  has 

[1  + , 

(6.65) 

,(m)  _ 5(m+l)^  ^ 

(6.66) 

which  assumes  that  the  electron  quasi-Fermi  potential  does 
not  change  appreciably  between  iteration  steps  (m)  and  (m+1) . 

Assuming  these  conditions  to  be  met,  Poisson's  equation,  (6.01), 

f , (m+1) 
gives  for  : 


.2  (m+1)  _ ^^(m)^p(m)j.^,(m+l)  ^ [n  +n  -p  ] - [n  ^"'Up 

A 


(6.67) 


which  is  Gumm.el's  algorithm. 


[10]  H.  K.  Gummel,  IEEE  Trans.  Electron  Devices  ED-11,  455  (1964). 
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The  implementation  of  (6.67)  in  finite-difference  form 
requires  the  evaluation  of  the  integrals: 

j dxdy  , (6.68) 

BOX 

• I I ] dxdy  , (6.69) 

BOX 

in  addition  to  the  evaluation  of  the  charge  term  Qp  appearing 
in  equation  (6.22).  The  evaluation  of  integrals  of  this  form 
was  discussed  earlier  in  Section  3.01.2,  leading  to  the  deriva- 
tion of  equation  (6.44)  for  the  term  in  the  integrands  of  (6.68) 
and  (6.69)  involving  the  electron  density.  (The  term  involving 
the  hole  density  is  approximated  simply  as  p ^ iXpAyp . ) In- 
sofar as  the  integral  (6.63)  is  concerned,  which  appears  on  the 
left  side  of  (6.67),  inspection  of  (5.44)  reveals  that  the 
effect  of  that  term  is  to  modify  the  coefficients  Bp,  Dp,  Ep, 

Fp,  and  Hp  in  the  finite-difference  form  of  Laplaces  equation, 
eq.  (6.22).  Insofar  as  the  integral  (6.69)  is  concerned,  its 
effect  is  to  modify  the  charge  term  Qp  in  (6.22).  With  these 
modifications  incorporated,  the  solution  of  the  finite-dif- 
ference equation  for  ■+)  using  the  Gummel  algorithm  uses  the 
same  subprogram  which  implements  Stone's  method  for  solving 
(6.22)  . 

5 . 0 Status  of  the  Model 

The  preceding  sections  have  some  details  about  our  two- 
dimensional  MOSFET  model.  More  complete  details,  including  flow 
charts,  program  listings,  and  instructions  for  using  this  computer 
model  are  contained  in  a supplementary  report  which  has  been 
devised  to  serve  as  a User's  Manual. 
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COMPUTER-AIDED 

SEMICONDUCTOR  PROCESS  MODELING 


I . Introduction 

In  military,  industrial,  commercial,  and  consumer  applications,  frequently 
there  is  a great  necessity  for  "customizing"  the  design  of  an  integrated 
circuit  to  fulfill  the  critical  needs  of  a specific  system  or  class  of  systems. 

A major  barrier  which  prevents  the  economic  production  of  small  quantities 
of  high  performance  custom  integrated  circuits  is  the  cost  of  design.  That 
is,  the  initial  cost  of  designing  optimum  fabrication  processes,  device 
structures,  and  circuit  configurations  is  prohibitively  large  because  of 
the  amount  of  empirical  human  effort  which  must  be  invested.  The  root  cause 
of  this  problem  is  a glaring  lack  of  adequate  process,  device,  and  circuit 
models  and  accompanying  computer  aided  design  techniques  to  ease  the  burden 
of  custom  design.  Perhaps  the  most  serious  deficiency  among  these  is  the 
unavailability  of  suitable  models  for  predicting  accurately  the  physical 
characteristics  of  a monolithic  structure  on  the  basis  of  the  control  parameters 
for  the  corresponding  fabrication  processes.  The  salient  objective  of  this 
program  is  the  development  of  new  basic  models  for  integrated  circuit  processes 
which  will  permit  accurate  prediction  of  the  characteristics  of  a monolithic 
structure  on  the  basis  of  its  proposed  process  parameters.  These  models 
will  serve  as  the  basis  for  economic  computer  aided  design  of  optimum  fabrication 
processes  for  custom  integrated  circuits. 

The  four  key  generic  integrated  circuit  fabrication  processes  which 
are  being  investigated  are  (1)  ion  implantation,  (2)  thermal  oxidation  and 
chemical  vapor  desposition,  (3)  epitaxy,  and  (4)  thermal  diffusion.  This 
report  describes  the  progress  which  has  been  made  in  the  first  15  months 
of  this  program  in  all  four  areas. 

In  ion  implantation,  studies  have  been  done  in  two  areas.  Effects 
of  implantation  damage  on  impurity  profiles  is  annealed  Si  have  been  investi- 
gated. A three-stream  diffusion  model  for  boron  in  silicon  involving  boron, 
vacancies  and  boron  vacancy  complexes  has  been  proposed.  The  model  is  capable 
of  predicting  ordinary  diffusion,  proton  enhanced  diffusion  and  the  annealing 
behavior  of  room-temperature  implanted  boron  when  appropriate  restrictions 
on  dose  and  annealing  temperature  are  obeyed.  In  the  second  study  a straight 
forward  approach  to  calculations  of  range  profiles  of  dopant  ions  in  multilayer 
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media  (e.g.  arsenic  implementation  in  silicon  through  a thin  layer  of  silicon 
dioxide)  has  been  developed  based  on  numerical  integration  of  the  linearized 
Boltzmann  transport  equation.  Using  this  approach,  we  have  also  calculated 
the  range  profiles  of  the  recoiling  ions  which  are  knocked  on  from  one  layer 
of  the  substrate  into  the  other  layer  by  the  projectiles  (e.g.  oxygen  recoiling 
from  Si02  into  Si,  by  ions). 

In  the  area  of  thermal  oxidation  and  chemical  vapor  deposition  the 
principal  goal  of  the  first  year  of  the  program  has  been  to  achieve  accurate 
analytic  prediction  of  oxide  thickness  for  an  arbitrary  sequence  of  oxidations. 
At  the  present  time,  such  prediction  is  possible  only  for  lightly  doped, 

(111)  oriented  silicon,  with  no  chlorine  species  present  during  the  oxidation 
process . 

Toward  this,  kinetic  oxidation  data  have  been  gathered  under  the  following 
conditions : 

(a)  Data  for  (111)  and  (100)  silicon  over  the  temperature  range 
700°C  to  1200°C. 

(b)  Data  for  dry  O2/HCL  oxidation  ambients  containing  0-10%  HCL 
for  temperatures  between  900°C  and  1100°C. 

(c)  Data  for  heavily  phosphorous  doped  (111)  substrates  for  surface 
concentrations  up  to  solid  solubility  and  temperatures 
betv;een  900°C  and  1100°C. 

The  availability  of  the  above  data  now  makes  it  possible  to  predict 
analytically  the  oxide  thickness  under  a very  wide  range  of  ambient  conditions 
and  substrate  orientation  and  doping  levels. 

In  epitaxy,  preliminary  effort  has  been  directed  toward  understanding 
the  kinetics  of  growth  and  the  mechanism  of  dopant  incorporation  in  the 
epitaxial  layer. 

The  dopant  system  of  a horizontal  silicon  epitaxial  reactor  has  been 
characterized  by  changing  the  dopant  gas  flow  during  the  continuous  deposition 
of  epitaxial  layers  from  silane.  A System  "transfer  function"  has  been 
found  relating  the  dopant  profile  in  the  epitaxial  layer  (system  output) 
to  the  time-varying  dopant  gas  flow  (system  input).  The  transfer  function 
allows  the  calculation  of  the  dopant  profile  in  the  epitaxial  film  for  any 
time  varying  dopant  gas  flow.  The  calculation  of  the  dopant  gas  flow,  as 
a function  of  the  time  required  to  achieve  a desired  dopant  profile,  is 
thus  possible. 
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In  thermal  diffusion,  a new  mathematical  model  is  being  developed  for  the 
diffusion  of  impurities  into  silicon  for  both  a constant  source  and  drivein 
diffusion  process.  The  model  considers  the  influence  of  the  internal  electric 
field  on  the  motion  of  impurity  ions  at  elevated  temperatures.  The  electric 
field  is  due  to  charge  density  produced  by  the  ionization  of  impurities  present 
in  the  material.  Appendix  B reviews  the  results  of  this  study. 


CHAPTER  I 
Ion  Implantation 

J.  R.  Gibbons,  A.  Chu,  [).  Smith  and  K.  C.  Saraswat 

1 . 1  Effects  of  Implantation  Damage  on  Impurity  Profiles  in  Annealed  Si 

1.1.1  Objective 

A major  unsolved  problem  in  the  field  of  ion  implantation  is  the  general 
question  of  how  the  annealing  of  implantation  damage  in  a crystal  affects  the 
diffusion  of  the  implanted  species.  Briefly,  the  problem  is  that  implanted 
impurity  ions  create  damage  in  the  semiconductor  lattice  as  they  come  to  rest. 
Annealing  of  this  damage  produces  a rich  source  of  vacancies  and  Si  interstitial 
ions,  both  of  which  may  produce  orders  of  magnitude  more  diffusion  of  the  im- 
planted impurities  during  the  annealing  cycle  than  one  would  estimate  from  a 
simple  calculation  based  on  the  impurity  diffusion  coefficient  at  the  anneal- 
ing temperature. 

The  objective,  therefore,  is  to  study  the  annealing  of  implanted  profiles  in 
common  semiconductor  materials.  The  immediate  emphasis  is  placed  on  dopants  such 
as  boron,  phosphorus,  and  arsenic  in  silicon  substrates.  During  the  first 
fifteen  months  of  the  program  a model  has  been  developed  to  predict  the 
diffusive-annealing  characteristics  of  boron  in  silicon.  The  model  is 
capable  of  predicting  ordinary  diffusion,  proton  enhanced  diffusion  and  the 
annealing  behavior  of  room-temperature  implanted  boron  when  appropriate 
restrictions  on  dose  and  annealing  temperature  are  obeyed.  Parameters  re- 
quired in  the  mcdel  were  selected  so  that  the  model  would  predict  correctly 
the  impurity  profiles  that  are  obtained  under  conventional  thermal  diffusion 
conditions.  The  same  parameter  set  is  then  used  in  the  annealing  calculation 
of  implanted  boron. 

The  computed  profiles  and  electrical  activities,  as  a function  of  time, 

compare  very  well  with  experimental  data  published  in  the  literature.  When 

15  2 

the  implantation  dose  exceeds  10  ions/cm  and/or  the  annealing  temperature 
is  below  900°C,  precipitation  effects  may  occur.  We  outline  a systematic 
approach  to  incorporate  these  effects  into  the  basic  three-stream  model. 

1.1.2  Introduction 

Recently  Anderson  and  Gibbons  have  proposed  a two-stream  diffusion 
- >’  fo^  the  ordinary  diffusion  of  boron  [1]  and  proton  enhanced  diffusion 
coron  in  silicon.  This  model  appears  to  contain  the  key  attributes 
♦'ifnq  the  annealing  behavior  of  ion  implanted  boron  in  silicon, 
activation  of  boron  during  annealing  requires  at  least  two 
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forms  of  boron,  electrically  active  and  inactive;  and  the  damage  enhanced 

diffusion  during  initial  stages  of  annealing  is  qualitatively  similar  to 

the  enhanced  diffusion  produced  by  protons. 

It  is  the  purpose  of  this  work  to  show  that  by  extending  the  two-stream 

diffusion  model  to  include  POSITIVELY  CHARGED  VACANCIES,  vie  can  calculate 

the  annealed  profiles  and  the  activation  of  boron  in  silicon.  The  resulting 

three-stream  diffusion  model  will  predict  ordinary  diffusion,  proton  enhanced 

diffusion  and  the  annealing  behavior  of  boron  that  is  ion  implanted  into 

silicon  at  room  temperature  and  subsequently  annealed. 

Naturally,  a full  description  of  boron  annealing  is  a complicated  matter 

and  the  model  presented  here  deals  with  only  a part  of  the  overall  picture. 

15  2 

In  particular  we  will  concentrate  on  ion  doses  in  the  range  below  10  ions/cm 

and  annealing  temperatures  of  900°-1000°C.  The  reasons  for  these  limitations 

will  be  apparent  from  a consideration  of  Table  1.1,  where  we  have  abstracted  some 

of  the  global  features  of  the  data  presented  by  Hofker  et.  al . [3].  These 

authors  have  measured  boron  carrier  concentration  orofiles  and  the  total 

boron  profiles  under  a number  of  dose  and  annealing  conditions  of  interest 

14  2 

to  use.  As  indicated  in  the  table,  their  dose  range  extends  from  10  ions/cm 
16  ? 

to  10  ions/cm  and  their  annealing  temperature  range  from  800°C  to  1000°C. 

As  we  will  show,  the  three-stream  diffusion  model  to  be  developed  here  is 

capable  of  predicting  the  annealing  behavior  in  the  lower  left  corner  of 

14  2 15  2 

Table  1.1;  i.e.  for  doses  of  10  ions/cm  to  10  ions/cm  and  anneal  tempera- 
tures of  900°C  to  1000°C.  The  adjacent  cases  require  extensions  of  the 

model  that  are  straightforward  but  not  of  interest  to  our  present  purpose. 

16  9 

For  instance,  in  the  10  ions/cm  dose  cases,  the  boron  peak  concentration 
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exceeds  solid  solubility.  Therefore  there  will  be  precipitation  of  boron. 

In  the  lower  dose  cases,  there  is  a fraction  of  inactive  boron  near  the 
peak  that  is  similar  to  a precipitate,  when  the  anneal  is  carried  out  at 
800°C.  However,  the  boron  concentration  is  below  the  solid  solubility  limit 
for  these  cases,  so  this  form  of  "precipitate"  is  probably  boron  trapped 
by  dislocation  networks  that  do  no  fully  anneal  at  800°C  in  35  minutes. 

For  these  cases  we  will  have  to  include  a new  species  and  pertinent  reaction 
kinetics. 

1.1.3  Discussion  of  Initial  Conditions  for  the  Calculations  and  the 
Experimental  Data  to  be  Predicted 

Our  purpose  in  formulating  a model  is,  of  course,  to  develop  a theoretical 
basis  from  which  impurity  profiles  and  electrical  activities  can  be  calculated. 
It  is  useful  to  begin  with  a brief  summary  of  the  initial  conditions  for 
the  calculation  and  the  experimental  data  we  wish  the  theory  to  predict. 

The  as-implanted  profile  as  determined  by  Secondary  Ion  Mass  Spectrometry 
is  shown  in  Figure  1.1.  The  vacancy  concentration  profile  is  calculated 


Fig. 1 . 1 As  implanted 
Boron  Profile, 
calculated 
vacancy  concen- 
tration profile 
and  the  annealed 
profile  at  900'*C 
for  35  min. 
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from  the  Frenkel-pairs  produced  by  the  70  Kev  incident  boron  ions  as  they 
deposit  energy  into  atomic  processes  [4]  along  their  trajectories.  In  what 
follows  we  will  make  the  conservative  assumption  that,  as  the  boron  atoms 
come  to  rest,  they  will  al 1 combine  with  nearby  vacancies  to  form  boron-vac- 
ancy (BV)  pairs,  which  are  electrically  inactive.  Hence,  at  the  outset 
of  the  anneal  the  electrical  activity  is  zero.  Although  a non-zero  activity 
is  more  reasonable,  it  will  also  require  an  initial  profile  for  the  electrically 
active  boron.  At  present,  until  we  obtain  short-annealing-time  electrical 
carrier  profiles,  we  do  not  wish  to  introduce  this  unknown.  We  further 
assume  that  the  remaining  high  vacancy  concentration  will  condense  into 
clusters  and  dislocation  loops.  Room  temperature  annealing  will  occur  during 
the  implantation,  in  agreement  with  backscattering  experiments  [5],  and 
what  remains  will  anneal  very  quickly  at  temperatures  of  900°C  and  higher, 
as  indicated  by  our  unpublished  T.E.M.  v^ork  [6].  Therefore  we  will  use 
thermal  equilibrium  concentration  of  vacancies  as  an  initial  condition  in 
our  analysis.  This  assumption  will  surely  be  inadequate  for  a liquid  nitrogen 
implant  or  for  the  case  of  a heavy  ion  or  high  dose  implant  that  produces 
an  amorphous  damage  layer.  For  the  cAses  to  be  dealt  with,  however,  the 
assumption  of  a thermal  equilibrium  concentration  of  vacancies  seems  plausible. 

Our  model  will  describe  the  rapid  diffusion  and  conversion  of  Boron 

Vacancy  pairs  into  electrically  active  Substitutional  Boron,  producing  at 

given  times  profiles  and  electrical  activities  that  we  can  use  to  compare 

with  experimental  results.  Hofker  et.  al . [3]  have  measured  electrical 

carrier  and  total  boron  profiles  after  35  minutes  of  annealing  at  various 

temperatures  and  implanted  doses.  Seidel  and  MacRae  [7]  have  performed 
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isothermal  annealing  experiments  in  which  a 1.5  10  ions/cm  dose,  room 

i 

temperature  implant  was  annealed  at  three  temperatures.  They  reduced  all 
their  electrical  activation  data  to  an  anneal  temperature  of  855°C  by  shifting 
time  with  an  exponential  factor  with  an  activation  energy  of  5 eV.  We  have 
scaled  their  855°C  data  to  900*0  using  the  same  technique.  The  result  is 
shown  in  Figure  1.2. 

We  assume  that  a realistic  annealing  model  must  provide  not  only  reason- 
able prediction  of  the  annealed  boron  impurity  profile  but  also  a reasonable 
prediction  of  the  annealed  boron  impurity  profile  but  also  a reasonable 
prediction  of  the  Seidel-MacRae  annealing  curve. 
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1.1.4  Development  of  the  Model 

The  three  species  in  this  model  are  Substitutional  (electrically  active 
Boron,  Boron-Vacancy  pairs  (electrically  inactive),  and  Positively  Charged 
Vacancies.  Electrical ly-active  boron  is  assumed  to  diffuse  substi tutional ly 
by  means  of  random  encounters  with  neutral  vacancies.  The  boron-vacancy 
(BV)  pair  is  assumed  to  diffuse  much  more  rapidly.  The  diffusion  of  boron 
then  becomes  a weighted  diffusion  with  contributions  from  a slow,  electrically 
active  fraction  (substitutional  boron)  and  a fast,  electrically  inactive 
fraction  (the  boron-vacancy  pair).  Hence  a large  fraction  of  boron-vacancy 
pairs  results  in  low  electrical  activity  and  fast  diffusion,  and  conversely 
a large  fraction  of  substitutional  boron  results  in  high  electrical  activity 
and  slow  diffusion.  Annealing  will  proceed  with  the  conversion  of  a large 
population  of  BV-pairs  into  substitutional  boron. 


Fig. 1.2  Electrical  Activity  vs.  time.  Scaledexperimental  isothermal 
annealing  data  at  900“C  by  Seidel  and  MacRae. 

The  model  consists  of  three  diffusion  equations  (eq.1.7)  modified  by 
terms  representing  the  boron-boron  vacancy  pair  reaction;  in  the  positive 
vacancy  equation  an  additional  term  is  introduced  to  represent  the  tendency 
for  positive  vacancies  to  reach  the  thermal  equilibrium  concentration  in 
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the  silicon  crystal.  Next  we  will  describe  the  features  of  this  model  and 
the  methods  used  to  select  the  various  constants  required  in  the  equations. 

A)  Diffusion  Coefficients  - Only  Functions  of  Temperature. 

We  assume  that  substitutional  boron  diffuses  by  the  same  mechanism  as  the 
self  diffusion  of  silicon.  Therefore  we  use  the  self  diffusion  coefficient 
of  silicon  for  Dg.  At  900°C  this  value  is  approximately  1.6  10"^^cin^/sec. 

For  positive  vacancies  we  use  the  diffusion  coefficient  from  Seidel  and 
MacRae  [7],  which  at  900°C  is  D^=  4.7  lO^cm^/sec.  Finally  the  diffusion 
coefficient  for  BV-pairs  is  estimated  from  measurements  of  enhanced  diffusion 
by  Hofker  et.al.  [3]  and  Anderson  and  Gibbons  [2].  Hofker  and  coworkers 
measure  the  enhanced  diffusion  coefficient  after  35  minutes  of  annealing 
at  900°C  to  be  1.4  to  1.7  10  cm^/sec.  Since  this  is  an  average  value 
it  provides  only  lower  limit  for  the  value  of  Dg^.  As  an  alternative,  Anderson 
and  Gibbons  estimated  the  value  of  Dg^  to  be  5.7  x lO'^*^  cm^/sec  at  750°C 
from  proton-enhanced  experiments.  We  use  for  the  present  work  Dg^  = 7 10"^^cm^/sec. 


DCg  ^ ^ ^v+ 
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B)  The  Thermodynamiv.  Reaction.  Boron  and  positive  vacancies  react  to  form 
BV-pairs  according  to  the  chemical  equation  1.2. 


B T V BV 


1.2 


At  thermal  equilibrium  the  concentrations  of  reactants  and  product  are  related 
by  the  thermodynamic  equation  1.3. 


^BV  ^ *^0  ^B  ‘'V 
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The  generation  or  disappearance  of  reactants  or  product  that  result  from  the 
reaction  is  modeled  by  first  order  kinetics  with  the  departure  from  equilibrium 
as  the  driving  force  and  a time  constant. 

The  equilibrium  constant  for  the  reaction  is  calculated  from 
equation  1.3  as  follows.  Under  equilibrium  conditions,  such  as  in  an  ordinary 
diffusion,  the  electrical  activity  is  near  100%.  Assuming  98"  activity  and 
rearranging  equation  1.3  we  obtain  an  expression  for  k^ 

*^o  ~ ( VCy)  1.4 

1 1 O 

Estimating  C (T)  from  Seidel  and  MacRae  [8]  to  be  1.25  10  /cm  and  substituting 

VO  IT'? 

in  equation  1.4  we  find  k^  = 1.63  10  cm  . 

C)  Equilibrium  Concentration  of  Positively  Charged  Vacancies. 

The  tendency  to  reach  equilibrium  is  again  modelled  by  first  order  kinetics 
and  a time  constant.  Equation  1.5  gives  the  dependence  of  the  concentration 
of  positive  vacancies  on  the  energy  level  E^  +,  the  Fermi  level  Ep  and  the 
concentration  of  Neutral  vacancies  C^^(T),  which  is  a function  of  temperature 
only. 

'v*eg  ■ “P  '■  = 

The  Fermi  level  is  calculated  using  the  Maxwell -Boltzmann  approximation  instead 

of  the  Fermi -integral  of  order  1/2.  Hence  doping  degeneracy  effects  are  not 
thus  far  accounted  for. 

To  obtain  values  for  and  this  set  of  space  equations  is  solved 

by  numerical  analysis  techniques  with  boundary  conditions  for  an  ordinary 

thermal  diffusion.  The  numerical  analysis  techniques  were  discussed  in  great 

detail  in  a previous  report  of  this  program  [9].  Values  for  and  are  then 

chosen  to  fit  experimental  ordinary  diffusion  profiles.  The  values  of  and 
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are  450  sec  and  10  respectively.  It  is  v/orthwhile  to  emphasize  that  the 
apparent  concentration-dependent  diffusion  coefficient  of  boron  is  achieved 
in  this  model  through  the  Fermi  level.  A high  substitutional  boron  concentration 
shifts  the  Fermi  level  closer  to  the  valence  band  edge,  thus  increasing  the 
concentration  of  positive  vacancies  (E^  = 0.35  ev  above  the  valence  band). 

This  in  turn  increases  the  ratio  of  BV-pairs  to  substitutional  boron,  thus 
increasing  the  overall  diffusion  of  boron. 

0)  The  Relation  Between  Diffusion  and  Electrical  Activity. 

The  tv/o  forms  of  boron  in  this  model  have  dichotomous  attributes.  Namely 
substitutional  boron  is  electrically  active  and  slow  diffusing;  on  the  other 
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hand  the  boron-vacancy  pair  is  electrically  inactive  and  fast  diffusing. 

Because  of  this  dichotomy  and  because  the  diffusion  of  the  total  boron  is  a 
weighted  diffusion  of  these  two  species,  a relation  between  diffusion  and 
electrical  activity  ought  to  exist.  We  assume  near  100%  electrical  activity 
in  the  selection  of  parameters  to  fit  thermal  diffusion  experiments.  This 
ensures  that  when  the  abnormally  high  concentration  of  boron  vacancy  pairs 
that  is  produced  by  the  implantation  has  annealed,  the  enhanced  diffusion 
(associated  with  the  initially  low  electrical  act)  will  relax  to  ordinary 
diffusion  which  is  simply  the  near-thermal -equilibrium  solution  of  the  set  of 
equations.  The  analytical  analogue  of  this  discussion  is  carried  out  in 
Appendix  A.  The  boron  and  BV  pair  equations  are  combined  and  the  predominance 
of  Dgy  over  Dg  is  used  to  arrive  at  a single  approximated  diffusion  equation  for 
total  boron.  In  this  equation  we  can  identify  the  overall  diffusion  coefficient 
D with  a product  of  On,,  and  the  fractional  concentration  of  BV  pairs.  Further- 
more  the  fractional  concentration  can  be  expressed  in  terms  of  electrical 
activity.  Hence  we  arrive  at  a diffusion  coefficient  (the  only  one  accessible 
in  an  actual  experiment,  hence  the  subindex),  which  is  a function  of  the 
electrical  activity. 


exp 


= D 


"'BV 
BV  Cgy  . 


= Dg^,  (1  - elec.  actv. ) 
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At  the  outset  of  the  anneal  the  assumed  electrical  activity  is  zero,  the  value 

of  Dg^p  is  then  initially  equal  to  Dgy,  During  anneal,  as  the  electrical  activity 

increases  D will  decrease.  Finally  when  the  electrical  activity  approaches 
exp  _-|c  2 

98%,  Dg^p  will  approach  the  value  of  1.4  10  cm  /sec,  the  ordinary  diffusion 

coefficient  of  boron  at  900“C  measured  in  thermal  diffusion  experiments. 

1.1.5  Comparison  of  Calculated  and  Experimental  Results 

With  the  choice  of  parameters  described  in  the  previous  section,  equation 

1.1  can  be  used  to  calculate  the  diffusive  redistribution  of  boron  under 

ordinary  conditions  of  thermal  diffusion.  These  parameters,  together  with  the 

initial  conditions  just  discussed,  then  permit  us  to  solve  for  the  annealing 
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behavior  of  ion  implanted  boron.  The  results  of  such  a calculation  for  10 
ions/cm  dose  implant  is  shown  in  Figure  1.3.  The  as-implanted  profile-determined 
experimentally  by  Hofker  et.  al.  [3]  is  represented  by  the  dotted  line.  L'pon 
annealing,  the  BV-pairs  in  this  profile  diffuse  and  convert  into  substitutional 
boron.  Hence  a sequence  of  electrically  active  boron  profiles  will  develop 


with  time.  Figure  1.3  shows  calculated  profiles  under  1,  3,  10  and  35  minutes 
of  annealing  with  corresponding  electrical  activities  of  10,  28,  65  and  94  percent. 
The  total  boron  concentration  at  35  minutes  is  represented  by  triangles;  the 
fit  to  the  solid  line  representing  the  experimental  S.I.M.S.  profile  is 
excellent.  Since  the  ordinary  diffusion  of  boron  at  900°C  for  35  minutes 
would  only  modify  the  as-implanted  profile  very  slightly,  the  fit  between  the 
calculated  results  and  the  deeper  experimental  profile  is  indicative  of  the 
existence  of  enhanced  diffusion  which  progressively  diminishes  to  the  ordinary 
diffusion  rate  as  the  electrical  activity  approaches  100  percent.  The  cal- 
culated results  are  thus  in  good  agreement  with  the  experimental  observations 
of  Hofker  and  coworkers  [3]. 
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Fig-  1.3  10  ions/cm  Dose  Implant  - Evolution  of  calculated  active 
boron  profiles  at  1,  3,  10,  35  min.  in  a 900°C  isothermal- 
anneal  and  comparison  of  the  calculated  Total  Boron  concen- 
tration Profile  with  the  experimental  S.I.M.S.  profile  by 
Hofker  at  35  min. 


13 


Figure  1.4  shows  the  results  of  a calculation  performed  with  the  same 
set  of  £arameter£  for  a 10  ions/cm^  dose;  which  produces  an  order-of-magnitude 
increase  in  the  impurity  and  damage  concentrations.  The  results  depicted  are 
analogous  to  the  previous  example  except  for  some  loss  in  the  quality  of  the 
fit;  the  calculated  total  boron  concentration  is  again  represented  by  triangles. 


Fig. 1:4  10^5  ions/cm2  Dose  Implant  - Evolution  of  calculated  active 
boron  profiles  at  1 , 3,  10,  35  min.  in  a 900°C  isothermal- 
anneal  and  comparison  of  the  calculated  Total  Boron  concen- 
tration Profile  with  the  experimental  S.I.M.S.  Profile  by 
Hofker  at  35  min. 
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We  attribute  this  difference  to  the  doping  degeneracy  effects  that  v/ere  not 
correctly  included  in  our  Fermi-level  calculation.  The  Fermi  level  is  cal- 
culated using  the  Maxwell -Boltzmann  approximation  to  the  Fermi  integral  of 
order  1/2.  Consequently  the  Fermi  level  was  much  too  close  to  the  valence 
band  and  the  concentration  of  positive  vacancies  was  too  high.  This  in  turn 
caused  the  relative  concentration  of  BV-pairs  to  be  high  and  finally  the  overall 
effect  of  excessive  diffusion. 

To  verify  this  assumption,  we  have  estimated  the  error  factor  in  the  concen- 
tration of  positive  vacancies  and  used  it  to  reduce  the  diffusion  coefficient 
of  boron  vacancy  pairs  in  a subsequent  calculation.  The  new  calculated  35 
minute  total  boron  concentration  is  represented  by  the  squares  in  Figure  1.4. 

As  expected,  the  agreement  with  the  experimental  profile  is  impr-ved. 

The  comparison  of  the  experimental  electrical  activation  of  boron 
versus  time  by  Seidel  and  MacRae  [6]  with  the  calculated  results  from  the 
previous  examples  is  shown  in  Figure  1.5.  The  agreement  is  good  for  long 
times.  For  short  times  we  attribute  the  difference  to  our  initial  condition 
of  zero  electrical  activity  at  the  outset  of  the  anneal.  As  discussed  pre- 
viously, v;e  expect  improvements  with  a non-zero  initial  condition  for  the 
electrical  activity. 


Fig.  1.5  Comparison  of  calculated  electrical  activity  vs  time  with 
experimental  isothermal  results  by  Seidel  and  MacRae. 
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1.1.6  Discussion 

The  three  stream  diffusion  model  is  capable  of  predicting  boron  impurity 
profiles  under  conditions  of  ordinary  thermal  diffusion,  proton  enhanced 
diffusion  and  radiation  enhanced  diffusion  of  the  sort  that  occurs  when 
boron  is  implanted  at  room  temperature  and  subsequently  annealed.  In  this 
latter  case  the  model  is  valid  when  the  dose  and  energy  of  the  boron  implant 
are  such  that 

(a)  the  solid  solubility  limit  for  B in  Si  is  not  exceeded  at  the 
annealing  temperature. 

(b)  an  amorphous  damage  layer  is  not  produced  by  the  implantation. 

It  is  also  necessary  for  the  annealing  temperature  to  be  sufficiently  high  so 
that  gross  damage  is  removed  in  the  first  few  minutes  of  the  annealing  cycle- 

From  a practical  standpoint  these  restrictions  do  not  impose  a serious 

limit  on  the  applicability  of  the  theory  since  for  B in  Si  they  will  meet  for 
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implantation  energies  above  70  keV,  doses  below  10  ions/cm  and  annealing 
temperatures  above  900°C. 

In  reference  to  Table  1.1,  for  70  keV  B in  Si,  when  the  aforementioned 
implantation  and  annealing  restrictions  are  not  observed,  a new  species  and 
additional  kinetic  terms  need  to  be  incorporated  to  the  model.  We  have 
preliminary  results  for  the  low  temperature  case  that  are  encouraging. 

However  v/e  are  still  awaiting  experimental  results  to  further  support  as- 
sumptions that  we  make.  The  high  dose  case  and  also  the  liquid  nitrogen 
temperature  implant  case  require  modelling  of  the  annealing  kinetics  of  the 
amorphous  layer  produced  during  implantation. 

In  conclusion  we  believe  the  model  will  be  successful  in  predicting  a 
number  of  important  cases  of  annealing.  Furthermore  we  believe  the  model  can 
be  expanded  as  suggested  in  Section  I to  include  more  complex  annealing 
situations,  and  that  it  will  then  satisfactorily  predict  profile  shapes  and 
electrical  activities  in  these  cases  as  well. 

1 .2  Calculation  of  Range  Profiles  and  Recoil  Implantation  in  Multi- 

Layered  Media 

1.2.1  Introduction 

Ppplication  of  ion  implantation  to  device  fabrication  often  involves 
processing  in  which  surface  coatings,  e.g.  SiO^  and  Si^N^,  are  present  on  the 
silicon  substrates.  Tv;o  questions  of  interest  that  arise  in  cases 
such  as  these  are  as  follows:  (1)  when  an  implantation  is  done  through  a 
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thin  layer  of  surface  coating  on  a target,  what  is  the  range  distribution 
of  the  primary  projectile  in  the  coated  (or  multilayer)  target,  and  (2) 
during  this  process  the  highly  energetic  primary  projectile  ions  impart  enough 
energy  to  the  target  atoms  so  as  to  dislodge  them  from  their  lattice  sites  (Fig.  1.6). 
What  is  the  range  and  distribution  of  the  knock-on  atoms  that  are  recoil 
implanted  from  the  surface  coating  into  the  target? 

During  the  first  six  months  of  this  program  the  work  was  primarily 
concerned  with  the  experimental  and  verification  of  the  knock-on  phenomena 
in  the  case  of  arsenic  implantation  in  Si  through  a mask  of  Si02.  During  the 
remaining  nine  months  the  work  was  directed  toward  calculation  of  the  range 
profiles  of  the  knock-on  atoms  by  the  application  of  Boltzmann  transport 
equation. 

1.2.2  Experimental  Measurements  of  Knock-On  Atoms  [19] 

The  recoil  of  oxygen  from  As-implantation  was  studied  by  employing 
MOS  surface  state  techniques.  Arsenic  was  implanted  into  an  Si02  film  on  Si 
such  that  only  the  recoil  oxygen  reached  the  silicon.  By  varying  oxide 
thickness,  the  depth  distribution  could  be  determined.  The  distribution  at 
greater  depth  is  exponential  with  a characteristic  length  of  217  A for  an 
As-implant  at  100  keV. 

Oxygen  in  thermal  equilibrium  in  silicon  is  very  difficult  to  detect. 

Therefore,  very  little  quantitative  experimental  data  on  this  effect  has  been 
available  to  date.  We  have  used  an  MOS  method  that  is  very  sensitive  even 
at  low  concentrations  of  oxygen.  In  this  study,  we  implanted  As  into  an 
oxide  film  on  top  of  a silicon  single  crystal  such  that  the  projected  range 
of  As  was  v/ell  within  the  oxide  and  only  recoil  oxygen  reached  the  silicon. 

In  this  manner,  the  two  species  could  be  separated.  The  oxide  thickness  was 
varied,  and  the  total  integrated  oxygen  concentration  in  the  silicon  was 
measured  by  determining  the  surface  state  density  induced  by  oxygen  (Figure 
1.7).  The  correlation  of  surface  state  density  and  oxygen  concentration  was 
established  by  implanting  various  doses  of  oxygen  into  test  samples. 

Fahrner  and  Goetzberger  [10]  have  shown  that  ions  implanted  into  an 
Si-Si02  interface  produce  characteristic  surface  state  peaks  that  can  be  studied 
by  MOS  capacitance  techniques.  Fahrner  [11]  has  subsequently  observed  in 
more  detail  the  behavior  of  oxygen  implanted  into  the  interface.  He  found 
that  oxygen  yields  well  resolvable  peaks  of  surface  state  density  that  are 


19 


correlated  with  implantation  dose  and  annealing  conditions.  We  have  in  this 

investigation  been  able  to  verify  most  of  Fahner's  observations. 

The  experimental  conditions  were  as  follows:  silicon  crystals  of  (100) 

orientation  and  a resistivity  of  1-2  ohm-cm  n-type  were  oxidized  under  clean 

conditions  using  modern  l-iOS  technology.  A dry  oxidation  with  subsequent  high 

temperature  annealing  in  nitrogen  was  employed.  Aluminum  metal  contacts 
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with  an  area  of  3.6  x 10  cm  area  were  evaporated  in  an  e-gun  evaporation. 

Implantations  were  carried  out  before  metal ization.  All  samples  were  annealed 

at  450°C  for  60  minutes  in  a forming  gas  atmosphere  following  metal ization. 

This  also  constituted  the  annealing  step  for  e-gun  and  ion  implantation  damage. 

Unimplanted  control  samples  had  surface  state  densities  and  fixed  charge 
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densities  in  the  low  10  cm  range  or  below. 

Electrical  measurements  of  surface  state  density  were  carried  out  by 
employing  the  slow  ramp  techniques  [12,13]  as  in  previous  investigations  [10,11]. 
An  automatic  data  acquisition  system  permitted  immediate  plotting  of  surface 
state  density  versus  energy  in  the  gap  for  each  sample. 

First,  v;e  wish  to  discuss  results  on  the  control  runs  unde  to 

establish  the  correlation  between  surface  state  density  and  oxygen  uuiicen- 

tration.  Since  the  peak  surface  state  density  of  the  oxygen  peak  measured 

-2  -1  -2 
in  units  of  cm  eV  was  used  to  measure  oxygen  concentration  in  units  of  cm  , 

a correlation  had  to  be  established  first.  For  this  purpose,  samples  with 

an  oxide  thickness  of  764  + 10  A (measured  by  Talystep)  were  implanted  with 

varying  doses  of  oxygen  with  the  implant  energy  chosen  such  that  the  peak 

of  the  distribution  was  at  the  interface.  Oxygen  range  was  adjusted  using 

newly  published  tables  [18].  Since  the  third  moment  ratio  of  oxygen  in 

this  energy  range  is  very  small,  it  was  assumed  that  one-half  of  the  implanted 

dose  v/as  located  in  the  silicon  and  contributed  to  the  signal.  The  following 

pertinent  points  were  observed  regarding  the  calibration  runs:  at  low  doses 

only  one  surface  state  peak  located  in  the  middle  of  the  gap  could  be  observed. 

At  higher  doses,  a second  peak  in  the  upper  half  of  the  gap  emerged.  This 

peak  grew  at  a faster  rate  and  merged  with  the  other  peak  at  very  high  doses. 

Figure  1.8  shov/s  the  correlation  of  both  peaks  with  implanted  dose.  Only 

the  mid-gap  peak  v/as  used  for  our  investigations.  An  estimate  of  the  total 

area  of  the  surface  state  peak  shov/ed  that  only  about  one  surface  state  was 
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Fig.  1.8.  Oxygen  Dose  versus  Surface  State  Density 
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observed  for  100  implanted  oxygen  ions.  The  location  of  the  peaks  in  the 
gap  was  very  sensitive  to  annealing  temperature  as  well  as  to  implant  dose. 

The  dependency  of  energy  of  the  two  observed  peaks  on  dose  is  indicated  at 
each  of  the  measured  points  in  Figure  1.8.  It  is  likely  that  this  dependence 
is  caused  by  the  superposition  of  two  or  three  broad  peaks,  each  of  which 
depends  differently  on  dose.  The  surface  states  are  probably  caused  by  com- 
plexes of  oxygen  with  residual  radiation  damage  from  implantation. 

Another  calibration  run  was  undertaken  keeping  the  dose  constant  and 
varying  oxide  thickness.  The  results  agreed  well  with  those  of  the  previous 
run.  The  results  of  Figure  1.8  are  also  in  good  agreement  with  Fahrner's 
sparser  data.  The  position  of  the  peaks  did  not  agree  with  Fahrner's,  perhaps 
because  the  annealing  temoerature  was  different. 

For  the  second  experiment.  As  was  implanted  at  an  energy  of  100  keV 
into  oxide  layers  of  varying  thickness.  The  projected  range  for  this  energy 
is  473  A.  After  an  annealing  treatment  identical  to  that  of  the  calibration 
samples,  both  the  C-V  characteristics  and  surface  state  distribution  had  the 
same  features  indicating  that  the  effect  was  also  caused  by  oxygen. 

Potentially,  As  or  Si  could  have  interfered  with  the  measurement.  Because 
of  the  chosen  implant  energy.  As  could  not  reach  the  interface  in  large  con- 
centration. With  high  As  doses  and  thin  samples,  however,  doping  effects  due 
to  As  were  seen.  Si  from  the  Si02  v/as  not  expected  to  interfere  because  its 
recoil  efficiency  is  much  less. 

The  results  of  this  experiment  are  shown  in  Figure  1.7.  Plotted  are 

total  number  of  oxygen  atoms  in  the  silicon  versus  oxide  thickness  for  a dose 
1 3 -2 

of  5 x 10  As  cm  implanted  at  an  energy  at  100  keV.  Recall,  that  although  the 
data  were  obtained  for  oxygen  in  Si,  Figure  1.7  represents  the  integral  of 
the  distribution  of  the  recoil  oxygens  in  Si02  because  the  oxide  thickness 
was  varied  and  the  silicon  was  only  used  as  a sensor  for  the  oxygen  atoms.  It 
is  seen  that  the  oxygen  concentration  follows  an  exponential  for  larger  oxide 
thicknesses  with  a characteristic  length  of  217  A.  This  curve  can  be  dif- 
ferentiated to  obtain  the  real  distribution  of  recoil  oxygen  in  SiO,.  The 

6 ^ 

exponential  part  gives  C(0x)  = 7.34  x 10  0^^  (exp)  - (x/217)  for  As  implanted 
at  100  keV,  C(0x)  is  the  oxygen  concentration,  0^^  is  the  As  dose  cm"^,  and 
X is  the  depth  coordinate  measured  in  A.  The  distribution  obtained  by  dif- 
ferentiation is  plotted  in  Figure  1.9,  together  with  the  distribution  of 


w 
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implanted  As.  It  is  seen  that  the  number  of  recoil  oxygen  atoms  is  slightly 
larger  than  that  of  the  As  implant  and  that  their  range  is  much  larger.  This 
distribution  is  easily  converted  to  one  in  silicon  by  considering  that  in  Si 
the  range  of  oxygen  is  about  20%  larger  than  in  Si02. 

I. 2. 3 Application  of  the  Boltzmann  Transport  Equation  to  the  Calculation 
of  Range  Profiles  and  Recoil  Implantation  in  Multi-Layered  fiedia 

I.  The  answers  to  both  of  the  questions  raised  in  Section  1.2.  can 
be  obtained  when  the  energy  distribution  of  the  primary  projectile  is  known 

as  a function  of  depth  in  the  multilayer  target.  In  particular,  if  an  As  ion 
is  implanted  into  a Si ^M^-Si 02-Si  target  as  illustrated  in  Figure  1.9  then  a 
knowledge  of  the  As  energy  distribution  is  sufficient  to  calculate  both  the 
recoil  energy  and  recoil  angle  for  each  M and/or  0 recoil  that  is  produced  in 
a slab  of  width  AXp  at  the  position  Xp.  A knowledge  of  the  As  energy  distribution 
at  the  Si2M^-Si02  interface  is  also  sufficient  to  predict  the  relative  concen- 
tration of  As  ions  on  the  two  sides  of  the  interface. 

It  is  of  course  possible  to  calculate  energy  distributions  for  semi- 
infinite  targets  using  either  the  moments  method  of  Winterbon  et.  al.  [14]  or 
the  direct  construction  technique  of  Brice  [15].  However  these  methods  are 
not  readily  applicable  in  a multilayer  target  and  it  is  therefore  natural 
to  resort  to  the  Boltzmann  transport  equation,  where  the  evolution  of  the 
energy  distribution  with  distance  is  a quantity  that  may  be  calculated  directly. 

Use  of  the  Boltzmann  equation  to  calculate  the  energy  distribution 
for  the  primary  ion  is  in  principle  straightforv;ard  v/hen  each  layer  of  the 
target  is  assumed  to  be  a random  stopping  medium.  However  even  for  this  case 
the  analysis  requires  that  several  simplifying  assumptions  be  made  to  construct 
numerical  solutions  in  particular  cases.  Fortunately,  results  show  good 
agreement  with  experiments  where  such  comparison  is  possible,  and  the  analysis 
provides  a useful  basis  for  additional  calculations. 

The  technique  is  similar  in  concept  to  the  Quasi-Nonte-Carlo  calcu- 
lations of  Furukawa  and  Ishiwara  [16]. 

II.  The  Boltzmann  Equation 

Consider  a collection  of  a larger  number  of  particles  with  dif- 
ferent velocities,  (v)  located  at  different  points  in  spaces  (x) . We  describe 
the  collection  by  an  average  number, 

dNp  = FCv,x)  d^^  d^x 


1.7 


for  each  differential  element  of  phase  space  d^v  d^)T.  We  further  assume  that 
particles  can  undergo  transitions  from  one  region  in  phase  space  to  another  by 
means  of  collisions.  The  probability  for  a particle  with  velocity  v to  be 
scattered  into  the  energy  interval  d^)T  about  v during  a time  dt  is  given  by 

) d^l^'d  t = M^l^lda  (v^-»  7')  d t 1.8 

where  K is  the  transition  rate,  is  the  density  of  scattering  centers, 

and  do(^-»7  ) is  the  differential  cross  section  for  scattering  from  v to  dV 
Note  that  the  spatial  dependence  has  been  omitted  for  simplicity.  A.  consider- 
ation of  the  average  number  of  particles  scattered  into  and  out  of  a dif- 
ferential element  of  phase  space  leads  to  an  integro-di fferential  equation 
governing  the  density  of  F (v,  x) 

jdo(v--  v)  Iv'  1f(7-  )-da(v>';- ) jv  !f(v 
+ 0(v) 

The  Quantity  Q (\T)  is  a source  term  which  describes  the  generation  of  new 
members  of  the  ensemble.  For  example  if  the  particles  under  consideration 
are  generated  in  collisions  (i.e.  recoils),  then  Q (v)  would  be  calculated 
by  consideration  of  these  collisions.  The  spatial  dependence  of  the  quantities 
in  Equation  1.9  has  again  been  omitted  for  simplicity.  Of  course  if  more 
than  one  type  of  particle  is  being  considered  (e.g.  primary  ions  and  recoils) 
approximate  subscripts  should  be  added  to  the  various  quantities.  Equation 
1.9  is  the  standard  form  of  the  Boltzmann  equation. 

Equation  1.9  in  conjunction  with  appropriate  boundary  conditions 
provides  a basis  for  a complete  description  of  the  complex  processes  which 
result  from  energetic  ion  moving  in  an  inhomogeneous  media.  A numerical 
solution  in  six  dimensional  phase  space,  while  possible  in  principle,  is 
unfortunately  considerably  beyond  the  reach  of  even  the  most  energetic  pro- 
grammer equipped  with  the  most  sophisticated,  modern  computer.  However, 
simplifying  assumptions  can  be  made  which  allow  the  extraction  of  a consider- 
able amount  of  information  in  certain  cases. 

III.  One  Dimensional  Penetration 

For  heavy  ions  incident  on  light  targets,  as  for  example  As  on 
Si02,  angular  scattering  of  the  incident  ion  is  relatively  small  and  the  ion 


1.9 
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travels  in  nearly  a straight  line.  The  density  function  is  then  a function 
only  of  the  depth  of  penetration  x and  the  energy  E of  the  ion.  With  this 
simplifying  assumption  equation  1.9  can  be  rewritten. 

= K^y((do(E’-E)  f(E'.x)  - do(£-.E')  f(E,x))  , 

where  f(E,x)  is  the  total  flux  of  ions  at  depth  x, 

f(E,x)  = J dt  I'vl  F(E,x.t)  , 

f(E,x)  dAdE  is  then  total  number  of  particles  with  energy  E to  E + dE  which 
cross  an  element  of  ar'^  perpendicular  to  the  direction  of  incidence. 
Equation  1.10  has  a s sical  interpretation,  as  in  Figure  1.10.  The 

first  term  on  the  RF  .ants  the  rate  for  scattering  from  E'  into  dE, 

while  the  second  ten.i  represents  scattering  out  of  the  energy  interval  dE. 
Integration  of  equation  1.10  is  carried  out  starting  from  x = 0 (the  sample 
surface)  and  integrating  inward,  the  starting  condition  being 

f (E,0)  = 0 6(E-Eq)  1.12 

2 

where  D is  the  total  dose  in  ions/cm  , Eq  is  the  energy  of  the  incident  ion, 
and  5(E-Eq)  is  the  Dirac  delta  function.  It  is  tacitly  understood  that  the 
terms  on  the  right  hand  side  must  be  summed  over  all  collision  types  (i.e. 
elastic  scattering  via  nuclear  collisions  as  well  as  inelastic  or  electronic 
scattering) . 

IV.  Scattering  Cross  Sections  and  Separation  of  Low  Energy 
Levels 

For  numerical  analysis  we  have  used  an  analytical  form  for  the 
nuclear  cross  section  suggested  by  Sigmund  [17]. 

For  T > Tmax,  do  = 0. 

By  a proper  choice  of  X,  q,  and  m this  expression  provides  a 
good  analytical  approximation  to  scattering  cross  sections  derived  by  various 
workers.  A number  of  examples,  given  by  Sigmund,  are  tabulated  in  Table  1.2. 
This  expression  provides  a power  law  scattering  for  small  t,  and  Rutherford 


Figure  1.10  Sclierntic  showing  the  process  hy  which  tiie  ciiiantity 
l''c  F{F.,x)  evolves. 
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M;?=  target  atom  mass 
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e - electronic  charge 

n = plant's  constant 

Equation  1.13is  understood  to  apply  only  for  T<^Tmax  = 
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scattering  at  higher  values  of  t. 

As  will  be  shown  below  the  inelastic  (electronic)  scattering 
does  not  require  a knowledge  of  the  differential  cross  section  for  this 
process,  but  can  be  properly  accounted  for  if  the  stopping  power, 

Sg  (E)  = /ld<rg  1.14 

is  known.  For  this  purpose  we  use  the  expression, 

Sg  (E)  = CeP  1.15 

where  C and  p are  constants  depending  on  the  ion-target  atom  combination. 

V.  Separation  of  Low  Energy  and  Electronic  Collisions, 
Numerical  Integration 

It  is  convenient  to  rewrite  the  collision  integral  of  equation 
1.10  as  follows : 

I =y*|d.i(E'-E)  F(E')  - d (E-E')  F(E)| 

1.16 

- - k ^ (E-) 


where 


Eii’ax 


J(E)  = j K(E',E)  F(E')  dE' 
E'=E 


1.17 


and 


E"-E 

K(E’,E)  = J do(E"-E’) 
E"=0 

= .p2 
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v/here  p is  the  impact  parameter  for  the  transition  E'  -»  E.  For  distributions 
F (E'),  where  F(E')  does  not  vary  apnreciably  over  the  energy  interval  where 
K(E’,E)  is  non-zero  (small  energy  or  soft  collisions)  v/e  can  take  F (E')  = F(E) 
in  equation  1.17  and  write 
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J (E)«M^b(E)  F(E)  1.19 


Scroeninq  functinti 

(11 

A 

Thomas -Fermi 

..T33 

.667 

1.309 

T homa  s - Fc  rm i - Somme  r f e 1 d 

.331 

. 588 

1.70 

Lenz-Jensen 

.191 

.512  • 

2.92 

Mo 1 i e re 

.216 

.530 

3.07 

Bohr 

.103 

.570 

2.37 

Table  I Parameters  for  use  in  the  cross  section  expression 
(From  Sigmund  [8]). 


v/here  we  have  used  the  fact  that 
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(10)  and  (14)  are  proven  by  partial  integration. 

The  technique  for  numerical  integration  of  equation  1.10  will 
now  be  described.  Let  E^  be  the  energy  of  the  incident  ion  beam.  Then  the 


range  o > E > E^  is  divided  into  energies  E^,  E2, 


f.  is  defined  by 
J 
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The  flux 


/ 

E=Ej-l 


f (E)  d E 
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r E. 

For  electronic  scattering  and  for  nuclear  events  such  that  T<  -J- 

2 

the  collision  integral  is  represented  by  terms  of  the  type  shown  in  equation 
1.16  with  J (E)  given  by  equation  1.19.  The  following  describes  the  develop- 
ment of  the  energy  spectrum  on  passing  fr-om  x to  x'*’  ax. 
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X - X + Ax 
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1.22(b) 

1.22(c) 
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and  S accounts  for  electronic  and  small  energy  nuclear  scattering  events. 

This  scheme  can  be  shown  to  be  mathematically  rigorous,  and  as  a>x  and  aE 
approach  zero,  one  obtains  an  increasingly  accurate  approximation  to  the 
exact  solution  for  f(E).  The  details  of  proof  for  this  assertion  will  not 
be  given  here. 

VI.  An  Example 

We  have  used  the  algorithm  outlined  above  as  the  basis  for  a 
computer  program,  which  calculates  the  function  f(E).  Results  for  100  kev 
As  incident  on  a SiO^  target  are  shown  in  Figure  1.11.  This  calculation  uses 
Lenz-Jensen  cross  sections  and  20"  of  the  electronic  stopping  given  by  the 
Linhard  formula. 

Special  considerations  are  required  at  very  low  energies  and 
this  region  is  shown  shaded  in  the  figure.  One  can  show  however  that  the 
total  number  of  particles  that  pass  into  the  shaded  region  between  x and  x"*" 

AX  is  equal  to  J(E^)ax,  where  is  the  lowest  energy  considered.  Since  these 

ions  have  very  little  energy  they  can  be  considered  to  have  stopped  in 
this  interval. 

Figure  1.12  shows  the  range  profile  calculated  using  this  technique. 
This  profile  is  essentially  identical  to  the  one  which  would  be  calculated 
from  LSS  Theory  using  a joined  hal f-Gaussian  distribution  and  the  stopping 
powers  selected  for  the  Boltzmann  analysis. 

VII.  Knock-Ons 

A natural  consequence  of  the  calculation  outlined  above  is  the 
source  density  Q (v,x)  for  oxygen  knock-ons  produced  in  energetic  collisions 
(Figure  1.13).  Thus  an  As-oxygen  collision  involving  energy  transfer  T, 


30 


produces  a recoiling  oxygen  with  energy  T traveling  in  the  direction. 


cos  G 
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By  following  the  penetration  of  recoiling  oxygen  atoms  one  can  construct 
the  distribution  of  recoil  implanted  oxygen  atoms. 


DEPTH  (&) 


Fig.  i,n  Range  profile  for  100  kev  As Si02. 


OXYGE-  IN  Si  (cm 
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Calculation  of  Oxygon  I'ocoil 
Method  1. 


Distribution  in  SiO^: 


Fig.  1 •]2  Production  of  an  energetic  oxygen  recoil. 


As  IMPLANT  5xl0’^  (OOkoV 


Fig. 1-13  Oxygen  recoil  implantation.  The  vertical  axis  shovfs 
the  total  dose  of  recoil  implanted  OAvqen  atoms  as  a 
functinn  of  oxide  thickness.  Exporincntal  data  is  from 
Goeteberger  et  al  [10].  The  curves  labeled  method  1 and 
method  2 are  calculated  by  techniques  explained  in  the 
text. 
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A simple  way  to  do  this  is  illustrated  in  Figure  1.13.  The  recoiling  atom 
is  assumed  to  stop  at  a distance  r determined  by  the  stopping  powers  of  the 
materials  involved.  For  this  purpose  we  use  an  effective  stopping  pov/er 
defined  by 


S = 

^eff  dRp 


1.25 


where  Rp  is  the  projected  range  calculated  using  the  Linhard  approach  to 
range  calculations.  Values  of  this  parameter  for  a number  of  species  can 
be  obtained  from  the  range  tables  published  by  Gibbons,  Johnson  and  Mylroie 
[18].  This  approach  therefore  provides  a first  order  correction  for  effects 
due  to  straggling. 

We  have  used  this  technique  to  calculate  the  total  doses  due  to 
recoil  implantation  of  oxygen,  when  100  kev  As  is  incident  on  a silicon 
target  covered  with  a Si02  layer.  The  thickness  of  the  Si02  layer  is  taken 
as  a variable  and  the  total  oxygen  dose  implanted  into  silicon  is  calculated 
as  a function  of  this  thickness.  For  this  purpose  we  consider  only  recoil- 
ing oxygen  atoms  which  penetrate  more  than  100  A below  the  interface.  The 
results  of  this  calculation  are  denoted  by  "METHOD  1"  in  Figure  1.14.  Also 


As  IMPLANT  5xl0'^  100 keV 


Fig.  1.14  Oxygen  recoil  implantation.  The  vertical  axis  shows 
the  total  dose  of  recoil  implanted  oxygen  atoms  as  a 
function  of  oxide  thickness.  Experimental  data  is  from 
Goetzberger  et  al  [10].  The  curves  labeled  method  1 and 
method  2 are  calculated  by  techniques  explained  in  the 
text. 
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shown  are  experimental  data  of  Goetzberger  et.  al . [19].  As  can  be  seen  the 
agreement  is  quite  good  except  in  the  tail  of  the  distribution  where  straggling 
becomes  important.  The  curve  labelled  "METHOD  2"  was  obtained  using  a 
fairly  rough  estimation  of  the  effects  of  straggling  of  the  recoil  ions  on 
the  final  recoil  distribution. 

VIII.  Discontinuity  At  An  Interface 

Beccuse  of  the  differences  in  stopping  power  associated  with 
various  substances,  a concentration  discontinuity  is  expected  at  an  interface 
between  two  layers  [18].  This  result  appears  naturally  in  range  calculations 
using  the  technique  outlined  above.  It  is  also  possible  to  obtain  an 
analytical  expression  which  should  be  fairly  accurate  even  for  light  ions, 
or  ions  crossing  the  interface  at  an  angle. 

The  number  of  ions  scattering  into  energies  below  any  given 
energy  E is  proportional  to  J(E)  defined  in  equations  1.16  - 1.18  for  E •»  0 
this  then  gives  the  number  stopping  at  depth  x.  If  we  use  the  approximation 
of  equation  1.19  for  J we  can  write 

"2  \^2/  E->0  1-26 

Here  Cj  is  the  concentration  and  Sj  is  the  stopping  pov/er,  in  substrates  1 
and  2 respectively.  Using  equation  1.13  one  can  take  the  limit  indicated 
in  1.26  and  obtain 


where  C,  and  C,  are  given  by 
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and  the  superscript  j refers  to  different  target  atom  type.  The  quantities 
Cp  and  C.  have  been  tabulated  for  a number  of  target-ion  combinations  in  the 
book  by  Gibbons,  Johnson,  and  Mylroie. 
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Values  of  the  calculated  interface  discontinuity  rates  for  three 
interface  types  are  tabulated  in  Table  1.3.  Mote  that  the  values  are  fairly 
insensitive  to  the  choice  of  the  parameter  m.  Experimental  measurements  of 
Combosson  et.  al . are  included  in  column  3 of  the  table. 

IX.  Conclusions 

The  approach  using  the  Boltzmann  equation  is  seen  to  be  a useful 
one  for  calculation  of  ion  implantation  effects  in  multilayered  targets. 

In  particular,  the  energy  distributions  for  a heavy  primary  ion  can  be  calcu- 
lated as  a function  of  depth  in  a multilayer  target,  and  from  this  information 
range  distributions  of  both  the  primary  ion  and  the  recoils  can  be  '-on- 
structed. 


Interface 

T - F 1 L - .)  ICombasson,  et  al 

(ni  = .333)  ;(m=.191  )1  (experiment) 

j oiO^  on  S i 

1 .68 

1 .86 

0.7  - 2.2 

Si^M^  on  Si 

2.18 

2.42 

2.1 

1.3 

1.3 

1.1 

Tabel  1 2 Comparison  Bnfwcoii  Tlicory  and  Experiment  for  Boroit  Range 
Profile  Discontinuity.  Tabulated  Dnantities  are  C1/C2 
as  given  by  eg.  21.  Tlie  last  columns  are  experimental 
results  of"  Conibasson,  et  al  [11]- 
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CHAPTER  2 


THERMAL  OXIDATION* 

James  D.  Plummer,  Bruce  E.  Deal 
Charles  P.  Ho,  De  is  V!.  Hess,  Robert  W.  Dutton 

2.1  Introduction 

The  principal  goal  of  the  first  year  of  the  program  has  been  to  achieve 
accurate  analytic  prediction  of  oxide  thickness  for  an  arbitrary  sequence  of 
oxidations.  At  the  present  time,  such  prediction  is  possible  only  for  lightly 
doped,  (in)  oriented  silicon,  with  no  chlorine  species  present  during  the 
oxidation  process. 

Toward  this,  kinetic  oxidation  data  have  been  gathered  under  the  following 
conditions: 

a)  Data  for  (111)  and  (100)  silicon  over  the  temperature 
range  700°C  to  1200°C. 

b)  Data  for  dry  O2/HCI  oxidation  ambients  containing  0-10"  HCl 
for  temperatures  between  900°C  and  1100°C. 

c)  Data  for  heavily  phosphorus  doped  (111)  substrates  for 
surface  concentrations  up  to  solid  solubility  and  temper- 
atures between  900°C  and  1100°C. 

The  availability  of  the  above  data  now  makes  it  possible  to  predict 
analytically  the  oxide  thickness  under  a very  wide  range  of  ambient  conditions 
and  substrate  orientation  and  doping  levels. 

The  interpretation  of  the  data  which  have  been  obtained  have,  to  a large 
extent,  been  based  on  the  general  oxidation  relationship  developed  in  1965  by 
Deal  and  Grove  [1].  This  relationship  (as  explained  in  the  next  section), 
uses  two  principal  rate  constants  - B,  the  parabolic  constant  and  B/A,  the 
linear  constant  - to  predict  oxide  thickness.  The  data  generated  in  each  of 
the  three  categories,  above,  have  been  largely  interpreted  in  terms  of  modified 
linear  and  parabolic  rate  constants. 

This  technique  allows  analytic  prediction  of  oxide  thickness  given  that 
B and  B/A  may  be  expressed  as  functions  of  orientation,  doping  level  and  HCl 
concentration.  Since  B and  B/A  are  based  on  a model  in  which  oxidant  dif- 
fusion through  an  existing  oxide  layer,  and  Si-Si02  interface  reaction  kinetics 

*This  vjork  represents  a joint  effort  by  the  Stanford  University  Integrated 
Circuits  Laboratory  and  Fairchild  Camera  and  Instrument  Corp.  Research  and 
Development  Laboratory. 
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respectively  determine  the  overall  oxidation  rate,  some  understanding  of  the 
underlying  physical  mechanisms  involved  when  HCl  or  heavy  doping  are  present, 
may  also  be  obtained  from  this  model.  This  kind  of  interpretation  of  exper- 
imental results  will  be  presented  later  in  this  report. 

An  even  more  basic  physical  understanding  of  the  mechanisms  involved  in 
thermal  oxidation  will  be  needed,  we  feel,  to  fully  understand  oxidation 
kinetics  and  in  particular  to  analytically  predict  oxide  charge  densities. 

What  is  really  needed  here,  and  what  we  are  now  beginning  to  pursue  is  a more 
microscopic  model  of  the  oxidation  process. 

Many  of  the  important  oxidation  kinetic  processes  and  most  of  the  charges 
associated  with  Si02  are  determined  by  the  20-40  A transition  region  between  Si 
and  Si02"  A clear  understanding  on  an  atomic  or  molecular  level  of  this  region 
appears  to  be  necessary  for  a physical  understanding  of  the  kinetic  and  charge 
density  experimental  data  obtained  here  and  elsewhere.  Toward  this  end,  we  are 
now  beginning  to  work  in  the  following  three  areas. 

a)  Profiles  through  thermal  Si02-Si  structures  of  Si,  0,  and  dopants 
such  as  phosphorus  are  presently  being  obtained  using  the  ion 
microprobe  facility  of  the  Materials  Characterization  Laboratory 
of  Texas  Instruments  Inc. 

b)  Interaction  with  Spicer  and  his  associates  at  Stanford  and  the 
sputtering  Auger  analysis  equipment  they  have  access  to,  is 
continuing. 

c)  A supplemental  proposal  to  this  grant  is  being  prepared  by  Tiller 
and  Pound  of  the  Materials  Science  Department  at  Stanford.  The 
essence  of  this  proposal  is  a proposed  calculation  of  Si02  film 
formation  on  an  atomic  or  molecular  level,  including  transport  of 
ions  in  the  film  due  to  the  presence  of  both  donors  and  acceptors 
in  the  silicon  and  the  presence  of  certain  important  species  (such 
as  Cl)  in  the  gas  phase.  This  analysis  will  be  carried  out  with 
different  interface  orientations  and  will  include  the  effect  of 
strain,  interface  roughness  and  non-equilibriums  interface  effects. 

The  following  sections  of  this  report  will  present  the  experimental  results 
obtained  during  the  past  year  with  HCl,  (100)  orientation  and  heavy  doping  as 
the  new  parameters  in  the  oxidation  process.  The  interpretation  of  these 
results  will  be  based  largely  on  the  macroscopic  diffusion  - interface  reaction 
model  of  Deal  and  Grove. 


I 

i 
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2.2  General  Theory 

The  basic  thermal  oxidation  model  of  Deal  and  Grove,  based  on  the  diffusion 
of  the  oxidant  from  the  ambient  through  the  existing  oxide  to  react  at  the  Si- 
SiO^  interface,  has  been  presented  as: 

+ AXq  + B(t  + t ) 


where 

A = 2Dg^^(l/k  + 1/h) 

B = 2DgffC*/N^ 

T = (X?  + AX.)/B 

X^.  = (t  = 0) 

C*  = equilibrium  concentration  of  oxidant  in  oxide 
h = gas-phase  transport  coefficient  (from  ambient  to 
outer  oxide  surface) 

= effective  diffusion  coefficient  of  oxidant  in  oxide 
Np  = number  of  oxidant  molecules  incorporated  per  unit 
volume  of  oxide 

k = interfacial  reaction  rate  constant 

The  relation  may  be  presented  in  two  alternatives,  providing  more  viork- 
able  forms: 


X 


o 


A 

2 


t + T 


aVab 


1/2 


1 


time  as  input  parameter 
thickness  as  output  (2-2) 


desired  thickness  as  input  parameter 
necessary  time  as  output  (2-3) 
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For  oxidation  time  t,  Iona,  relative  to  the  characteristic  time  A /4B,  the 
oxidation  model  reduces  to  a parabolic  behavior  s Bt  with  B,  therefore, 
termed  the  parabolic  rate  constant. 

For  oxidation  t,  short,  relative  to  the  characteristic  time,  a linear 
behavior  s B/A  (t  + ')  results,  with  B/A  = (kh)  (k+h)'^  (C*/I'l.| ) therefore 
labeled  the  linear  rate  constant. 

Examination  of  the  limiting  forms  indicates  that  the  oxidation  process 
in  the  parabolic  domain  is  diffusion-limited,  and  in  the  linear  region  is 
surface-reaction  limited  (generally  h >>k).  Both  regions  should  be  directly 
dependent  on  the  equilibrium  concentration  of  oxidant  in  the  oxide.  Factors 
affecting  the  diffusion  process  should  therefore  be  most  influential  for  long 
oxidation  times,  etc. 

Experiments  have  indicated  that  with  an  initially  clean  bare  Si  surface, 

X^  = 0 for  wet  O2  oxidation,  while  an  effective  X^.  3 200  A is  found  for  dry  0^ 
oxidation  (due  to  an  initial  phase  of  rapid  oxidation  by  a different  mechanism). 

At  the  present  time,  B,  B/A  and  t are  known  only  for  (111)  oriented,  lightly 
doped  conditions.  Under  these  restrictions  these  parameters  may  be  expressed 
in  the  following  form. 


B = C^e-'l/^"' 

(2-4) 

B/A  = C^e  '^2^^''^ 

(2-5) 

= (X.^  + AX.)/B 

(2-6) 

where 


Dry  0^: 


Wet  0^: 


7.72 

2 

X 10  micron 

2 

i^/hr 

6.23 

X 10^  micron/hr 

28.5 

1.23 

^'^/molecule 

46.0 

"""'/icile  . 

2.0  ^'^/molecule 

2.14 

2 

X 10  micron 

i^/hr 

8.95 

X 10^  micron/hr 

16.3 

0.71 

6V 

/molecule 

45.3 

1.97 

^'^/molecule 
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Orientation,  the  addition  of  a chlorine  species  and  heavy  substrate  doping 
have  all  been  shown  to  affect  either  B,  B/A  or  both  rate  constants.  The  follow- 
ing sections  treat  these  individually. 

2.3  Silicon  Crystal  Orientation  Effects 

A log-log  plot  of  oxide  thickness  versus  oxidation  time  for  the  thermal 
oxidation  of  silicon  in  dry  oxygen  at  temperatures  ranging  from  700°-1200°C 
is  shown  in  Figure  2.1.  As  expected,  the  difference  in  oxidation  rate  between 
(100)  and  (111)  oriented  silicon  decreases  gradually  from  700°C,  where  the 
differences  are  on  the  order  of  40%,  to  1200°C,  where  the  differences  are  less 
than  2%  for  all  points,  with  the  (111)  oxidizing  faster  than  the  (100).  It 
should  be  noted  that  in  the  region  below  100  A at  700°C,  the  oxide  thicknesses 
obtained  for  (100)  and  (111)  silicon  are  essentially  the  same.  Only  after 

O 

the  oxide  thickness  exceeds  100  A,  do  the  normal  orientation  differences  appear. 
This  observation  suggests  that  in  the  initial  oxide  growth  regime  at  700°C,  the 
silicon  surface  plays  a minimal  role.  Such  conclusions  are  consistent  with 
previous  information  [2]  obtained  by  Auger  analysis  of  thin  oxides  grown  between 
200°  and  800°C,  which  show  that  the  hydration  of  the  silicon  surface  plays  a 
crucial  role  in  silicon  oxidation.  The  results  can  be  of  interest  in  the 
fabrication  of  MHOS  devices. 

The  oxidation  rate  data  were  evaluated  using  the  general  relationship  for 
the  thermal  oxidation  of  silicon  as  developed  by  Deal  and  Grove  [1]: 

Xo^  + AXo  = B (t  + t),  (2-1) 

Since  the  parabolic  rate  constant  B depends  upon  the  partial  pressure  of 
oxidant  in  the  oxidizing  ambient,  the  solubility  of  the  oxidizing  species  in 
Si02,  and  the  effective  diffusion  coefficient  of  the  oxidizing  species  in  Si02 
[1],  there  should  be  no  variation  of  B with  silicon  orientation.  On  the  other 
hand,  the  linear  rate  constant  B/A  involves  the  reaction  rate  constants  at  the 
Si02  surface  and  at  the  silicon  surface  [1],  so  that  any  orientation  dependence 
of  the  oxidation  rate  should  appear  in  this  term  via  the  constant  A. 

Since  the  method  of  analysis  utilized  depends  upon  the  correction 
factor  r,  which  is  determined  by  extrapolation  [1],  and  thus  prone  to  some 
error,  oxidation  times  at  least  three  times  greater  than  the  rvalue  for 
any  set  of  oxidation  conditions  were  generally  used  for  the  determination 
of  B and  B/A.  In  this  way,  any  error  in  - should  have  little  effect  on  the 
calculated  values  of  E and  B/A. 
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The  results  of  least  squares  analyses  of  oxidation  rate  data  for  (100)  and 
(111)  oriented  silicon  wafers  using  Equation  (2-1)  are  given  in  Table  2-1.  It 
should  be  mentioned  that  the  oxide  thickness  (x^. ) at  zero  oxidation  time  as 
determined  by  extrapolation  of  the  x vs  t curve  to  zero  oxidation  time,  was 

o 0 

found  to  be  160  + 40  A for  all  oxidation  conditions.  Table  2-1  demonstrates  that, 
according  to  theory,  there  is  essentially  no  difference  in  B for  the  two 
orientations,  at  least  from  1200°  to  900°C.  Below  900°C,  very  long  oxidation 
times  (>100  hrs)  become  necessary  to  eliminate  the  effects  of  t,  and  the  scatter 
observed  v/as  considerable.  At  700°C,  a value  for  B could  not  be  obtained,  since 
a plot  of  oxide  thickness  versus  time  yielded  a straight  line,  indicating  that 
the  parabolic  contribution  to  the  overall  oxidation  rate  v/as  negligible.  The 
linear  rate  constant  B/A,  shows  the  expected  orientation  dependence,  with  B/A 
for  (111)  always  being  equal  to  or  greater  than  that  for  (100).  It  should  be 
noted  that  the  kinetic  parameters  for  (111)  oriented  silicon  given  in  Table  I 
are  in  very  close  agreement  with  those  obtained  by  Deal  and  Grove  [1].  Such 
agreement  is  remarkable  when  one  considers  the  different  oxidation  conditions 
(humidity,  gas  quality,  flow  rates,  furnaces,  etc.)  prevailing  in  two  laboratories 
carrying  out  similar  experiments  eleven  years  apart. 

Activation  energies  v/ere  obtained  by  fitting  the  data  in  Table  2-1  to 
an  Arrhenius  equation  of  the  form 

-E  /kT 

k = k^  e (2-7) 

where  E,  = activation  energy,  T = temperature  in  °K,  and  k = gas  constant. 

a 

Plots  of  B and  B/A  vs  temperature  are  shown  in  Figures  2-14  and  2-15  in 
connection  with  the  HCl  data  described  later.  This  analysis  gave  values  of 
1.3  eV  (30  kcal/mole)  and  1.2  eV  (28  kcal/mole)  for  the  activation  energy 
of  B for  (100)  and  (111)  oriented  silicon,  respectively,  which  agrees  well 
with  previously  determinea  values  for  the  dry  thermal  oxidation  of  (111) 
oriented  silicon  [2],  [3]. 

A similar  analysis  for  the  linear  rate  constant  for  the  (111)  orienta- 
tion yielded  a value  of  2 eV  (47  kcal/mole),  which  is  in  close  agreement  with 
the  energy  required  to  break  a Si-Si  bond  [4].  However,  determination  of 
the  activation  energy  for  B/A  for  (100)  oriented  silicon  affords  two  choices. 

If  the  data  from  900°  to  1200°C  are  analyzed,  and  the  low  temperature  points 
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neglected  due  to  large  scatter  as  stated  previously,  a value  of  2.5  eV 
(57  kcal/mole)  is  obtained,  i.e.,  an  increase  of  ~ 25"  over  that  for  (100). 

This  increase  was  predicted  by  Ligenza  from  consideration  of  steric  hindrance 
in  the  (100)  and  (111)  planes  of  silicon  during  thermal  oxidation  [5]. 

On  the  other  hand,  if  the  data  from  700°  to  1200°C  are  analyzed,  the  900°, 
1100°,  and  1200°C  points  could  be  considered  as  scatter  from  a line  drawn 
parallel  to  the  one  for  (111)  orientation,  passing  through  the  700°,  800°, 
and  1000°C  points,  thereby  resulting  in  the  same  activation  energy  as  (111) 
oriented  silicon.  Indeed,  some  faith  could  be  put  in  such  an  assumption, 
since  the  700°C  data  give  B/A  directly  from  an  vs  t plot  as  indicated 
above.  Thus,  one  could  argue  that  the  higher  temperature  analyses  v/ere  in 
error  due  to  the  inaccuracy  in  determining  A from  a plot  of  vs  t+x/x^. 

The  slopes  of  these  lines  (B)  are  quite  large,  therefore  a small  change 
in  the  slope  would  shift  the  intercept  (A),  and  thus  B/A,  considerably.  At 
present,  it  is  not  known  which  of  the  above  alternatives  is  the  correct  one. 

In  any  case,  the  preceeding  discussion  indicates  why  there  has  been  little 
or  (.0  work  reported  since  1961  concerning  the  differences  between  oxidation 
rates  and  corresponding  activation  energies  of  (100)  and  (111)  oriented 
silicon  in  dry  oxygen. 

2.4  Impurity  Doping  Effects 

The  effects  of  impurity  doping  levels  on  thermal  oxidation  rates  are 
intimately  connected  with  a widely  encountered  phenomenon  in  semiconductor 
processing  - namely,  impurity  redistribution.  Figure  2-2  illustrates  how 
redistribution  and  thermal  oxidation  interact. 

As  a thermal  oxide  is  grown  over  a doped  silicon  substrate,  redistribution 
of  the  impurity  results.  In  the  case  of  phosphorus,  arsenic,  and  antimony, 
the  dopant  atoms  tend  to  pile  up  at  the  surface  resulting  in  a higher  surface 
concentration  than  background  concentration  (C^  > Cg).  In  the  case  of  boron, 
the  opposite  effect  takes  place  resulting  in  surface  depletion  (C^  > Cg). 

In  the  case  of  very  heavily  doped  substrates  (i.e.,  Cr  typically  > 

19  ^ 

10  ),  it  has  been  observed  [6]  for  both  phosphorus  and  boron,  that  the 

oxidation  rates  can  be  substantially  different  (generally  faster)  than  those 

observed  on  lightly  or  moderately  doped  substrates.  With  respect  to  Figure 

2-2,  the  two  parameters  that  have  been  correlated  [6]  with  this  increased 

oxidation  are  C^,  the  dopant  concentration  in  the  silicon  at  the  surface, 

and  the  average  impurity  concentration  in  the  oxide. 
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Intuitively,  the  effect  of  is  to  reduce  the  amount  of  energy  required 
to  break  Si  bonds  and  thus  to  affect  the  surface  reaction.  v;ould  thus  be 
expected  to  influence  B/A,  the  linear  rate  constant  and  not  B. 

The  effect  of  intuitively  is  to  change  the  diffusion  constant 
for  the  Op  or  H^O  oxidizing  species  in  the  SiOp.  (T*  would  thus  be 
expected  to  affect  B,  the  parabolic  rate  constant. 

In  order  to  study  these  enhanced  oxidation  rates  in  more  detail, 

a large  number  of  heavily  doped  wafers  were  prepared  as  illustrated  in 

Figure  2-3.  Because  of  the  difficulty  of  purchasing  wafers  with  doping 
19  3 

levels  >10  /cm  , the  samples  were  prepared  by  diffusion  of  phosphorus 
into  standard  lightly  doped,  (111)  substrates.  The  predeposition  and 
drive-in  schedules  were  chosen  so  that  the  diffused  profiles  were  flat 
(within  10%)  over  the  first  2 4 into  the  silicon.  The  drive-ins  were  done 
in  N2  to  prevent  oxidation  and  hence  redistribution  during  the  formation  of 
the  heavily  doped  layers. 

Five  types  of  samples  were  prepared  with  surface  doping  levels 
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betv/een  5 x 10  /cm  and  solid  solubility  ( = 3 x 10  /cm  ),  as  indicated 

in  Figure  2-3.  The  resulting  diffused  profiles  were  measured  using  spreading 

resistance  and  anodic  sectioning  techniques.  Agreement  between  the  tivo 

measurement  techniques  was  excellent  as  illustrated  in  the  figure.  It  is 

important  to  note  that  the  doping  concentrations  tabulated  in  Figure  2-3 

represent  electrically  active  concentrations  not  chemical  concentrations. 

The  implications  of  this  will  be  described  later. 

Following  preparation  of  the  samples,  a series  of  initial  experiments 
were  conducted  to  evaluate  the  m.agnitude  of  the  enhanced  oxidation  effect 
over  regions.  A typical  result  is  shown  in  Figure  2-4.  The  horizontal 
scale  is  again  electrically  active  surface  concentration.  The  data  show 
approximately  a three  to  one  range  in  oxide  thickness  for  these  wafers  which 
were  oxidized  simultaneously. 

The  choice  of  a low  oxidizing  temperature  tends  to  maximize  the 
enhanced  oxidation  rate  for  the  common  N type  impurities  because,  as 
explained  above,  they  tend  to  pile  up  at  the  silicon  surface.  As  a 
re'’-ult  the  dominant  effect  is  on  the  reaction  occuring  at  the  Si-SiO^ 
interface  and  hence  the  linear  rate  constant  B/A  which  dominates  the 
overall  reaction  at  low  temperatures.  It  should  be  noted  that  low 
temperature  oxidation  is  becoming  increasingly  important  in  the  semi- 
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conductor  industry  because  of  the  trend  tov/ards  larger  diameter  silicon 
wafers . 

Wet  oxidation  also  tends  to  increase  the  effect  observed  in 
Figure  2-4  because  there  is  more  redistribution  for  wet  oxides  when  fl 
type  impurities  are  involved  (i,e.  Cs/Cb  is  larger  for  wet  than  dry 
oxides)  [6],  [7]. 

Following  these  initial  experiments,  a more  carefully  designed  set  ies 

of  oxidations  were  made  to  evaluate  the  enhanced  oxidation  over  M'*'  regions 

under  a wide  variety  of  temperatures  and  ambient  conditions.  Typical 

of  the  results  which  were  obtained  are  the  data  shown  in  Figures  2-5  and 

15 

2-6.  The  bottom  curve  (A)  in  each  case  is  lightly  doped  (1  x 10  ) 

material  and  the  results  for  this  material  agree  with  previously  published 
data  [1].  The  upper  curve  in  each  case  (F)  corresponds  to  a substrate 
doped  to  approximately  solid  solubility. 

Several  observations  can  be  made  about  these  data  even  in  the  form 
shown  in  these  figures. 

(1)  The  enhanced  oxidation  effect  is  more  pronounced  at  lower 
temperatures  (900°C)  than  at  higher  temperatures  (lOOO'C). 

(2)  These  effects  are  also  more  pronounced  for  shorter  times  and 
thinner  oxides  than  they  are  for  longer  times  and  thicker 
oxides . 

Both  of  these  observations  are  in  agreement  with  our  previously 
stated  expectations.  That  is,  N type  dopants  which  pile  up  at  the 
silicon  surface  and  segregate  into  the  Si,  should  affect  the  reaction 
kinetics  at  the  Si-Si02  interface  far  more  than  they  affect  the  diffusion 
of  the  oxidizing  species  through  the  SiO^.  Thus  we  would  expect  B/A 
to  be  affected  and  not  B,  in  agreement  with  the  observations  stated 
above. 

Based  upon  the  general  oxidation  relationship  of  Deal  and  Grove  [1], 
we  can  consider  from  a theoretical  point  of  view,  what  the  curves  of 
Figures  2-5  and  2-6  should  look  like  if  the  only  effect  of  doping  were 
on  the  surface  reaction  kinetics.  Figure  2-7  shows  a series  of  theoretical 
curves  generated  from  this  oxidation  relationship.  The  various  curves 
were  generated  for  values  of  the  linear  rate  constant  B/A  between  the 
normal  or  lightly  doped  substrate  value  (2.8  x lO'^M-Zi^in  at  900°C)  and 
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500  times  this  value  (corresponding  to  a much  enhanced  surface  reaction 
rate).  The  qualitative  agreement  between  these  theoretical  curves  and 
the  experimental  results  in  Figure  2-5  is  apparent. 

We  can  carry  the  analyses  of  these  data  in  Figures  2-5  and  2-6  one 
step  further  by  extracting  linear  and  parabolic  rate  constants  according 
to  standard  techniques  [1].  The  results  for  the  900°C  oxidation  are  shown 
in  Figure  2-8.  Two  conclusions  may  be  drawn  from  these  data. 

(1)  The  parabolic  rate  constant  is  essentially  unchanged  by  the 

substrate.  This  is  in  accordance  with  our  expectations 
since  most  of  the  phosphorus  segregates  into  the  silicon. 

(2)  The  linear  rate  constant  is  virtually  unchanged  for  doping 
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levels  < 5 X 10  /cm  . Above  this  concentration,  B/A 
increases  approximately  one  order  of  magnitude  as  the  doping 
level  is  increased  to  the  solid  solubility  limit. 

It  should  be  noted  that  the  horizontal  scale  in  this  figure  has 
been  corrected  to  chemical  phosphorus  concentration  in  the  substrate, 
rather  than  the  electrically  active  concentration  previously  used.  The 
chemical  phosphorus  concentration  and  hence  the  percentage  of  the  species 
electrically  active  in  our  diffused  samples  was  determined  by  sputtering 
Auger  techniques  by  Johannessen  et  al  at  Stanford  [8].  There  is  still  some 
question  about  the  absoluce  accuracy  of  the  horizontal  scale  in  Figure  2-8 
because  of  sensitivity  limitations  of  the  Auger  technique.  Independent 
measL  ' e.iienLs  on  these  samples  are  currently  being  performed  using  SIMS 
techniques  at  the  Texas  Instruments  Materials  Characterization  Laboratory. 
These  should  resolve  the  question  of  chemical  vs  electrically  active 
phosphorus  concentrations  in  these  samples. 

The  1000°C  extracted  rate  constants  show  a form  very  similar  to 
Figure  2-8.  Samples  have  also  been  oxidized  at  1100°C  and  at  800°C.  The 
resulting  oxide  thicknesses  are  currently  being  measured.  Completion  of 
these  data  at  these  four  temperatures  will  allow  us  to  plot  both  B and  B/A 
as  a function  of  temperature  and  thus  to  extract  activation  energies  for 
these  rate  constants  as  a function  of  substrate  doping  level. 

The  reported  activation  energy  for  lightly  doped  wafers  for  B/A,  the 
linear  rate  constant,  is  approximately  46  kcal/mole  [1].  This  compares 
quite  well  with  the  energy  required  to  break  a Si-Si  bond,  which  is  42.2 
kcal/mole  [4],  Our  900°C  and  1000°C  data  indicate  that  B/A  becomes 
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extremely  large  for  the  samples  doped  close  to  solid  solubility.  The 
activation  energy  for  B/A  in  this  case  therefore  approaches  zero,  in- 
dicating that  the  reaction  at  the  Si-Si02  interface  is  no  longer  a rate- 
limiting  step  at  these  doping  levels.  That  is,  it  appears  that  the  in- 
corporation of  dopant  atoms  in  concentrations  close  to  solid  solubility, 
so  strains  the  lattice  structure  that  bond  breaking  becomes  extremely 
easy.  Whether  or  not  this  simplified  model  is  correct,  can  of  course, 
only  be  verified  by  a better  model  of  the  molecular  and  atomic  structure 
near  the  Si-Si02  interface.  Such  a model  is  clearly  necessary  also  for 
prediction  of  charge  densities  and  is  therefore  a goal  of  our  research 
program.  It  is  also  something  we  are  presently  beginning  to  pursue  in  the 
manner  indicated  at  the  beginning  of  this  oxidation  report. 

2 . 5 Oxidation  in  HCI/Oq  Mixtures 

One  of  the  most  significant  developments  in  the  passivation  of  thermally 
grown  silicon  dioxide  films  over  the  past  several  years  has  been  the  addition 
of  a chlorine  species  during  silicon  oxidation.  It  has  been  demonstrated 
[9],  [10], [11]  that  such  additions  result  in  improved  threshold  stability  and 
increased  dielectric  strength.  In  addition,  it  has  been  observed  that 
chlorine  additions  increase  the  rate  of  silicon  oxidation  [12],  [13],  [14] 
but  extensive  data  for  widely  varying  oxidation  conditions  have  not  been 
reported.  Therefore,  in  this  investigation  the  thermal  oxidation  kinetics 
of  silicon  in  O2/HCI  mixtures  are  characterized  as  a function  of  oxidation 
temperature,  HCl  concentration  and  silicon  orientation,  and  the  results 
are  compared  to  those  obtained  from  silicon  oxidations  performed  in  a dry 
oxygen  atmosphere. 

A.  Rate  Constants 

Log-log  plots  of  oxide  thickness  versus  oxidation  time  for  the  thermal 
oxidation  of  (100)  and  (111)  oriented  silicon  in  O2/HCI  mixtures  at  temper- 
atures of  900°,  1000°,  and  1100°C,  are  shown  in  Figures  2-9,  2-10,  and 
2-11,  respectively.  It  is  clear  from  the  figures  that  the  (111)  silicon 
always  oxidizes  faster  than  does  the  (100).  Also,  it  can  be  seen  that  the 
effect  of  HCl  addition  is  to  increase  the  oxidation  rate  relative  to  oxidation 
in  dry  oxygen.  In  particular,  a relatively  large  increase  in  the  oxidation 
rate  occurs  with  the  initial  ^%  HCl  addition.  Subsequent  additions  have  a 
somewhat  smaller  effect,  but  the  overall  rate  is  systematically  increased. 
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In  addition,  it  can  be  observed  in  these  figures  that  the  overall  increase 
in  oxide  thickness  for  a particular  oxidation  time  upon  increasing  the  HCl 
concentration  from  0 to  10%,  is  larger  for  (100)  than  for  (111)  oriented 
silicon.  Although  we  can  presently  offer  no  explanation  for  this  observation, 
it  may  be  related  to  the  silicon  etching  phenomenon  mentioned  below.  It 
should  be  noted  that  very  few  data  points  are  plotted  for  oxidations  carried 
out  at  1100°C  with  HCl  concentrations  greater  than  1%.  This  is  due  to  silicon 
etching  and  oxide  bubble  formation  which  occurs  at  the  Si-Si02  interface 
during  silicon  oxidation  with  O2/HCI  mixtures  at  1100°C  [13],  [14],  [15],  [16]. 

In  order  to  separate  the  effects  of  HCl  on  the  parabolic  8 and  linear 
B/A  rate  constants,  and  thus  obtain  some  indication  of  the  role  HCl  plays 
in  silicon  oxidation.  Equation  2-1  v/as  utilized.  It  should  be  mentioned 
that  during  the  determination  of  t,  x.  was  assumed  to  be  essentially  constant 

o * 

at  160  + 40  A for  all  oxidation  conditions  investigated.  Although  x^  should 
decrease  with  HCl  add-  ion  due  to  water  vapor  generation  as  per  the  reaction 
of  O2  and  HCl , 

4 HCl  + O2  2 H2O  + 2 CI2  (2-8) 

the  extrapolations  performed  to  determine  x^  and  thus  t could  not  detect 
small  changes  in  x^. . Nevertheless,  since  t depends  upon  x^ , B,  and  B/A, 
a decrease  in  i was  observed  upon  HCl  addition,  probably  in  part  as  a 
result  of  water  generation,  since  x^  and  therefore  ' are  zero  for  oxidation 
in  a steam  am.bient  [1]. 

The  results  of  least  squares  analyses  on  the  data  shown  in  Figures 
2-9,  2-10  and  2-11  are  summarized  in  Figures  2-12  and  2-13  which  are  semi- 
log plots  of  the  effect  of  HCl  concentration  on  the  parabolic  and  linear 
rate  constants,  respectively.  It  should  be  noted  that  the  rate  constants 
generated  via  Equation  2-1  and  plotted  in  Figures  2-12  and  2-13  are 
effective  rate  constants,  in  that  they  represent  the  combined  effects  of 
oxygen,  water,  and  chlorine  species  on  B and  B/A. 

Figure  2-12  shows  that  essentially  no  orientation  effect  is  observed 
in  the  parabolic  rate  constant  B,  in  accordance  with  theory.  Also,  in- 
creasing the  HCl  concentration  above  1"  results  in  a linear  increase  in 
B (the  plots  are  put  on  a semi-log  scale  for  convenience).  The  increase 
in  B going  from  0 to  1%  Hul  in  dry  oxygen  is  not  as  consistent  among  the 
three  temperatures,  however.  For  1000°  and  1100°C,  a large  increase  in 
B due  to  1%  HCl  addition  occurs,  whereas  this  trend  is  not  observed  at 
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900°C.  These  observations  are  in  agreement  with  previous  work  which 
showed  a linear  increase  of  B with  0-9%  HCl  addition  at  900°C  [14]  and  a 
large  increase  in  B due  to  1%  HCl  addition  at  1100°C  [13].  Presumably, 
the  large  increase  in  B,  as  well  as  the  linear  increase  with  subsequent 
HCl  additions  are  at  least  in  part  due  to  water  generation  as  described 
in  Equation  (2-8),  since  it  is  well  known  that  small  amounts  of  water 
increase  the  thermal  oxidation  rate  of  silicon  in  dry  oxygen  [17].  However, 
as  pointed  out  by  van  der  Meulen  and  Cahill  [14],  gas  phase  thermodynamic 
equilibrium  calculations  indicate  that  the  amount  of  water  generated 
via  Equation  (2-8)  cannot  account  for  the  observed  increase  in  oxidation 
rate.  This  is  consistent  with  the  published  results  that  CI2  addition 
to  a dry  oxygen  atmosphere  yields  a considerably  higher  silicon  oxidation 
rate  than  an  equivalent  HCl  addition  at  1150°C  [17],  suggesting  that  the 
chlorine  species,  rather  than  the  water  generated,  may  be  primarily 
responsible  for  the  increase  in  oxidation  rate  at  high  temperatures. 

However,  since  it  is  difficult  to  obtain  CI2  which  contains  less  than  3 ppm 
water,  some  effect,  although  small,  would  be  anticipated  from  the  water 
present. 

In  regard  to  the  above  argument  concerning  the  amount  of  water 
generated  via  Equation  (2-8),  it  should  be  pointed  out  that  thermodynamic 
calculations  such  as  those  in  Ref.  [14]  give  only  the  idealized  gas  phase 
equilibrium  conditions.  The  presence  of  a surface--especially  one  such  as 
Si02  which  is  useful  for  catalytic  purposes--could  shift  the  equilibrium, 
and  thus  alter  the  amount  of  water  generated  and  incorporated  into  the 
oxide  surface. 

Some  insight  can  be  gained  into  the  silicon  oxidation  regime  affected 
by  water  or  chlorine  (as  generated  via  Equation  (2-8))  from  consideration  of 
the  definitions  of  the  parabolic  (B)  and  the  linear  (B/A)  rate  constants. 

The  definitions  are  as  follows  [1]: 

B H 2 C*/N^ , (2-9) 

where  D = effective  diffusion  coefficient,  C*  = maximum  concentration 
ef  f 

of  oxidant  in  oxide,  and  N.|  = number  of  oxidant  molecules  incorporated 
into  a unit  volume  of  oxide; 
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B/A 


(2-10) 


where  k = surface  reaction  rate  constant,  and  h = gas  phase  transport 
coefficient. 

Inspection  of  these  definitions  along  with  comparison  of  Figures 
2-12  and  2-13  suggests  that  the  monatonic  increase  in  B with  HCl  con- 
centration is  related  to  the  effective  diffusion  coefficient  since 

this  term  does  not  appear  in  the  expression  for  B/A.  Likewise,  it  appears 
that  the  rapid  initial  increase  in  B and  B/A  might  be  related  to  the 
solubility  of  the  oxidizing  species  in  the  oxide  film.  Although  the  latter 
conclusion  could  be  explained  by  water  addition,  this  explanation  would 
not  account  for  the  increase  in  since  this  parameter  is  known  to 

decrease  with  water  addition  [1]. 

In  light  of  the  above  arguments,  the  gradual  increase  of  the  parabolic 
rate  constant  with  increasing  HCl  concentration  could  be  partially  related 
to  a chlorine  species,  since  it  has  been  established  that  a higher  con- 
centration of  chlorine  is  incorporated  into  the  silicon  dioxide  film  as 
the  IICI  concentration  and/or  the  silicon  oxidation  temperature  are  in- 
creased [18].  Consequently,  it  might  be  anticipated  that  increasing  the 
chlorine  concentration  would  cause  the  Si02  lattice  to  be  strained 
(especially  near  the  interface),  thus  allowing  diffusion  of  oxidant  to 
occur  more  easily,  and  thereby  increase  the  oxidation  rate  as  observed  in 
the  oxidation  of  heavily  boron-doped  silicon  [19].  ince  the  ionic  radius 
of  boron  when  substituted  for  silicon  in  a silicon  lattice  (which  should  be 
close  to  the  radius  of  boron  substituted  for  silicon  in  Si02)  is  0.88  K 
[20],  while  the  ionic  radius  of  chlorine  is  1.8  ^ [21],  it  would  be  ex- 
pected that  the  Si02  lattice  expansion  would  be  even  greater  in  tne  case 
of  chlorine  as  compared  to  boron.  This  speculation  is  also  consistent  with 
the  previously  mentioned  observation  that  CI2  additions  result  in  larger 
silicon  oxidation  rates  than  do  HCl  additions  at  high  temperatures , since 
more  chlorine  is  apparently  incorporated  into  the  Si02  with  82/012  than 
with  O2/HCI  mixtures  [18]. 

Inspection  of  Figure  2-13  reveals  a strong  orientation  effect  on  the 
linear  rate  constant  B/A,  which  apparently  decreases  with  increasing 
temperature.  This  observation  v/as  discussed  in  the  previous  section  on 
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orientation  effects.  Also,  as  generally  found  for  B,  an  initial  rapid 
increase  in  B/A  is  observed  upon  increasing  HC1  concentration  in  the  oxygen 
atmosphere  from  0 to  1%.  However,  further  increase  of  the  HCl  concentration 
resulted  in  essentially  no  change  in  B/A.  Although  an  explanation  for  these 
observations  is  not  apparent,  it  is  conceivable  that  the  breaking  of  Si-Si 
bonds  could  be  promoted  by  etching  of  the  silicon  substrate  which  is  knov/n 
to  occur  with  the  use  of  HCl  [13],  [14],  [15],  [16],  so  that  an  increase  in  the 
linear  rate  constant  might  result.  However,  increased  HCl  concentrations 
should  then  further  increase  B/A,  unless  an  equilibrium  between  oxidation 
and  etching  is  established. 

Clearly,  additional  investigation  of  this  phenomenon  is  needed  if 
vie  are  to  understand  the  mechanism  involved.  It  should  be  mentioned  that 
preliminary  results  obtained  in  the  Fairchild  laboratory  with  O2/CI2 
oxidation  atmospheres  substantiate  the  above  nterpretation , in  that 
relatively  large  increases  in  B/A  due  to  CI2  aidition  at  1100°C  were 
observed,  with  considerably  smaller  increases  noted  for  B. 

B.  Activation  Energies 

An  Arrhenius  plot  of  the  parabolic  rate  constant  B for  the  thermal 
oxidation  of  silicon  in  O2  and  several  O2/HCI  mixtures  is  shown  in 
Figure  2-14.  Since  essentially  no  orientation  effect  was  observed  for  B, 
only  the  (111)  orientation  is  plotted.  A least  squares  analysis  of  the 
data  for  dry  oxygen  (OX  HCl)  gave  a value  of  1.2  eV  (28  kcal/mole),  which 
agrees  well  with  previously  determined  values  for  the  thermal  oxidation 
of  silicon  in  dry  oxygen  [1],  [22],  as  well  as  for  the  diffusivity  of  oxygen 
through  fixed  silica  [23].  It  can  be  seen  from  Figure  2-14  that  HCl  addition 
to  the  dry  oxygen  atmospheres  resulted  in  a convex  curvature  (relative  to 
dry  oxygen  oxidation)  of  the  Arrhenius  plot. 

An  Arrhenius  plot  of  the  linear  rate  constant  B/A  for  the  thermal 
oxidation  of  silicon  in  O2  and  several  O2/HCI  mixtures  is  shown  in  Figure 
2-15,  A least  squares  analysis  of  the  data  for  dry  oxygen  (0%  HCl) 
oxidation  of  (111)  oriented  silicon  yielded  a value  of  2 eV  (47  kcal/mole), 
which  is  in  close  agreement  with  the  energy  required  to  break  a Si -Si 
bond  [4].  However,  determination  of  the  activation  energy  for  (100) 
oriented  silicon  affords  two  choices  as  explained  in  the  previous  section 
on  orientation  effects. 
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As  in  the  case  of  the  parabolic  rate  constant,  the  Arrhenius  plot 
of  the  linear  rate  constant  for  HCI/O2  mixtures  (Figure  2-15)  is  curved. 

In  this  instance,  the  curvature  is  concave  relative  to  dry  oxygen  oxidation. 
Upon  consideration  of  Equation  (2-8),  it  is  not  surprising  that  Arrhenius 
plots  of  the  rate  constants  for  the  oxides  grown  in  HCl  atmospheres  should 
result  in  curved  lines.  Certainly  more  than  one  activation  process  is  occur- 
ring, e.g.,  the  oxidation  due  to  oxygen  and  water  vapor,  along  with  several 
possible  effects  due  to  chlorine,  as  mentioned  above.  As  the  oxidation 
temperature  is  changed,  the  relative  importance  of  these  activated  processes 
may  also  change.  Thus  it  becomes  necessary  to  separate  out  the  effects 
of  v/ater  and  chlorine  on  the  silicon  oxidation  rate.  Toward  this  end, 
experiments  are  currently  being  performed  to  investigate  the  oxidation 
rate  of  silicon  in  O2/H2O  and  O2/CI2  mixtures. 

Moving  Boundary  Oxidation  Problem 

Brief  mention  will  be  made  here  of  a future  goal  of  this  oxidation 
study.  In  work  by  Rodoni  and  Dutton  [24]  at  Stanford,  funded  under  a different 
grant,  computer  techniques  for  solving  the  moving  boundary  oxidation  problem 
have  been  developed.  The  goal  of  this  work  is  to  allow  prediction  of  diffused 
and  implanted  profiles  following  a diffusion  accomplished  in  an  oxidizing 
ambient. 

The  growth  of  oxide  during  the  diffusion  process  gives  rise  to  re- 
distribution which  most  often  cannot  be  described  by  the  usual  gaussian  or 
error  function  approximations  to  the  diffusion  process.  Significant 
deviations  occur  near  the  Si02-Si  boundary  which,  except  for  the  special 
case  of  initial  uniform  impurity  concentration  and  quadriatic  oxide  growth 
(25),  require  numerical  methods  for  the  solution  of  impurity  profiles. 

[25],  umerical  techniques  developed  by  Rodoni  and  Dutton  are  based  upon 
the  direct  application  of  the  conservation  law  in  integral  form  [24].  This 
is  the  same  conservation  law  from  which  the  usual  partial  differential 
equations  describing  diffusion  are  derived  under  suitable  conditions.  By 
working  directly  from  the  integral  form,  numerical  methods  have  been 
developed  which  are  of  a more  general  type  than  those  based  solely  upon 
partial  differential  equations.  As  one  example,  the  computer  program  is 
capable  of  generating  concentration  profiles  throughout  the  oxide  and  silicon 
for  general  boundary  conditions  at  both  the  gas/solid  and  oxide/sil icon 
interfaces . 
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This  computer  program  has  recently  been  implemented  on  the  same  HP2100 
computer  that  is  being  used  in  these  oxidation  studies.  Figure  2-16  shows 
one  example  of  the  type  of  output  which  can  be  obtained.  In  this  particular 
example,  an  initial  boron  implant  (dashed  line)  has  been  subjected  to  a 
thermal  oxidation  of  90  minutes  in  dry  0^  at  1050°C.  This  oxidation  step 
grows  about  1080  K of  Si02,  and  might,  for  example,  be  a typical  gate 
oxidation  step  in  an  MOS  process.  The  resulting  boron  profile  in  both  the 
silicon  and  the  Si02  generated  by  the  computer  are  shown  in  the  figure. 

At  the  present  time,  this  computer  program  makes  a number  of  simpli- 
fying assumptions  including  constant  diffusion  coefficients  independent  of 
concentration.  It  also  neglects  orientation  effects,  heavy  doping  effects 
and  the  presence  of  HCl  in  calculating  the  oxide  growth.  Our  intention  in 
the  near  future  is  to  incorporate  the  results  of  this  oxidation  study  into 
this  computer  program.  We  will  thus  be  able  to  correct  the  computer  model 
of  oxidation  kinetics  to  take  into  account  orientation,  heavy  doping  and 
the  presence  of  HCl  during  the  oxidation. 

Finally,  we  expect  this  computer  analysis  technique  to  be  extremely 
useful,  in  conjunction  with  the  experimentally  attained  SIMS  dopant  profiles 
described  at  the  beginning  of  this  section,  in  contributing  to  our  under- 
standing of  the  physical  mechanisms  involved  in  the  kinetcs  of  thermal 
oxidation. 
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Table  2-1 


Rate  Constants  for  <111>  and  <100>  Silicon 


Temperature 

(°C)  Orientation 

T (hr) 

A (urn) 

B ( um^/hr ) 

B/A(iim/hr) 

1200 

(100) 

0.03 

0.0399 

0.0453 

1.14 

(111) 

0.03 

0.0404 

0.0458 

1.13 

1100 

(100) 

0.09 

0.101 

0.0247 

0.246 

(111) 

0.09 

0.0845 

0.0244 

0.289 

1000 

(100) 

0.35 

0.195 

0.00913 

0.0467 

(111) 

0.35 

0.120 

0.00956 

0.0797 

900 

(100) 

3.2 

0.429 

0.00333 

0.00775 

(111) 

1.2 

0.214 

0.00381 

0.0178 

800 

(100) 

10.0 

0.441 

0. 0007‘'5 

0.00171 

(111) 

5.0 

0.354 

0.0011 '■ 

0.00335 

700 

(100) 

-- 

— 

— 

0 .000222 

(111) 

— 

— 

— 

0.000348 

Fig.  2-5.  Oxide  Thickness  vs.  Time  for  Various 
Doping  Levels  at  900°C. 
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OXIDATION  TIME  (hr) 


OXIDATION  TIME  (hr) 

Fig.  2-9.  Oxide  Thickness  vs.  Oxidation  Time  for  the  Oxidation 
of  <11 1>  and  <100>  Oriented  N-Type  Silicon  in  Various 
O2/HCI  Mixtures  at  900°C. 
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OXIDATION  TIME  (hr) 


OXIDATION  TIME  (hr) 


Fig.  2-11.  Oxide  Thickness  vs.  Oxidation  Time  for  the  Oxidation 
of  <111>  and  <100>  Oriented  N-Type  Silicon  in  Various 
02/Hd  Mixtures  at  1100”C. 
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Fig.  2-12.  Parabolic  Rate  Constant  vs.  « HCl  for  <m>  and  <100> 
Oriented  N-Type  Silicon  at  900°,  1000°,  and  1100°C. 
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Fig.  2-15.  Arrhenius  Plots  of  the  Lineat*  Rate  Constants  for 
<111>  and  <100>  Oriented  Silicon  Oxidized  in 
Various  O2/HCI  Mixtures. 
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Fig.  2-16.  Typical  Output  Generated  by  Moving  Boundary  Diffusion  Program. 


CHAPTER  3 


Silicon  Epitaxy 

T.  I.  Kami  ns,  K.  C.  Saraswat  and  R.  Reif 


3.1  Introduction 

The  third  part  of  this  program  deals  with  modeling  of  epitaxial  growth 
of  silicon  on  a silicon  substrate.  Initially  the  work  was  divided  into  three 
areas; 

1)  Dopant  profile  measurement  techniques 

2)  Kinetics  of  epitaxial  growth 

3)  Kinetics  of  dopant  inclusion  in  the  epitaxial  layer. 

During  the  first  six  months  of  the  program  the  attention  was  primarily 
focused  on  the  first  two  areas  (see  the  Semi-annual  Report  [1]  for  details). 
Preliminary  work  was  begun  in  the  third  area  during  the  remaining  nine 
months  of  the  program. 

The  dopant  system  of  a horizontal  silicon  epitaxial  reactor  has  been 
characterized  by  changing  the  dopant  gas  flow  during  the  continuous  deposition 
of  epitaxial  layers  from  silane.  The  different  response  for  increasing  and 
decreasing  dopant  gas  flow  indicates  the  importance  of  different  physical 
mechanism  in  the  two  cases.  A System  "transfer  function"  has  been  found 
relating  the  dopant  profile  in  the  epitaxial  layer  (system  output)  to  the 
time-varying  dopant  gas  flow  (system  input).  The  transfer  function  allows 
the  calculation  of  the  dopant  profile  in  the  epitaxial  film  for  any  time 
varying  dopant  gas  flow.  The  calculation  of  the  dopant  gas  flow  as  a 
function  of  time  required  to  achieve  a desired  dopant  profile  are  thus 
possible. 
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3.2  Objective 

All  work  presented  here  was  done  in  the  commercially  available 
horizontal  reactor  illustrated  in  Figure  3.1.  The  major  features  are: 

1)  Water-cooled  r.f.  induction  coils 

2)  Silicon-carbide-coated  graphite  susceptor  (1/4"  x 2-1/2"  x 10") 

3)  Quartz  susceptor  cradle  to  tilt  the  susceptor  to  2° 

4)  Quartz  reactor  tube  (2-1/2"  x 3-1/2"  x 36") 

5)  The  main  gas  manifold  in  which  the  mixing  of  the  reactant 
gases  occurs 

6)  Double-dilution  doping  system. 

A horizontal  reactor  cross  section  is  shown  in  Figure  3.2(a).  It  has 
been  shown  both  theoretically  and  empirically  that  during  epitaxial  growth 
in  a horizontal  reactor,  the  gas  stream  above  the  susceptor  divides  into 
two  parts,  a flow  region  and  a boundary  layer  [2].  The  boundary  layer 
of  about  1/2  cm  in  thickness  is  next  to  the  susceptor.  There  is  no  dis- 
placement gas  flow  in  the  boundary  layer  either  vertically  or  horizontally 
across  the  wafer.  The  flow  region  has  horizontal  flow  corresponding  to 
the  main  flow  displacement  and  also  vertical  flow  due  to  thermal  con- 
vection tumbling.  The  flow  region  is  considered  to  be  well  mixed  both 
chemically  and  thermally,  and  at  a relatively  low  temperature.  Consequently, 
the  major  portion  of  the  temperature  differential  is  across  the  boundary 
layer.  Epitaxial  growth  proceeds  by  the  following  steps  [3]; 

1)  Mass  transfer  of  the  reactant  molecules  (e.g.,  SiH^  ) by 

diffusion  from  the  flow  region  reservior  across  the  boundary 
layer  to  the  silicon  surface. 


2)  Adsorption  of  reactant  atoms  on  the  surface. 

3)  One  or  more  chemical  reactions  at  the  surface. 


CX»iAuST 


Fig.  3.1.  Horizontal  epitaxial  reactor  schematic 
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Fig.  3.2.  (a)  Cross  sectional  view  of  the  reaction  chamber 

(b)  Block  diagram  of  the  reactor  as  a system 

(c)  One  block  transfer  function  relating  the 
dopant  gas  flow  input  f(t)  to  dopant  concen- 
tration in  the  epitaxial  film  N(x). 
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4)  Desorption  of  product  molecules  (e.g.,  H2). 

5)  Mass  transfer  of  the  product  molecules  by  diffusion  through 
the  boundary  layer,  back  to  the  flow  region. 

6)  Lattice  arrangement  of  the  adsorbed  silicon  atoms.  This 
step  may  occur  as  part  of  (3). 

Figure  3.2(b)  shows  a block  diagram  representation  of  the  epitaxial 
reactor  as  a system.  The  input  to  the  system  being  the  gas  flow  as  a 
function  of  time,  f{t),  and  the  output  being  the  doping  density  profile 
in  the  epitaxial  layer  N(x).  All  the  four  blocks  interact,  as  shown  in 
Figure  3.2(b).  As  far  as  the  doping  mechanism  is  concerned,  despite  such 
complexity  within  limitations  the  reactor  as  a whole  can  be  considered 
analogous  to  a linear  system.  (This  will  become  evident  later  in  this 
report).  The  implication  of  this  is,  that  it  is  possible  to  obtain  a 
transfer  function  of  the  reactor,  relating  the  dopant  gas  flow  imput  f(t) 
to  the  doping  profile  output  N(x)  as  shown  in  Figure  3.2(c).  Once  the 
transfer  function  has  been  obtained  it  is  possible  to  calculate  the  dopant 
gas  flow  as  a function  of  time  required  to  achieve  a desired  dopant  profile 
in  an  epitaxial  film. 

3.3  Transient  Response  of  the  Dopant  Incorporation  Mechanism 

It  is  a well  known  fact  that  a linear  system  can  be  characterized  by 
obtaining  its  transient  response.  Once  the  transient  response  is  known  it 
is  a relatively  easy  task  to  determine  the  transfer  function. 

While  such  characterization  of  an  epitaxial  reactor  has  not  been  at- 
tempted in  the  past,  a brief  literature  survey  indicates  that  the 
characterization  of  transient  doping  effects  is  promising.  For  example, 
diffusion-rate  processes  in  catalytic  reactors  have  been  characterized  by 
"admittance  functions"  analogous  to  ac  electrical  parameters  [4].  In  this 
work,  the  time-varying  output-gas  concentrations  were  related  to  the  time 


78 


variations  of  the  input  gases.  Further  v<ork  has  considered  diffusion 
through  a boundary  layer,  adsorption  on  a surface,  and  diffusion  into  a 
solid  [5].  Several  of  the  same  kinetic  processes  are  present  in  our  study 
of  dopant  in  epitaxial  layers.  In  our  study,  however,  additional  chemical 
processes  are  involved  since  the  output  is  not  a time-varying  gas  concentration, 
but  a variation  of  the  solid  dopant  concentration  as  a function  of  position 
in  the  deposited  epitaxial  layer.  The  earlier  work  does,  however,  indicate 
that  the  proposed  approach  is  promising. 

In  addition  to  providing  a method  of  fabricating  a desired  dopant  pro- 
file, this  portion  of  the  study  will  produce  basic  information  concerning 
the  various  mechanisms  involved  in  the  dopant  inclusion  processes.  As 
indicated  by  Kobayashi  and  Kobayashi  [6],  transient  studies  may  reveal 
the  importance  of  various  mechanisms,  which  may  not  be  apparent  in  steady- 
state  studies.  In  particular,  considerat'’on  of  limiting  cases  may  allow 
separation  of  the  several  mechanisms  involved;  e.g.,  dopant-gas  flow 
without  film  growth  would  involve  only  a selected  number  of  the  mechanisms 
involved  in  the  total  epitaxial  doping  process. 

Thus,  the  study  will  allow  the  twin  goals  of  the  ARPA  program  to  be 
addressed:  The  initial  results  will  allow  the  calculation  of  dopant 

flow  necessary  for  a desired  dopant  profile,  which  can  be  used  in  specialized 
devices.  The  further  study  of  the  mechanisms  entering  into  the  dopant- 
incorporation  process  will  allow  more  detailed  modeling  and  understanding 
and  may  suggest  better  methods  of  obtaining  the  desired  dopant  profile  by 
revealing  the  limiting  mechanisms. 

Using  the  results  of  the  work  described  in  the  Semi-annual  Report  [1], 
the  reactor  was  first  optimized  for  a nominal  deposition  of  approximately 
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0.6  microns/min  and  uniform  doping  during  the  entire  deposition  process.  Silane 

was  used  as  the  source  of  Si  and  deposition  was  done  at  1070°C.  Arsine 

was  used  as  the  dopant  gas  and  flow  settings  were  found  for  the  typical 

partial  pressure  of  approximately  2 x 10’®  and  6 x lO'^  atm.,  corresponding 

to  dopant  concentrations  of  roughly  1 x 10^^  and  3 x 10^^  cm  ^ in  the  epitaxial 

layer.  The  substrates  were  (100)  oriented  silicon  wafers  with  phosphorous 

15  -3 

dopant  concentrations  in  the  10  cm  range.  The  epitaxial  layers  were  grown 
with  a step-function  change  in  the  dopant  gas  flow  during  the  continuous 
deposition,  i.e.  the  dopant  gas  flow  was  changed  from  one  of  the  above 
described  to  the  other  one  during  the  deposition  to  simulate  the  step  input. 

Both  the  increasing  and  decreasing  steps  were  used  in  these  experiments. 

The  dopant  profiles  in  the  epitaxial  layers  were  obtained  by  capa- 
citance-voltage measurements  on  deep-depletion  MOS  structures,  and  planar 
p-n  junctions  and  mesa  p-n  junction.  The  thickness  and  dopant  concentrations 
used  in  the  samples  were  chosen  to  be  compatible  with  the  C-V  technique. 
Spreading-resistance  measurements  and  stacking-fault  thickness  determinations 
were  used  to  confirm  the  capaci tance-vol tage  measurements.  Figures  3.3 
and  3.4  shows  the  resulting  dopant  profiles  in  the  two  cases.  In  order  to 
ensure  that  the  experimental  profiles  were  not  limited  by  the  resolution 
of  the  capacitance-voltage  data-reduction  technique,  a theoretical 
capacitance-voltage  curve  was  generated  by  solving  Poisson's  equation  [7]. 

The  data-reduction  program  v/as  then  applied  to  this  curve.  The  results 
showed  that  the  experimental  profiles  varied  slowly  compared  to  the 
resolution  possible,  indicating  that  the  major  features  observed  were  not 
artifacts  of  the  analysis  technique. 


From  Figures  3.3  and  3.4,  we  see  that  the  transition  from  one  dopant 
concentration  to  the  other  occurred  in  approximately  1.2  microns,  corresponding 
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Fig.  3.4.  Experimental  dopant  profile  for  an  increasing 
step  change  in  dopant  gas  flow  and  exponential 
fit  to  the  experimental  profile. 
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to  a time  of  roughly  two  minutes.  The  heat  cycling  during  the  fabrication 
of  the  HOS  and  p-n  junction  C-V  samples  produced  a square-root-of-Ot  of 
only  0.07  microns  because  of  the  low  diffusivity  of  the  arsenic  dopant  in 
the  epitaxial  layer.  Spreading  resistance  data  confirm  that  there  is  no 
significant  deviation  betv/een  samples  measured  after  epitaxial  deposition  and 
after  complete  CV  sample  fabrication.  Both  the  increasing  and  decreasing 
steps  show  an  abrupt  onset  of  the  transition  region  followed  by  a gradual 
decay.  As  shown  in  Figures  3.3  and  3.4,  the  decay  curve  can  be  fitted  to  an 
exponential  curve  with  fairly  good  accuracy,  with  a decay  length  of  0.41  microns, 
corresponding  to  a time  constant  of  41  seconds.  Therefore  the  transient 
response  of  the  epitaxial  reactor  can  be  approximated  by  a single  exponential 
function  and  the  response  is  given  by 


h(t)  = 1 - exp 


3.1 


where  T-j  = 41  seconds. 

3.4  Systems  Analysis 

Once  the  transient  response  of  a system  has  been  characterized,  it  is 
possible  to  do  further  analysis  to  predict  output  for  a certain  input. 

There  are  several  numerical  techniques  for  doing  this.  One  of  the  simplest 
methods  is  to  use  the  convolution  integral  [8]. 

For  a linear  system  the  output  g(t)  to  an  input  f(t)  can  be  calculated 
by  convolving  the  input  with  the  impulse  response  I(t) 

OQ 

9(t)  = f I(t)  f(t-  T)dt 


- 00 


3.2 
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The  impulse  response  can  be  determined  by  taking  the  time  derivative  of  the 
step  response  h(t),  I(t)  = CSh(t))/(dt) . Since  h(t)  is  zero  for  negative 
values  of  t,  I(t)  is  also  zero  for  negative  values  of  x.  Hence  the  lov'/er 
limit  of  integration  can  be  simplified 

t 

g(t)  = f I(t)  f(t  - t) 

0 

The  limits  of  integration  can  be  further  simplified  depending  upon  the 
form  of  the  input.  For  example  if  f(t)  = 0 for  t 0,  then  f(t-  ) is  zero 
for  t and  thus  the  upper  limit  of  the  integration  becomes  t 

t 

g(t)  = f I(t)  f(t-  t)  dT  ^ ^ 

0 

Equation  3.3  or  3.4  can  be  easily  evaluated  either  analytically  or  numerically 
by  using  any  of  the  popular  numerical  integration  methods  [9]. 

Similar  calculations  can  be  done  in  the  frequency  domain  [8]  using  either 
the  Laplace  Transform  method  or  Fourier  Transform  method.  The  former  has  the 
advantage  that  it  is  possible  to  draw  analogs  to  electrical  circuits,  whereas 
the  latter  has  the  advantage  that  numerical  methods  are  very  efficient,  e.g. 
the  fast  Fourier  transform.  In  both  of  these  techniques  repeated  transforms 
have  to  be  taken  to  convert  the  information  from  time  domain  to  frequency 
domain  and  back  to  time  domain. 

In  the  case  of  the  epitaxial  reactor,  by  differentiating  Equation  3.1 
we  get 

'<*>  * t7  3.5 

Since  the  growth  rate,  G,  is  constant  in  time  the  doping  density,  N(x),  is 
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given  by 


N(x)  = Gg(t) 


combining  equation  3.4,  3.5  and  3.6  we  get 

CO 

‘ ’T  /"  «p  (- ^)  f(t- T)dT  3 7 

' i, 

As  explained  earlier  the  limits  of  integration  can  be  simplified  depending 
upon  the  type  of  f(t). 

3.5  Verification  of  the  Approach 

In  a series  of  experiments  the  dopant  gas  flow  consisted  of  an  increasing 
step  followed  by  a decreasing  step,  approximating  a pulse  in  the  input. 

Four  different  pulse  widths  were  used  - 4.3,  3,  1.8,  and  0.8  minutes.  The 
resulting  doping  profiles  in  the  substrates  were  measured  using  the  C-V 
techniques.  Figure  3.5  shows  the  results  of  measurements.  For  pulse  widths 
of  4.3  minutes  and  3 minutes  the  resulting  profiles  seem  to  be  a simple 
superposition  of  profiles  obtained  in  Figures  3.3  and  3.4,  because  the  pulse 
widths  are  longer  compared  to  the  system  time  constant  (41  seconds).  However, 
when  using  the  shorter  pulses  of  1.8  minutes  and  0.8  minutes,  the  higher  limit 
of  doping  was  never  reached,  indicating  the  limits  of  the  deposition  system  in 
responding  to  arbitrary  changes  in  the  rate  of  dopant  gas  flow. 

In  an  effort  to  verify  the  validity  of  the  transfer  function  approach, 
doping  profiles  were  calculated  using  Equation  3.7  for  the  four  pulse  inputs. 
The  results  are  plotted  in  Figure  3.5(a)  - 3.5(d).  There  seems  to  be  an 
excellent  agreement  between  the  theory  and  the  experiments  except  at  the 
onset  of  the  high-to-low  or  low-to-high  region.  Even  for  the  shortest  pulse, 
where  the  pulse  width  of  48  seconds  is  comparable  to  the  system  time  constant 
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of  'll  seconds,  the  model  seems  to  work  with  good  accuracy. 

In  another  experiment  the  shape  of  the  dopant  gas  flow  input  function 
v/as  a ramp  followed  by  a step.  The  results  of  measurements  and  theoretical 
calculations  are  shown  in  Figure  3.6,  which  again  shows  excellent  agreement. 
Except  for  one  discrepancy  - the  initial  and  final  values  of  the  dopant  gas 
flow  are  the  same  but  are  different  for  doping  profile  in  the  epitaxial 
layer.  This  can  be  attributed  to  some  mechanical  malfunction  in  one  of  the 
flowmeters . 

3.6  System  Delay 

So  far  in  our  model  we  have  not  taken  into  account  any  delay  between 
the  time  the  flovmieter  changes  are  initiated  and  the  time  the  impurities 
are  incorporated  into  the  growing  epitaxial  film.  To  ascertain  this,  an 
experiment  was  done  in  which  the  dopant  gas  flow  input  consisted  of  a 
series  of  two  0.8  min  wide  pulses  separated  in  time  by  5 min.  The  dopant 
gas  flow  input,  and  the  resulting  dopant  profile  in  the  epitaxial  film  as 
determined  by  C-V  technique  are  shown  in  Figure  3.7.  The  distance  between 
the  tv;o  pulses  was  determined  from  Figure  3.7  and,  since  the  time  was 
already  known,  this  allowed  a precise  calculation  of  the  growth  rate  to  be 
made.  Knowing  the  growth  rate,  the  beginning  and  ending  times  of  the 
pulses  were  marked  on  the  doping  profiles  as  shown  in  Figure  3.7.  Clearly 
the  points  marked  as  6.8  min  and  11.8  min  show  that  there  is  little  appreciable 
delay  in  the  system.  The  points  marked  by  6 min  and  11  min  do  not  confirm 
anything  because  they  seem  to  be  lost  in  the  majority  carrier  concentration 
profile.  Another  possible  explanation  of  this  portion  of  the  profile  will 
be  attempted  in  the  next  section. 
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Fig.  3.6.  Response  of  the  reactor  to  a ramp  followed  by  a 
decreasing  step  input  in  the  dopant  gas  flow. 
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3.7  A Two-Block  Model 

As  we  have  discussed  earlier  the  one  block,  exponential  transfer 
function,  although  adequate,  does  not  explain  some  of  the  finer  features 
of  the  profiles  discussed  earlier.  To  cover  the  finer  features  of  Figures 
3.3  through  3.7,  a two-block  model  was  attempted,  the  concept  of  which  is 
shown  in  Figure  3.8,  where  the  reactor  is  modeled  by  a combination  of  two 
transfer  functions.  The  impulse  response  of  the  two  blocks  are  (t)  and 

12(2).  Therefore  the  output  N(x)  for  an  input  f(t)  is  given  by 

N(x)  = G[f(t)  * I^(t)  * l2(t)]  3.8 

(the  sign  * represents  convolution) 

I](t)  is  still  given  by  Equation  3.5,  however,  l2(t)  was  chosen  10  be  an 
error  function. 


where  constants  N-|  and  N2  represent  the  upper  and  lower  limits  of  the  dopant 
concentration  in  the  epitaxial  film,  T2  is  a time  constant  and  tg  is  the 
time  when  the  step  change  is  initiated  in  the  gas  flow  input. 

Using  Equation  3.8,  an  effort  was  made  to  calculate  the  step  response  of  the 
reactor  to  the  increasing  step,  with  N-|  = 10^^  cm'^,  N2  = 3.5  x 10^^  cm'^,  tg 
= 8 min.  Out  of  several  values  tried  T2  = 30  seconds  gave  the  best  results. 
Figure  3.9  shows  the  results  of  these  calculations  and  the  C-V  measurements 
(as  shown  earlier  in  Figure  3.4).  The  agreement  seems  to  be  excellent.  Thus, 
the  rounding  of  the  dopant  profile  curve  when  an  abrupt  change  is  initiated 
can  be  modeled  by  incorporating  an  added  block  in  the  model  where  the  overall 


i 


90 


impulse  response  is  given  by 


I(t)  = I^(t)  * 12(0 


3.10 


The  validity  of  this  model  has  yet  to  be  confirmed  on  other  types  of  profiles, 
however  it  appears  to  be  promising. 


f 
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h(x)  ■ G[:(t)  • I,(t)  • ij(t)] 

Fig.  3.8.  Concept  of  the  two  block  model  of  the  epitaxial 
reactor. 
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r-ppEMDix  r - calc!;latip;i  np  n pppectiv:  diffp^sf^:  ccffficif:'i 


Equations  .'’.1  and  A2  are  equations  1.1(a)  and  1.1(c)  in  Section  III  rov;ritten 


in  terrs  of  fluxes,  Jp  and  Jp,, . 


^ ^ + / SvJ^J^oSV 

dt  dx  \ T 


dt  dx  I T 


Addition  of  equation  A1  and  A2  yields: 


dt  dx  ^'^b'^'^BV^ 


Exnressina  the  fluxes  in  temis  of  concentration  oradients  and  diffusion 


coefficients  '.:s  obtain  equation  PA. 


'^B  ^ '^BV  “ ^B  W ^^BV  “IT" 


For  this  equation  v;e  can  shov/  that  the  last  tern  dorninates  as  follows: 

Pgu  is  nuch  greater  than  On,  at  00G°C-,  their  values  are  7 x 10'  cn“/sec  and 

_ 9 1 9 

1.6  X 19  cn^/sac  respectively.  At  the  outset  of  the  anneal,  C_„  > C„ 

bV  D 

3C  SC 

and  BV  B , hence  we  can  neglect  the  first  term.  As  the  anneal- 

3x  ^ 9x 


ing  proceeds  the  diffusion  of  Boron  will  approach  ordinary  diffusion  conditions. 


nar.elv , 


^B_V  / S ^ Sv  ..  02 

3x  / ax  / Cg 


The  ineouality  between  gradients  has  reversed;  however  because  Dpy  is  nuch 
oreater  than  ^o,  the  last  tern  still  over/helns  the  first  one.  '.'e  can  then 
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apprcxin:ate  the  total  flux  as  in  equation  1.5. 


'^BV  ~ °BV  9x 


'.'e  ncv;  let  C be  the  fractional  concentration  of  BV-pairs,  v/hich  is  a 
function  of  the  electrical  activity: 


= 1 - a 


C + C 
^BV  ''B 


^BV 


and  the  nradient  beco~es : 


_ li  (r  + c 1 + £ 

3x  " 3x  ^^BV  ^B^  ^ 3x 


"c  can  nov  identify  several  situations  in  v;hich  the  first  tern  in  equation  AC 
is  nenlioible  in  cor.parison  v;ith  the  last  one.  For  instance,  under  equilibrium 
conditions  v.'e  can  rev.rite  eoiiation  1.3  in  Bection  III  as: 

^ = k C + 

Cg  0 

Then  substitution  of  the  above  enuaticn  in  the  expression  of  1/B  yields 

1 = 1 + V = tt— ^ 

^ ^BV  'o^V 


- Ep 

Cy+  - CyO(T)  exp 
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In  general  the  Fermi  level,  as  a function  of  the  acceptor  concentration,  v/ill 
be  a function  of  distance;  however  for  annealing  temperatures  near  900°C  and 
the  boron  concentration  below  ~10^^  atoms/cm^,  this  dependence  is  very  weak, 
hence  C^+  = Cy°,  oi/bx-  - 0 and  the  first  term  in  equation  A8  is  negligible.  An 
analogous  case  arises  when  the  annealing  temperature  is  high,  above  1100°C. 

In  this  case  the  Fermi  level  is  fixed  in  the  middle  of  the  bandgap. 

Under  non-equilibrium  conditions,  the  comparison  of  the  terms  in  equation 
A3  can  be  performed  numerically.  For  the  particular  annealing  case  in  Section 
IV,  the  results  of  the  calculation  show  that  the  approximation  if  equation  A8 
is  correct  under  non-equilibrium  and  equilibrium  conditions,  failing  only 
under  eoui librium  conditions  when  the  boron  concentration  is  near  and  above 
10^^  atoms/cm?.  In  other  words,  when  the  boron  concentration  is  high  and  the 
Fermi  level  is  a function  of  distance,  b%/bx  may  no  longer  be  small. 


For  cases  in  which  d^/dx  may  be  neglected,  we  may  then  simplify  equation 
(3)  to 


SC 


BV 


A9 


dX 


3(bv'^ 

Sx 


Substitution  of  equation  A9  in  equation  A5  and  equation  A5  in  equation  A3  then 
yields 


d(C3*C5,) 

dt 


= (D 


AlO 


BV 


(Cpv^  Cg) 

■^7 — 


where  (Dg\/  .5)  can  be  identified  with  the  overall  diffusion  coefficient  Dgxpj 


®^exp  " *^BV^  " '^BV^^  ■ 


hence 
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MATHE^L\TICAL  MODEL  OF  IMPURITY  DIFFUSIOM 

The  term  diffusion,  when  applied  in  semiconductor  device  fabrication, 
is  used  loosely  to  describe  the  motion  of  impurity  atoms  in  semiconductors 
at  elevated  temperatures.  The  diffusion  of  impurities  has  been  the  subject 
of  considerable  work.  However,  it  has  been  knov/n  for  many  years  that 
diffusion  in  silicon  at  high  concentrations  produce  impurity  profiles  that 
differ  significantly  from  those  predicted  by  simple  theory.  Thus  there  is 
still  a need  to  be  able  to  accurately  determine  impurity  profiles  in  modem 
semiconductor  devices  and  integrated  circuits. 

The  object  of  this  research  is  to  develop  a mathematical  model  for 
the  diffusion  of  impurities  into  silicon  for  both  a constant  source  and 
drive-in  diffusion  process.  The  model  considers  the  influence  of  the 
internal  electric  field  on  the  motion  of  impurity  ions  at  elevated  tempera- 
tures. The  electric  field  is  due  to  charge  density  produced  by  the  ioni- 
zation of  impurities  present  in  the  material. 

1.  Introduction 

Diffusion  in  semiconductor  material  is  an  ambipolar  process  Involving 
mobile  holes,  electrons  and  ionized  impurity  atoms  [1,2].  In  the  fabrication 
of  modern  devices  and  integrated  circuits,  plane  parallel  structures  are  of 
primary  importance.  We  thus  restrict  the  analysis  to  diffusion  flow  in  one 
dimension.  Furthermore,  in  the  interest  of  simplicity,  we  assume  all 
impurities  to  be  ionized.  The  impurities  can  be  described  by  a flux  equation 
of  the  form 


(1) 


where  c(x,t)  represents  the  concentration  of  an  arbitrary'  impurity  species, 
and  denote  the  diffusion  constant  and  mobility,  respectively,  and 
Z = 1 if  c represents  a donor  impurity  and  Z = -1  if  c represents  an  acceptor 
impurity.  The  particles  must  also  satisfy  a continuity  equation  of  the  form 


3c 

3t 


+ 


11 

9x 


= 0 


(2) 
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Substitution  of  (1)  into  (2)  yields  the  transport  equation  which  determines 
the  ionized  impurity  distribution  in  the  wafer;  thus 


l£ 

3t 


9x 


(D, 


Ic 

3x 


Zu  cE) 
c 


(3) 


Holes  and  electrons  also  satisfy  similar  equations  and  it  follows 


I?  = fc  '°p  ^ 


3n  3 3n  , 

VT  ^ (D  h U nE)  - R 

3t  3x  n 3x  n 


that 

(A) 

(5) 


Gauss'  law  is  used  to  relate  the  field  to  the  charge  density 


3E  e , , - \ 

— = j (p  - n + Zc) 


(6) 


The  net  recombination  term  is  represented  by 

2 

pn  - n^. 

R = 


T (p+n.)+T  (n+n.) 
n 1 p 1 


(7) 


where  x and  x are  the  electron  and  hole  lifetim.es.  Tliese  equations, 
n p -1  > 

together  with  appropriate  boundary  conditions,  constitutes  the  complete 
general  problem.  Although  the  transport  of  carriers  is  well  defined,  no 
analytic  solution  appears  possible. 


2.  Technical  Approach 

The  body  of  this  work  is  concerned  with  the  solution  of  the  general 
problem  under  one  assumption.  The  time  derivative  of  holes  and  electrons 
is  sufficiently  small  compared  to  other  associated  terms  that  they  can  be 
neglected.  This  is  a valid  assumption  because  holes  and  electrons  have  a 
much  larger  mobility  than  impurity  ions.  Thus  as  the  impurity  ions  change 
during  a diffusion,  the.  holes  and  electrons  readjust  almost  instantaneously, 
staying  in  a steady-state  determined  by  the  impurity  ion  distribution. 

Under  this  approximation  the  problem  can  be  simplified  to  a form  where 
numerical  analysis  is  both  accurate  and  efficient. 
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2.1  Classical  Cise.  VJhen  the  material  remains  nondegenerate  so 
that  the  Einstein  relation  D/u  = X remains  constant,  it  is  easy  to  show 
that  under  the  above  assumption  pn  = n^^  g^d  thus  R = 0.  It  is  convenient 
to  make  the  substitution 


E = 


19. 

3x 


(8) 


where  is  the  electrostatic  potential.  A given  value  o£  E will  determine 
i{i  apart  from  an  integration  constant,  which,  without  loss  of  generality, 
will  be  chosen  zero  for  intrinsic  material.  Integrating  (4)  under  these 
conditions  yields 


P = 


-9/Vt 

n.e 


where  V_,  = D /u  = KT/e.  In  a similar  manner,  (5)  yields 
I P P 


n 


n .e 

X 


ii)/VT 


(9) 


(10) 


The  hole  and  electron  density  can  now  be  eliminated  from  the  problem 
stater. int  by  substituting  (9)  and  (10)  into  (6).  Thus  the  quasi-static 
problem  can  be  specified  by 


l£ 

3t 


Zp  c 
c 


ii 

3x 


) 


(11) 


— (2n.  sinh  - Zc) 

ex  X 


(12) 


Since  the  wafer  is  very  thick  compared  to  the  depth  of  diffusion,  we 
the  wafer  as  being  semi-infinite  with  x 0.  The  boundary  and  initial 
• . f : int  for  a constant  source  diffusion  process  are  given  by. 


c(0,t)  = C (13a) 

o 

99(0,_t)  ^ Q 
3 X 


(13b) 
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c(®,t)  = 0 

(13c) 

<()(“,  t)  = 0 

(13d) 

c(x,0)  = 0,  X > 0 

(13e) 

and  for  a drive-in  process,  (13a)  and  (13e)  are  replaced  by 


3c(0.t)  _ - 
3x  ^ 


(13f) 


c(x,0)  = N (x) , X > 0 


(13g) 


The  problem  now  is  to  solve  the  set  of  coupled  equations  given  by  (11) 
and  (12),  subject  to  the  conditions  given  by  (13). 

2.2  Degenerate  Case.  V.Tien  the  doping  concentration  is  sufficiently 
high  the  Einstein  relation  for  the  majority  carrier  no  longer  remains 
constant  and  the  equations  of  the  previous  section  do  not  apply,  h’e 
assume  a donor  type  impurity  diffusion  so  that  electrons  represent  the 
majority  carrier.  Integrating  (5)  under  quasi-static  conditions  yields 


X 

n 


9n 

9x 


0 


(lA) 


In  order  to  obtain  a relation  between  the  carrier  density  and  the  electro- 
static potential,  v;e  integrate  again;  thus 


<-  = r X ^ 


n n 


Mow  the  Einstein  relation  can  be  expressed  by  [3] 


(15) 


X 

n 


e 


^-1/2 


(16) 


where  n 


represents  the  Fermi  integral  of  order 
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1/2.  Since 


n 


M 

c 


the  Einstein  relation  can  be  rewritten  as 


, KT  dn 
A = — n ~ 
n e dn 


By  using  (18)  in  (15)  we  obtain 


= 


KT 


(17) 


(18) 


(19) 


Thus  the  electron  density  can  be  written  as  a function  of  the  electro- 
static potential.  By  using  (9)  and  (17)  in  (6),  we  have 


_ e 
3x2  e 


-if/'J 

[NcFi/2(n)  - n.e  ^ 


c] 


(20) 


x>^here  n = etJj/KT  + In  this  case,  the  quasi-static  problem  is  specified 

by  (20)  coupled  with 


3c 

3t 


3c 

r~  + b 
3.x  c 


(21) 


For  an  acceptor  type  impurity,  a similar  set  of  equations  result. 


3.  Analysis 

The  quasi-static  problem  is  specified  by  two  non-linear  partial 
differential  equations  in  terms  of  impurity  density  and  electrostatic 
potential.  A solution  is  computed  employing  numerical  techniques. 
Discretization  of  the  time  coordinate  yields  sets  of  ordinary  differential 
equations.  These  arc  solved  using  a quasi-linearization  technique.  This 
process  is  iterated  until  sufficient  accuracy  is  obtained. 

3.1  Numerical  itethod.  The  problem  can  be  further  simplified  by 
normalization  of  the  variables.  If  x,  t,  c and  <p  represent  the  normalized 
variables,  then  an  appropriate  normalization  schema  is  given  by 


c 


n.c 

1 


(22a) 


1 
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^ = v^o/z 

(22b) 

X = / X 

/ en^ 

(22c) 

eVt  . 

" eD  n.  ^ 

C 1. 

(22d) 

However,  in  order  to  simplify  notation  for  this  section. 

the  normalized 

variables  will  be  represented  by  c,  ({i,  x and  t.  For  concreteness,  the 
equations  describing  diffusion  for  nondegenerate  conditions  will  be  used 

as  the  vehicle  to  explain  the  numerical  method. 

Substituting  the  normalized  variables  into  (11)  and 

(12)  yields 

9c  3 /9c  36 

3t  3x  ^ 3x  3x  ^ 

(23) 

9^6 

— r = 2 slnh6  - c 

(24) 

3x 

To  facilitate  numerical  techniques,  the  independent 

variables  were 

discretized,  thereby  giving  sets  of  difference  equations, 
will  be  denoted  now  as  t^  and  x^ , defined  by 

These  variables 

t^  = (i-l)At  + t^,  i = 1,  ...,  n 

(25a) 

X,  — (j— 1)Ax,  1,  ...,m 

(25b) 

where  At  and  Ax  were  chosen  to  be  fixed  for  simplicity. 

A non-zero  starting  tine  t^  was  chosen  due  to  the  inability  to 

numerically  handle  the  abruptness  of  the  initial  condition  at  the  surface. 

The  particular  choice  of  diffusion  profile  used  at  t varied  and  will  be 

o 

discussed  later. 

Tlie  time  derivative  was  approximated  by  a two-point  implicit  sclisme. 
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3f(t^)  f(t^)  - 

3t  ” At 

Evaluating  (23)  and  (24)  at  t = t^  yields 

.2 

— j - 2 sinh  <Ji  + c = 0 
dx 


(26) 


(27a) 


_d  [ dc  ^ 
dx  dx 


d4  , 

T'  J 
dx 


(27b) 


■where  the  notation 


c = c(x,t^)  (28a) 

N = c(x,t^_^)  (28b) 


has  been  used.  Notice  that  this  constitutes  a set  of  ordinary  differential 
equations  v;ith  a driving  function  M and  boundary  conditions 


c(0)  = 8 = C /n. 

O 1 


(29a) 


0 

dx 


(29b) 


c(“)  = 0 


(29c) 


<('(“>)  = 0 (29d) 

Thus  the  sat  of  PDE  is  reduced  to  a set  of  ODE  by  using  a two-point 
formula  for  the  time  derivative.  At  a given  time  t,  the  set  of  ODE  in 
matrix  form  f Cy  ,y' ,y*' ,x)  = 0 is  solved,  where  the  vector  y represents  the 
dependent  variables  c and  <) , primes  indicate  derivatives  and  x is  the 
independent  variable.  This  set  of  equations  is  reduced  to  sviccessive 
approximate  sets  of  linear  equations  which  can  be  more  easily  solved.  The 
linearization  technique  is  based  on  the  Newton  approximating  technique  for 


finding  roots  of  an  arbitrary  function.  After  linearization,  the  set  of 
ODE  is  of  the  form 


AAy”  + BAy ' + CAy  = D 


(30) 


where  A,B,C,D  matrices  are  kno'.>m  for  an  initial  guess  of  y.  We  now 
discretize  x and  solve  (30)  satisfying  the  proper  boundary  conditions.  An 
improved  guess  is  calculated  using  = Y process  is 

repeated  with  new  A,B,C,D  based  on  the  new  "y-  A convergence  criterion  is 
used  to  stop  the  above  process. 

The  procedure  is  straightforward.  Once  the  distribution  at  some  time 

t.  is  kno'.'m,  (27)  and  (29)  can  be  solved  to  find  the  distribution  at  t.. 
x-1  1 

By  beginning  with  i=l,  the  step  is  performed  for  each  time  increment  until 
the  desired  final  time  is  reached.  This  procedure  is  shown  pictorially 
in  Figure  1. 

Notice  that  the  only  parameter  other  than  the  dependent  and  independent 
variables  is  the  normalized  surface  concentration,  B.  Thus,  a series  of 
solutions  over  a range  of  6 will  give  a general  solution  to  the  quasi- 
static problem. 

3.2  Evaluation  of  Physical  Parameters.  The  basic  parameters  needed 

are  n. , N and  q . . Care  must  be  taken  since  these  parameters  are  evaluated 
1 c 1 

at  the  diffusion  temperature,  say  in  the  range  between  900  and  1200°C. 

While  it  is  possible  to  extrapolate  the  results  obtained  at  lower  temperature 

* * 

to  higher  temperature  [4],  in  general  our  knowledge  of  m^  and  m^^  is  poor. 

* 

Thus  the  evaluation  of  N (m  ,T)  at  diffusion  temperature  is  susoect.  For 

c e 

this  reason,  we  use  (17)  evaluated  for  intrinsic  material. 


N 

c 


(Hi) 


(31) 


The  intrinic  density  n^(T)  is  evaluated  using  the  data  of  Morin  and  Malta 
[5]  and  the  Fermi  integral  is  calculated  using  the  polynomial  appro.ximation 
suggested  by  Battocletti  [6]. 

The  reduced  Fermi  level  is  evaluated  using 


Figure  1.  Flow  Diagratn  of  the  Nunierical  Method 
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n^(T)  = - 


E 

2XT 


9^ 


m 

e 


(32) 


* * 2/*^ 

with  ttYj  - (0. 67S18/1. 1925)  . The  band  gap  in  silicon  is  evaluated 

using  the  data  of  Macfarlane,  et^  al^,  [7] 


E (T)  = 1.205  - 2.8  X 10“^  T °K 
g 


(33) 


4.  Results 

Tine  input  data  used  corresponds  to  the  case  of  arsenic  diffusion  in 
silicon : 


T = 1050°C 

D =6.44  X lO'^^  ca^/sec 
19  -3 

n.  = 1.17  X 10  cm 
1 

The  diffusion  constant  used  is  the  average  value  of  data  given  by  Wasters 
and  Fairfield  [8J  with  Chiu  and  Chosh  [9].  The  intrinsic  density  represents 
the  value  calculated  at  the  diffusion  temperature. 

4.1  Constant  Source  Diffusion.  In  order  to  determine  the  maximum 
influence  of  the  internal  electric  field  on  the  diffusion  process,  the 
surface  concentration  was  set  equal  to  the  solid  solubility  value, 

21  -3 

C = 1.6  X 10  cm 
o 

Several  starting  conditions  v;ere  used,  the  most  prominent  of  which 
was  the  complementary  error  function,  given  by 

c(x,to)  = C^  erfc  [x/ (4D^t^)^^^]  (34) 

Although  a starting  condition  for  was  not  needed,  it  was  necessary  to  pick 
an  initial  guess  for  the  first  time  step.  This  was  chosen  by  assuming 
charge  neutrality,  giving 
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Mx.to) 


sinh 


-1 


(c(x,C^)/2n^] 


(35) 


Typically  was  chosen  as  2 minutes  with  Ax  = O.OOly  and  At  = 0.5  sec. 

Figure  2 shows  the  nutr.arical  results  for  arsvtnic  in  silicon  for  a 
constant  source  diffusion.  Also  shown  is  the  cotnpl cneatarj'  error  function 
which  is  the  exact  solution  for  negligible  electric  field.  Inspection  of 
the  curves  indicate  significant  deviation  in  the  impurity  profiles  from 
those  predicted  by  simple  theory.  Figures  3 and  4 show  the  electric  field 
and  charge  density  for  the  constant  source  diffusion  process  shown  in 
Figure  2.  These  curves  are  reminiscent  of  those  for  a high-low  junction. 

The  field  has  a maximum  value  of  approximately  10^  volts/cm  which  decreases 
as  the  field  moves  into  the  material  with  increasing  diffusion  time.  These 
results  are  typical  for  diffusion  x^ith  high  surface  concentration. 

At  900*^0  the  Fermi  level  is  just  at  the  conduction  band  edge  for  a 
concentration  of  2.4  x 10^^  cm  at  1200°C,  for  3.3  x 10^*^  cm~^.  Thus  for 
most  constant  source  diffusions  in  practice,  the  material  is  degenerate. 
Figure  5 shotvs  the  numerical  results  for  arsenic  in  silicon  using  Ferml-Pirac 
statistics  for  electrons  compared  to  the  profile  obtained  assuming  non- 
degenerate  material.  The  same  input  and  control  data  was  used  in  each  case. 
Note  that  treating  the  material  as  if  it  were  nondegenerate  always  produces 
an  underestimate  in  the  true  value  of  the  impurity  profile.  Typically  the 
error  produced  ranges  from  4%  near  the  surface  to  50%  deep  in  the  material. 

4.2  Drive-in  Diffusion.  Here  redistribution  of  impurities  occurs 
from  an  initial  distribution,  which  may  be  due  to  a prior  diffusion  or  from 
an  ion  implantation.  As  an  example,  we  assume  a Gaussian  initial  distribu- 
tion given  by 


II  (x)  = C e 
m 


(36) 


^>0  -3 

Figure  6 shows  the  numerical  results  for  C = 10“  eta  , x = O.Iu  and 

m in 

a = 0.02ii.  In  order  to  determine  the  affect  of  the  electric  field  on  the 
motion  of  the  iiapurities  for  this  case,  the  profiles  are  compared  to  the 
zero  field  solution  given  by  [10] 
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CONSTANT  SOURCE  DIFFUSION 

2ero  field  solution 

numerical  solution 
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Figure  4.  Normalized  cliarge  density  for  constant  source  diffusion 


m 


CONSTANT  SOURCE  DIFFUSION 
zero  field  solution 


5:; 


9 -4 

< J 

O 


Q 


O 


r-  j 

Cl'  : 


— . 


■ 

\\‘- 


> V ..  \ ^ 


\ \ 


\ 


■classical 


; 1'. 

, !• 


:1 

V, 

li 

t 

1. 

' 

\ Vi 

; I 


\ \ 

\ \ 


\ \ 

\\ 

\\ 

\ \ 

\\ 


w 

w 


\ \ 

\ • . 

\ \ 
■\  \ 


V 

s 

\\ 

\ 

\\ 


Fernii-Dirac 


V \ 

I 


\ '• 


\\ 

w 


’S;! 

“t" 

0. 


. I' 


2 min 


I V 

w 


10 


I” 


I 

1 

i.  t 


>:  f !-:  1 ' 


w 

\\ 


\\ 


w 


30 


\ ■. 


? . I 


Figure  5.  Comparison  of  the  results  for  arsenic  in  silicon 
using  classical  and  Fermi-Dirac  statistics 
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c(x,t)  = p N(ci)[f(x  - cx,t)  + f(x  + a,t)]dc:  (37) 

0 

“1/2  2 

where  f(x,t)  = (4irD^t)  exp  (-x  /4D^t).  This  integral  v;as  evaluated 

using  Simpson's  rule;  the  results  are  shown  in  Figure  7.  For  ease  of 
comparison,  only  t;^o  magnitudes  are  shown.  It  is  clear  that  the  electric 
field  enhances  the  rate  of  impurity  diffusion.  Although  the  field-aided 
effect  is  not  as  pronounced  as  in  constant  source  diffusion,  overestimates 
of  25%  in  the  maximum  value  and  underestimates  of  50%  at  the  surface  are 
typical  errors  for  drive-in  diffusion  from  a Gaussian  initial  condition. 

5.  Conclusions  and  Recommendations 

The  computer  program  was  run  with  different  starting  conditions  and 
with  different  values  of  Ax  and  At.  Several  derivative  formulas  were 
used  and  the  behavior  of  the  program  studied.  The  program  is  stable  and 
offers  good  convergence. 

For  relatively  short  diffusion  times  the  starting  condition  makes  a 
significant  difference  in  the  calculated  impurity  density.  Comparing  erfc 
starting  conditions  at  different  times,  a better  solution  is  obtained  with 
smaller  initial  times.  For  longer  diffusion  times  the  effects  of  starting 
conditions  becomes  less  and  less  important. 

The  two  critical  control  parameters  of  the  program  are  Ax  ' At.  The 
convergence  of  the  program  was  studied  for  various  Ax  and  At.  Changing 
At  by  a factor  of  10  had  practically  no  effect  on  the  density  near  the 
surface  and  only  a little  effect  deep  in  the  material.  The  Ax  values  were 
changed  from  0.0005  to  0.005u.  The  error  deep  in  the  material  is  more  than 
that  near  the  surface  but  decreases  for  longer  diffusion  time.  CPU  time, 
of  course,  increases  for  smaller  Ax.  The  values  chosen  were  Ax  = O.OOOlp 
and  At  = 0.005s  until  10  seconds  and  Ax  = O.OOlp  and  At  = 0.5s  from  then 
on.  This  corresponds  to  normalized  values  of  Ax  = 0.4  and  At  = 0.05;  thus 
Ax/At  = 8. 

Since  numerical  differentiation  is  inherently  less  accurate  than 
integration,  several  derivative  formulas  were  studied  with  a view  of  noting 
the  effect  on  the  calculated  values  of  impurity  density,  electric  field 
and  charge  density.  To  make  the  differentiation  more  accurate,  you  must 
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Figure  6,  Impurity  profiles  of  arsenic  in  silicon  0 1050  °C  | 

with  Gaussian  initial  condition  | 
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decrease  Ax  or  increase  the  order  of  the  formula  used.  Small  values  of 
Ax  tend  to  magnify  the  round  off  errors;  on  the  other  hand,  a higher  order 
formula  results  in  a larger  CPU  time.  A 4 to  6 order  formula  seems  to  be 
adequate;  a five  point  formula  was  used  because  of  its  symmetry  about  the 
central  point. 

The  computer  programs  developed  for  calculating  impurity  profiles  for 
constant  source  and  drive-in  diffusion  allow  a rigorous  analysis  of  field- 
aided  diffusion  using  a quasi-static  approach.  Since  these  programs  require 
extensive  CPU  time,  they  are  too  costly  to  be  used  as  engineering  aids  in 
process  design.  The  purpose  here  is  to  use  these  programs  to  gain  basic 
understanding  of  the  diffusion  process  in  semiconductor  material  and  to 
check  the  accuracy  of  models  that  are  suitable  for  process  design  and 
control. 

The  calculated  impurity  profiles  for  arsenic  disagree  vrith  experimental 
results  [11].  This  discrepancy  between  theory  and  experiment  must  be  due 
to  using  a diffusion  model  which  includes  only  the  fie’  'ded  effect. 

\ihile  the  internal  electric  field  significantly  nces  the  motion 

of  impurity  ions,  other  effects  must  also  be  considered.  Specific 
recommendation  for  extending  this  research  are: 

(1)  investigate  the  diffusion  process  assuming  charge  neutrality, 

(2)  the  numerical  technique  must  be  generalized  to  include  a variable 
diffusion  coefficient  so  that  excess  vacancy  generation  [12]  and 
plastic  deformation  [13]  effects  can  be  Incorporated  into  the  diffusion 
model, 

(3)  since  vacancies  are  not  conserved  [14],  a new  recombination  term 
must  be  added  to  the  diffusion  model, 

(4)  the  effects  of  a moving  boundary  due  to  oxide  growth  and  redistribution 
during  epitaxial  growth  should  be  studied. 
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